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SOMMAIRE 

Cette thèse à publication présente l'ensemble de nos contributions relatives aux mélanges 
basés sur la famille de Dirichlet-Liouville. La thèse est divisée en six chapitres. Dans le 
premier chapitre, nous introduisons le mélange de Dirichlet tout en proposant un algo-
rithme pour l'estimation de ses paramètres dans un espace Riemannien. Cet algorithme 
est validé par une application de résumé d'une base de données d'images et par une autre 
application qui consiste à modéliser la couleur de la peau dans des images. Le deuxième 
chapitre aborde la modélisation des données discrètes qui sont très présentes dans le do-
maine de l'imagerie entre autres. Dans ce travail nous proposons un algorithme basé sur 
les processus de comptage pour modéliser la texture d'une image donnée et introduire 
les mots clés pour améliorer la recherche d'images par le contenu. Un autre problème que 

nous traitons, dans le troisième chapitre de cette thèse, est l'estimation dans les espaces 

de grande dimension. Nous présentons un algorithme basé sur le mélange de la Dirichlet 
généralisée pour la modélisation des données de grande dimension. Cet algorithme est 

validé par des applications telles que la classification des données, la restauration des 
images et le résumé des bases de données d'images de texture. Le quatrième chapitre de 
la thèse traite un point clé de la modélisation des données par des mélanges qui est la 

détermination du nombre des classes. Nous proposons un algorithme basé sur le critère 

MML dans le cas des mélanges de la Dirichlet généralisée. Ce critère est utilisé par la 
suite dans le cinquième chapitre de la thèse où nous proposons une méthode pour la mise 

à jour automatique du résumé des bases de données d'images. Le dernier chapitre traite 

l'estimation purement bayésienne des mélanges de lois Beta. 
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Introduction 

Les activités humaines et scientifiques génèrent beaucoup de données numériques (textes, 
images, vidéos, etc.). Ces données peuvent être redondantes, incomplètes ou erronées. 
Beaucoup de méthodes d'analyse de données, souvent statistiques, ont été proposées pour 
faciliter l'accès à ces données, les modéliser et comprendre leurs significations [1 ][2]. Ce-
pendant, la majorité de ces méthodes ne tiennent pas compte de la structure géométrique 
et statistique de ces données. Les approches statistiques sont divisées en deux grandes fa-
milles: paramétriques ou non-paramétriques [2]. Dans notre travail nous nous intéressons 

aux approches paramétriques et plus précisément aux modèles de mélanges de lois. Les 
mélanges de lois peuvent être finis ou infinis [3]. Cette thèse s'intéresse aux mélanges finis 

de lois. Un mélange fini de lois peut être vu comme une superposition d'un nombre fini de 
composantes où chaque composante est définie par une loi p et un poids p1 , j = 1 ... M, 
où M représente le nombre de composantes. Les mélanges finis de lois peuvent être utilisés 
dans plusieurs disciplines telles que la reconnaissance des formes, la vision par ordinateur, 

la bioinformatique, la psychologie et l'économie. Les mélanges de lois peuvent aussi être 
vus comme une mesure de l'incertitude d'un modèle et de ses paramètres pour ajuster 

des données [4]. Un mélange fini de lois peut être décrit comme suit : 
M 

p(Xl8) = LPjP(Xl8j) (1) 
j=l 

avec Pj, j = 1, ... , M qui représentent les poids des composantes, p(Xl8j), j = 1, ... , M 
qui représentent les lois et 8j, j = 1, ... , M qui représentent les vecteurs de paramètres 

des différentes composantes. Les mélanges de lois offrent certe beaucoup de flexibilité, 

mais leur utilisation engendre aussi plusieurs problèmes à résoudre. Parmi ces problèmes 
nous trouvons le choix de la loi p. Malgré l'abondance de la littérature sur les mélanges 
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de lois, la majorité des travaux existants utilisent la loi normale. Bien que cette loi offre 
plusieurs avantages, tels que sa capacité à. représenter une distribution seulement par 
une moyenne et une matrice de covariance, elle échoue à donner de bons résultats dans 
plusieurs situations [5]. Une solution peut être la considération d'une base de lois [6] et 
la sélection de la meilleure loi pour une situation donnée. Cependant, cette solution n'est 
pas très adéquate en pratique vu les différences entre les lois telles que la nature des 
paramètres (scalaire, vecteur, matrice) et le nombre de ces paramètres. Dans cette thèse, 
nous considérons la famille de Dirichlet-Liouville qui offre une grande flexibilité pour la 
modélisation de différents types de données. Une fois la loi choisie, deux problèmes de 
grande importance apparaissent : (1) l'estimation des paramètres du mélange et (2) la 
sélection du nombre des composantes. Pour l'estimation des paramètres, plusieurs ap-
proches ont été proposées telles que la méthode des moments, le maximum de vraisem-
blance et le maximum a posteriori [3]. Toutefois, la nature des données, qui peuvent être 
de grande dimension par exemple peut rendre l'utilisation de ces méthodes peu adéquate 

et parfois même impossible. Avec l'avancement technologique et la rapidité des ordina-
teurs aujourd'hui, d'autres approches sont apparues, comme les approches Bayésiennes. 
Pour la sélection du nombre de composantes, plusieurs critères et méthodes sont utilisés 

aussi [3]. L'approche la plus commune consiste à définir un critère de sélection et choisir 
le nombre de composantes qui le maximise ou le minimise. Un dernier problème peu 

abordé dans la littérature est la mise à jour des paramètres et du nombre des compo-
santes dans le cas d'un apprentissage en ligne. Cette thèse dresse un panorama critique 

et relativement exhaustif sur ces différents problèmes en considérant les mélanges basés 
sur la famille de Dirichlet-Liouville et leurs différentes applications. 
Un découpage en six chapitres a été adopté pour la présentation de cette thèse. Dans le 
chapitre 1, nous introduisons le mélange de lois de Dirichlet. Nous discutons les avantages 
de ce mélange par rapport à celui de lois normales. Le sujet se focalise après sur l'esti-

mation des paramètres de ce mélange. L'algorithme d'estimation est validé en utilisant 
des données synthétiques et deux applications qui sont le résumé des bases de données 
d'images par le contenu et la modélisation de la couleur de la peau dans les images. 
Le chapitre 2 s'intéresse à un type particulier de données que l'on trouve naturellement, 

par exemple dès qu'on a un processus de comptage. Il s'agit des données discrètes pour 
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lesquelles la loi normale et celle de Dirichlet sont inadéquates. Pour modéliser ce type de 
données, la majorité des travaux considèrent la loi multinomiale. Cependant, la loi multi-
nomiale présente quelques inconvénients. En effet, nous expliquons que la loi multinomiale 
ne prend pas en considération la notion des variables cachées. Nous proposons la distribu-
tion de Dirichlet multinomiale, qui est en effet une régularisation de la loi multinomiale 
en utilisant la loi de Dirichlet comme loi a priori, pour remédier à ce problème. Nous 
estimons les paramètres d'un mélange de Dirichlet multinomiale en utilisant la méthode 
du maximum de vraisemblance. Notre algorithme est validé par deux applications de 
grand intérêt qui sont la modélisation de la texture dans les images et l'introduction des 
mots clés pour améliorer la recherche d'images par le contenu. 
Le chapitre 3 s'intéresse à la problématique de la modélisation des données de grande 
dimension. Ce type de données est très présent dans plusieurs applications telles que 
la modélisation et la reconnaissance d'objets [7]. Pour ce problème nous proposons une 

généralisation de la distribution de Dirichlet. La Dirichlet généralisée a une matrice de 
covariance plus générale, ce qui la rend plus utile pour la modélisation. Le travail que 
nous présentons dans ce chapitre ne s'intéresse pas aux méthodes de la réduction de 
la dimensionnalité telles que l'analayse en composantes principales (ACP), l'analyse en 
composantes indépendantes (ACI), etc. Notre approche est basée sur les propriétés sta-

tistiques des données, à travers l'utilisation des mélanges finis de la Dirichlet généralisée. 
Nous présentons un algorithme d'estimation robuste, validé par plusieurs applications : 
classification des données, restauration des images, reconnaissance des objets et résumé 

des bases de données d'images de texture. 
Contrairement aux chapitres précédents, le chapitre 4 se focalise sur les problèmes de 
sélection automatique du nombre optimal de classes pour un mélange de lois de Dirichlets 

généralisées. Après avoir dressé l'état de l'art des principaux critères de sélection (AIC, 
MDL, LEC, MMDL, PC) et de leurs caractéristiques, l'accent est mis sur un critère de 

grande importance théorique et conceptuelle qui est le Minimum Message Length (MML). 

En effet, la majorité des critères de sélection existants peuvent être vus comme étant une 

approximation de ce critère. D'un point de vue théorie de l'information, le MML est basé 
sur l'évaluation des modèles statistiques selon leurs capacités de compresser un message 

contenant les données. La première partie du message encode les informations a priori du 

3 



modèle sans tenir compte des données. La deuxième partie du message encode seulement 
les données. Le nombre optimal des classes décrivant le mélange est celui qui demande 
une quantité minimale d'information, mesurée en nats, pour transmettre les données 
d'une façon efficace. D'un point de vue Bayésien, le MML peut être vu aussi comme 
une maximisation de la probabilité a posteriori. Dans ce travail, nous développons et 
nous testons le critère MML pour un mélange de lois de Dirichlet généralisée. Le critère 
que nous proposons est comparé avec plusieurs autres critères en utilisant des données 
synthétiques et réelles. Deux applications sont développées et concernent le résumé des 
pages Web, en utilisant les données complètes et incomplètes, et des bases de données 
d'images de textures. 
Le critère MML est ensuite utilisé dans le chapitre 5 pour un autre problème qui est la 
mise à jour des modèles d'apprentissage. Ce problème consiste à mettre à jour les pa-
ramètres du modèle en tenant compte des données qui arrivent séquentiellement dans le 
temps. Si nous prenons l'exemple de la recherche d'image par le contenu, nous avons des 
centaines d'images qui peuvent être ajoutées chaque jour dans la base de données. Mettre 
à jour les statistiques de cette base de données est alors un problème souvent difficile. En 
effet, la mise à jour est un problème d'apprentissage non supervisé qui doit se faire en 

ligne. Dans ce chapitre, nous proposons un algorithme pour résoudre ce problème et nous 

le validons par une application qui concerne le résumé des bases de données dynamiques 
d'images. 

Le chapitre 6 de la thèse introduit les méthodes purement bayésiennes pour l'estimation 
des mélanges de lois. En effet, avec l'avancement technologique et la rapidité des ordi-
nateurs aujourd'hui, les techniques de simulation comme les méthodes de Monte Carlo 
par chaînes de Markov doivent être prises en considération. De nos jours, beaucoup 
de chercheurs utilisent ces méthodes pour remédier à quelques problèmes de l'approche 

déterministe, comme le maximum de vraisemblance, tels que les minimums locaux et la 

dégénérescence de la vraisemblance. Nous développons un algorithme purement bayésien 

basé sur l'échantillonnage de Gibbs pour l'estimation des paramètres d'un mélange de lois 
Beta. Nous donnons des exemples où cet algorithme réussit à donner des bons résultats 
alors que la méthode de maximum de vraisemblance échoue. Nous validons notre algo-

rithme par des données synthétiques et réelles et par la modélisation des histogrammes 
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des images radar SAR. 
Enfin, nous présentons quelques conclusions et perspectives de ce travail. 
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Chapitre 1 

Estimation d'un mélange fini basé 
sur la distribution de Dirichlet 

Dans ce premier chapitre, nous introduisons un mélange de lois basé sur la distribution 

de Dirichlet. En effet, la majorité des méthodes actuelles utilisant les mélanges de lois 
ne considèrent que la loi normale comme distribution. Toutefois, cette distribution n'est 

pas le bon choix dans toutes les applications réelles. Ceci est dû au fait que la normale 
est symétrique et possède une forme rigide. De plus, elle n'a pas un support compact 

puisqu'elle est définie sur IR. ce qui cause souvent l'imprécision des valeurs estimées. Nous 
pensons que la distribution de Dirichlet remédiera aux inconvénients de la normale. En 
effet, la Dirichlet est la généralisation multidimensionnelle de la Beta. La Dirichlet offre 
différentes formes symétriques et asymétriques ce qui la rend flexible. Cette flexibilité a 

été montrée par A. El Zaart et D. Ziou [6] qui ont proposé un système nommé GGBL. 
Ce système est composé de quatre distributions paramétriques (Normale, Gamma, Beta 
et Log-Normale). Ce système est défini par un graphe de chaque distribution dans le 

plan (/31 , {32 ) où {31 et {32 sont respectivement le troisième et le quatrième moment et 
représentent les coefficients d'asymétrie (skewness) et d'applatissement (kurtosis) d'une 
distribution donnée. Dans ce plan, le graphe de la Gaussienne est un point. Les graphe 
de la Gamma et de la Log-Normal sont des lignes. Le graphe de la Beta est un plan. 
Donc, on peut déduire que la Beta ajuste mieux les données que les autres distributions. 
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Nous proposons ici un algorithme pour l'estimation des paramètres d'un mélange de Di-
richlet. Afin de résoudre le problème de l'estimation des paramètres, nous proposons un 
algorithme basé sur la méthode de Fisher et nous utilisons un critère d'entropie pour 
déterminer automatiquement le nombre de composantes. Notre algorithme est évalué par 
le résumé des bases de données d'images et la modélisation de la couleur de la peau dans 
les images. 
Nous présentons, dans les pages qui suivent, un article intitulé Unsupervised Learning 
of a Finite Mixture Model Based on the Dirichlet Distribution and its Appli-
cation qui est paru dans le numéro de Novembre 2004 du journal international IEEE 
Transactions on Image Processing [8]. J'ai débuté ce travail pendant ma maîtrise et 
je l'ai finalisé au doctorat. Le problème a été posé par le professeur Djemel Ziou. J'ai 
réalisé, validé et rédigé ce travail sous la supervision des professeurs Djemel Ziou et Jean 
Vaillancourt. Deux versions compactes de ce travail sont parues dans deux conférences 

internationales. La première, intitulée Novel Mixtures Based on the Dirichlet Dis-
tribution : Application to Data and Image Classification, est parue dans les actes 
de IAPR International Conference on Machine Learning and Data Mining (MLDM2003), 
Lepzig, Germany, 2003 [9]. La deuxième, intitulée Unsupervised Learning of a Fi-
nite Dirichlet Mixture Model est parue dans les actes de IAPR-TC3 Workshop on 
Artificial Neural Networks in Pattern Recognition ( ANNPR2003 ), Florence, Italy, 2003 

[10]. 
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Unsupervised Learning of a Finite Mixture 

Model Based on the Dirichlet Distribution and 

its Application 

Nizar Bouguila, Djemel Ziou and Jean Vaillancourt 

Abstract 

This paper presents an unsupervised algorithm for leaming a finite mixture mode! from multivariate 

data. This mixture mode! is based on the Dirichlet distribution, which offers high flexibility for modeling 

data. The proposed approach for estimating the parameters of a Dirichlet mixture is based on the Maximum 

Likelihood (ML) and Fisher scoring methods. Experimental results are presented for the fo11owing applica-

tions: estimation of artificial histograms, summarization of image databases for efficient retrieval, and human 

skin color modeling and its application to skin detection in multimedia databases. 

Index Terms 

Dirichlet distribution, mixture modeling, Maximum Likelihood, Fisher's scoring method, Riemannian 

space, Natural Gradient, image summarizing 

1. INTRODUCTION 
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S CIENTIFIC pursuits and human activity in general generate data. These data may be incomplete, 

redondant or erroneous. Probabilistic methods are particularly useful in understanding the patterns 

present in such data. One such method is the Bayesian approach, which can be roughly described as 

estimating the uncertainty of a mode! [!]. In fact, by the Bayesian approach we can estimate the uncertainty 

of a model's fit and the uncertainty of the estimated parameters themselves. The Bayesian approach can be 

employed with finite mixture models, which constitute a powerful probabilistic modeling tool for univariate 

and multivariate data [2]. Finite mixture models have been used extensively to mode! a wide variety of 

important practical situations where data can be viewed as arising from several populations mixed in varying 

proportions. Nowadays, this kind of statistical mode! is used in a variety of domains. In computer vision 

applications, for example, we can use mixture models to organize image collections as well as for color 

image segmentation, restoration and texture processing, and content-based image retrieval [3]. The problem 

of estimating the parameters of the components of a mixture bas been the subject of diverse studies [4]. 

The isotropie nature of Gaussian fonctions, along with their capability for representing the distribution 

compactly by a mean vector and covariance matrix, have made Gaussian Mixture Decomposition (GM) a 

popular technique [5]. The Gaussian mixture is not the best choice in ail applications, however, and it will 

fail to discover true structure where the partitions are clearly non-Gaussian [6]. In fact, due to its definition, 

the Gaussian cannot approximate asymmetric distributions well [7]. Moreover, this distribution is defined on 

IR and thus does not have a compact support, which is why parameters estimated by the moment method are 

not accurate in many cases. Indeed, having a compact support is an interesting property for a given density 

because of the nature of data in general. Generally, we estimate data which are compactly supported, such 

as data originating from videos, images or text. 

In this paper we will show that the Dirichlet distribution can be a very good choice for modelling data. The 

Dirichlet distribution is the multivariate generalization of the Beta distribution, which offers considerable 

flexibility and ease of use. In contrast with other distributions, the Dirichlet distribution permits multiple 
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symmetric and asymmetric modes. In fact, the Dirichlet distribution may be skewed to the right, skewed to 

the left or symmetric (see Fig. 1 ). However, it bas a negative covariance stucture [8]. 

For ail these reasons, we are interested in the Dirichlet distribution. In contrast to the vast amount of 

theoretical work that exists on the Dirichlet distribution, however, very little work has been done on its 

practical applications, such as parameter estimation. The majority of the studies either consider a single 

distribution [9] [10] or are restricted to the 2-parameter Beta distribution [11] [12]. This neglect may be due 

to the fact that this distribution is unfamiliar to many scientists. In this paper, we will propose an algorithm to 

estimate the parameters of a Dirichlet mixture. This mixture decomposition algorithm incorporates a penalty 

term in the objective fonction to find the number of components required to mode! the data. Our method is 

tested for different applications such as artificial histogram estimation, summarization of image databases 

for efficient retrieval and human skin detection in multimedia databases. 

The paper is organized as follows. The next section describes the Dirichlet mixture in detail. In Section 3, 

we propose a method for estimating the parameters of a Dirichlet mixture. In Section 4, we present a way of 

initializing the parameters and give the complete estimation algorithm. Section 5 is devoted to experimental 

results. We end the paper with some concluding remarks. 

Il. THE DIRICHLET MIXTURE 

If the random vector X (X1, ... , Xdim) follows a Dirichlet distribution [13] [14] the joint density 

fonction is given by: 

(1) 

where 

(2) 

dim 

1x1 = I:xi, 0 < Xi < 1 'vi = 1 ... dim (3) 
i=l 
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(4) 

dim+l 

lai= I: ai, ai > 0 \/i = 1 ... dim + 1 (5) 
i=l 

This distribution is the multivariate extension of the 2-parameter Beta distribution. The mean and the variance 

of the Dirichlet distribution are given by: 

and the variance between Xi and Xj is: 

Œi 
E(Xi) = lai 

Œi(lal - ai) 
Var(Xi) = lal2(1al + 1) 

(6) 

(7) 

(8) 

Note that all the pairwise correlations are negative. The Dirichlet distribution with parameter vector a = 

(a1, ... , Œdim+1) can be represented either as a distribution on the hyperplane Bdim+l ={(X1, ... , Xdim+1), 

"'dim+l X 1} · illldim+l · d' 'b · · 'd h · 1 A {(X X ) "'dim X 1} L...,,i=l i = m ~+ , 01 as a 1stn ut10n ms1 e t e s1mp ex dim = 1, ... , dim , L...,,i=l i < 

(a) (b) (c) 

Fig. 1. The Dirichlet distribution for different parameters. (a) a1 = 8.5, a2 = 7.5, a3 = 1.5. (b) a1 = 10.5, a2 = 3.5, a3 = 3.5. 

A Dirichlet mixture with M components is defined as : 

M 

p(Xl8) = Lp(Xlj; aj)P(j) (9) 
j=l 
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where P(j) (0 < P(j) ::; 1 and L,~1 P(j) = 1) are the mixing proportions and p(Xlj; â1) is the Dirichlet 

distribution. The symbol G refers to the entire set of parameters to be estimated: G = ( â1 , ... , âM, P(l), ... , 

P(M)) where â1 is the parameter vector for the /h population. In the following developments, we use the 

notation G1 = â1 for j = 1 ... M. 

Ill. MAXIMUM LIKELIHOOD ESTIMATION 

The problem of estimating the parameters which determine a mixture bas been the subject of diverse 

studies [15]. During the last two decades, the method of maximum likelihood (ML) [16] [17] [18] has 

become the most common approach to this problem. Of the variety of iterative methods which have been 

suggested as alternatives to optimize the parameters of a mixture, the one most widely used is Expectation 

Maximization (EM). EM was originally proposed by Dempster et al. [19] for estimating the Maximum 

Likelihood Estimator (MLE) of stochastic models. This algorithm gives us an iterative procedure and the 

practical form is usually simple. This algorithm suffers from the following drawback: the need to specify 

the number of components each time. In order to overcome this problem, criterion fonctions have been 

proposed, such as the Akaike Information Criterion (AIC) [20], Minimum Description Length (MDL) [21] 

and Schwartz's Bayesian Inference Criterion (BIC) [22]. A maximum likelihood estimate associated with a 

sample of observations is a choice of parameters which maximizes the probability density fonction of the 

sample. Thus, given a set of N independent and identically distributed samples X= {Xi, ... , XN }, with 

ML estimation, the problem of determining G becomes: 

where 

maxep(XIG) 

N 

p(XIG) = Ilp(XilG) 
i=l 

M 

p(XilG) = LP(XilJ; Gj)P(j) 
j=l 

(10) 

(11) 

(12) 
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with the constraints: "I:~1 P(j) = 1 and O < P(j) ::; 1 Vj E [1, M]. These constraints permit us to take 

into consideration the mixing proportions P(j). Using Lagrange multipliers, we maximize the following 

function: 
M M 

<ll(X, 8, A) = log(p(Xl8)) + A(l - L P(i)) + µ L P(j)log(P(j)) (13) 
i=l j=l 

where A is the Lagrange multiplier. For convenience, we have replaced the function p(Xl8) in Eq. 10 by 

the function log(p(Xl8)). Replacing equations 11 and 12 in equation 13, we obtain: 

N M M M 

<ll(X, 8, A) = L log( LP(X\lj; 8j)P(j)) + A(l - L P(j)) + µ L P(j)log(P(j)) (14) 
i=l j=l j=l j=l 

In order to automatically find the number of components needed to mode! the mixture, we use an entropy-

based criterion previously used in the case of Gaussian mixtures [23] [24]. Thus, the first term in Eq. 14 is 

the log-likelihood function, and it reaches its global maximum value when each component represents only 

one of the feature vectors. The last term (entropy) reaches its maximum when ail of the feature vectors are 

modeled by a single component, i.e., when P(j1) = 1 for some j 1 and P(j) = 0, Vj, j -/- j1. The algorithm 

starts with an over-specified number of components in the mixture, and as it proceeds, components compete 

to model the data. The choice of µ is critical to the effective performance of the algorithm, since it specifies 

the tradeoff between the required likelihood of the data and the number of components to be found. We 

choose µ to be the ratio of the first term to the last term in Eq. 14 of each iteration t, i.e., 

(15) 

We will now try to resolve this optimization problem. To do so, we must determine the solution to the 

following equations: 

a 
88 <ll(X, 0, A) = o (16) 

a 
oA <ll(X, 8, A) = 0 (17) 

In what follows, we will estimate the parameters. 
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A. Estimation of the mixing proportions 

Since p(X\lj; Gj) is independent of P(j), straightforward manipulations yield: 

(18) 

where p(jlX;; Gj) is the a posterior probability. Now we take the derivative of Eq. 14 with respect to A . 

We find: 
é) M 

BA <I>(X, e, A) = 1 - L P(j) = o 
j=l 

Thus, the mixing proportions can be shown to be: 

~~1P(t-l)(jlX;; ej) + µ[p(j)(t-l) ( 1 + log(p(j)(t-l)))] 
P(j)(t) = ------~--=-------'-----~-'---=-

N + µ [p(j)(t-1) ( 1 + log(p(j)(t-l)))] 

B. Estimation of the 8 j parameters 

(19) 

(20) 

In order to estimate the 8j parameters we will use the Fisher scoring method. This approach is a variant 

of the Newton-Raphson [25] method. In fact, Eq. 16 can be approximated by expanding it into a power 

series around a point 8 Jo: 

(21) 

Since ai <I>(X, 8, A)= 0, then 
J 

(22) 

Thus, an updated estimate, êt+l), of a current estimate ê;k) is given by: 

which is equivalent to: 

(24) 
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where H is the Hessian matrix evaluated at the current estimate. One variant of this approach is Fisher's 

scoring method, where the Hessian matrix H is replaced by the negative of Fisher's information matrix. 

The scoring method is based on the first, second and mixed derivatives of the log-likelihood fonction. Thus, 

we will compute these derivatives. 

Calculating the derivative of <I>(X,8,A) with respect to Œjl, we obtain: 

(25) 

The derivative of log(p(XilJ; 8j)) with respect to Œjl, is given by: 

(26) 

where \[!(.) is the digamma fonction. Thus: 

(27) 

During iterations, the Œjl can become negative. In order to overcome this problem, a suggestion was given 

by Ronning [ 10] for the case of one Dirichlet distribution. His suggestion was to set ail a jl = min{ Xil}, 

i = 1 ... N. These initial estimates only prevent the Ojl from becoming negative during the first few 

iterations, however. Besides, the method gives good results only in the case of one distribution, because of 

sensitivity to initialization in the case of a mixture (see next section). Here, we give a better solution for 

keeping the Œjl positive during ail the iterations. Since we require that the O:jl be strictly positive, and we 

want the parameters upon which we will derive to be unconstrained, we reparametrize, setting O:jl = ef3J,, 

where Pjl is an unconstrained real number. Then, the partial derivative of<[> (Eq. 14 ) with respect to Pjl is 

as follows: 

(28) 
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By computing the second and mixed derivatives of the log-likelihood fonction we obtain: 

fP 
02 f3jl <I>(X, 8, A) 

N 

Œjl, Œj/2 '11' (laJI) LP(jjX\; 8j) 
i=l 

where '11' (.) is the trigamma fonction. Note that we need to compute the derivative of the a posterior 

probability p(jjX\; 8j) with respect to f3j1: 

Given a set of initial estimates (see the next section), Fisher's scoring method can now be used. The iterative 

scheme of the Fisher method is given by the following equation: 
(t) (t-1) 

f3jdim+l 

where j is the class number: 1 < j < M. 

+ v(t-1) X 

(t-1) 

(32) 

The matrix V is obtained as the inverse of the Fisher information matrix JI. The information matrix lI is: 

(33) 

Comparing this iterative scheme based on Fisher's scoring method with a quasi-Newton method presented 

by the following equation [15] [26]: 

(3 (t) = (3(t-l) - __i__<I>(X 8 A) 
Jl Jl T/ 8(3jl ' ' 

(34) 

(30) 
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where O < ry :::: 1, we note the presence of an extra term which is the inverse of the Fisher information 

matrix. Let us now focus on the geometrical interpretation of Eq. 32: 
(t-1) 

(35) 

B<I> 

NG 

Thus, the ordinary gradient 8$,, <I>(X, 8, A) is replaced by the term NG, which is called the Natural Gradient 

or Contravariant Gradient by Amari [27]. Let S = {,6 = (/31, ... , Pdim+1) E JRdim+l} be a parameter space 

in which a given likelihood fonction (<I>) is defined. When S is a Euclidean space with an orthonormal 

coordinate system, the squared length of a small incremental vector 8(3 = (8µ1 , ... ,8Pdim+1 ) connecting 

,6 and ,6 + 8(3 is given by: 
dim+l 

l8fJl 2 = L (8µ;)2 (36) 
11=1 

However, when the coordinate system is nonorthonormal, the squared length is given by the following 

quadratic form [27]: 
dim+l dim+l 

l8fJl 2 = L L 9lt12(8/31J(8pz2) (37) 
1,=1 12=1 

The ( dim + 1) x ( dim + 1) matrix G = (g1i1J is called the Riemannian metric tensor. This matrix is 

reduced to the unit matrix Idim+lxdim+l in the Euclidean orthonormal case. Knowing that the Dirichlet is 

an exponential density [13], we can affirm that the parameter space of our likelihood fonction <I>, described 

by Eq. 14, is a curved manifold. In fact, according to Amari, the exponential family of probabilities forms 

a manifold which is equipped with a Riemannian metric given by the Fisher information matrix [27]. Thus, 

we do not have an orthonormal linear coordinate system, and the length of 8(3 is written as Eq. 37. Knowing 

that the steepest direction of a fonction <I> at jJ is defined by the vector 8(3 that minimizes <I> (µ + 8 (3), where 

l8fJI has a fixed length and is sufficiently small, we deduce that the gradient of <I> can't be the same in 

a Euclidean space and a Riemannian one. The relation between the natural gradient [$, and the ordinary 
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gradient is given by the following equation [28]: 

(38) 

where G is the Fisher information matrix. This result has been confirmed by experiments. Indeed, we have 

implemented these two methods and observed that the method given by Eq. 34 does not give good results 

compared with the Fisher scoring method. 

IV. INITIALIZATION AND CONVERGENCE TEST 

The likelihood fonction presented by Eq. 14 is globally concave [10] in the case of one distribution (M 

= 1). However, this particular advantage is not preserved when NI > 1, as shown in Fig. 2. In order to 

make our algorithm less sensitive to local maxima, we have used some initialization schemes, including the 

Fuzzy C-means [29] and the method of moments (MM). In fact, the method of moments gives really good 

estimates because of the compact support of the Dirichlet distribution. From an examination of Eq. 6 and 

(a) (b) 

Fig. 2. Representation of 4> as a fonction of two parameters a 1 and a 2 . (a) !VI > 1. (b) M = 1. 

Eq. 7 we see that there are dim first-order moments and dim second-order moments, yielding a total of 

C~i~:;,(1
) possible combinations of equations to solve for the dim parameters. According to Fieltiz and 

Myers [11], a symmetrical way of proceeding would be to choose the first dim first-order equations and 

the first second-order equation. The reason for not choosing the ( dim + 1 )-th first-order equation is that the 

( dim + 1 )-th equation is a linear combination of the others and together they do not form an independent 
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set of equations. Thus we have: 

l = 1,2 ... , dim (39) 

and 

(40) 

where 

' 1 N 
xll = N L x;z l = 1, 2 ... , dim + 1 (41) 

i=l 

(42) 

Thus, our initialization method can be summed up as follows: 

INITIALIZATION Algorithm 

1) Apply the Fuzzy C-means to obtain the elements, covariance matrix and mean of each component. 

2) Apply the MM for each component j to obtain the vector of parameters a-;. 

3) Assign the data to clusters, assuming that the current model is correct. 

4) Update the P(j) using this equation: 

P(j) = Number of elements in class j 
N 

(43) 

5) If the current model and the new model are sufficiently close to each other, terminate, else go to 2. 

We can readily note that this initialization algorithm takes the distribution into account. In contrast to the 

classic initialization methods which use only algorithms such as the K-means to obtain the initialization 

parameters, we have introduced the method of moments with an iterative scheme to refine the results. By 

using the method of moments, we suppose from the outset that we have a Dirichlet mixture. This initialization 

method is designed to work on large databases. When working on small data sets, applying the Fuzzy C-

means and the MM only once is a feasible option. With this initialization method in band, our algorithm 

for estimating a Dirichlet mixture can be summarized as follows: 
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DIRICHLET MIXTURE ESTIMATION Algorithm 

1) INPUT: dim-dimensional data Xi, i = 1, ... , N and an over-specified number of clusters M. 

2) INITIALIZATION Algorithm. 

3) Update the O:j using.Eq. 32, j = 1, ... ,M. 

4) Update the P(j) using Eq. 20, j = 1, ... , M. 

5) If p(j) < E discard component j, go to 3. 

6) If the convergence test is passed, terminate, else go to 3. 

If the sample is sufficiently large, the test of convergence can be done using a statistical method [30]. The 

method uses a quadratic form of the gradient vector. Consider the statistics given by Eq. 44. This statistical 

test can be shown to be distributed as a Chi-square random variable with dim + 1 degrees of freedom. The 

iteration is continued until S falls below X~im+l (v) for a fixed v. Other convergence tests could involve 

testing the stabilization of the /3j or the value of the maximum likelihood fonction. 

,a <I>)xvx 
8/3Jdim+l 

(44) 

V. EXPERIMENTAL RESULTS 

In this section, we validate the Dirichlet mixture, using contextual and non-contextual evaluation [31] 

to test the performance of our method. The non-contextual evaluation concerns the estimation of artificial 

histograms while the contextual evaluation is based on two computer vision applications. We begin with 

the non-contextual evaluation. For this purpose we generated artificial histograms from artificial Dirichlet 

mixture models using this equation: 

(45) 
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where i = 1 ... N, N is the number of data used to generate the histogram. After that, we tried to estimate 

the parameters of these artificial histograms. Figures 3, 4 and 5 are examples of these histograms. The first 

histogram presents a Dirichlet mixture of three well-separated components. The second and third histograms 

present overlapped Dirichlet components. The real and estimated parameters of each histogram are specified 

in tables I, II and III. For these examples we found the exact number of components by using our method 

by taking M = 5 and the three criteria we employed (Akaike, Schwarz and minimum description lengh). 

35 

25 

2-

1.5 
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02 

Fig. 3. First artificial histogram. 
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Fig. 4. Second artificial histogram. 
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The second validation is contextual and concerns the summarization of image databases. In fact, inter-

actions between users and multimedia databases can involve queries like "Retrieve images that are similar 

to this image". A number of techniques have been developed to handle pictorial queries, e.g, QBIC [32], 
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Real parameters Estimated parameters 

P(l)=0.33 P(l)=0.333 

Mode 1 au= 8 a11=8.ll6 

Œ12 = 2 Œ12 = 2.024 

P(2)=0.34 ?(2)=0.335 

Mode 2 Œ21 = 80 a21 = 79.567 

Œ22 = 80 Œ22 =79.567 

P(3)=0.33 ?(3)=0.332 

Mode 3 Œ31 = 2 Œ31 = 2.024 

Œ32 = 8 Œ32 = 8.116 

TABLE I 

ESTIMATION OF THE PARAMETERS OF THE FIRST ARTIFICIAL HISTOGRAM. 

50 1 0 150 200 2 0 

Legend 
--- RsalH1stogram 

Est1mated H1stogram 

Fig. 5. Third artificial histogram. 

Photobook [33], Blobworld [34], and VisualSeek [35]. Summarizing the database is very important because it 

simplifies the task of retrieval by restricting the search for similar images to a smaller domain of the database 

[36]. Summarization is also very efficient for browsing [37]. Knowing the categories of images in a given 

database allows the user to find the images he is looking for more quickly. Using mixture decomposition, 

we can find natural groupings of images and represent each group by the most representative image in the 

group. In other words, after appropriate features are extracted from the images, it allows us to partition 
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Real parameters Estimated parameters 

P(l)=0.5 P(l)=0.545 

Mode 1 0'11 = 2 0'11 = 1.942 

Œ12 = 8 Œ12 = 7.141 

P(2)=0.5 P(2)=0.455 

Mode 2 Œ21 = 5 Œ21 = 5.466 

Œ22 = 5 Œ22 =5.108 

TABLE II 

ESTIMATION OF THE PARAMETERS OF THE SECOND ARTIF!CIAL HISTOGRAM. 

the feature space into regions that are relatively homogeneous with respect to the chosen set of features. 

By identifying the homogeneous regions in the feature space, the task of summarization is accomplished. 

We used a database containing 600 images of size 128 x 96, and took color as a feature for categorizing 

the images. In order to determine the vector of characteristics for each image, pixels were projected onto 

the 3D HSI (H = Hue, S = Saturation, and I = Intensity) space. We thus obtained a 3D color histogram 

for each image. Based on the work of Kherfi et al. [38], we obtained an 8D vector from this histogram. 

Their method consists of partitioning the space by subdividing each of the axes H, S and I into n equal 

intervals. This gives n 3 subspaces. The sum of the elements in each subspace is computed and the result is 

placed in the corresponding cell of the feature vector. In our application, we chose n = 2, so each image 

was represented by a 23 = 8D feature vector. We also asked a human subject to determine the number of 

groups, and be found five categories (see Figure 6), which is the number of classes found by our algorithm 

and by the three criteria we used. The Dirichlet mixture algorithm was applied to the feature vectors, where 

each vector represents an image. The classification was performed using the Bayesian decision rule [26] 

after the class-conditional densities were estimated: 

(46) 



24 

Real parameters Estimated parameters 

P(l)=0.75 P(l)=0.746 

Mode 1 a11 = 2 a11 = 2.043 

0:12 = 8 a12 = 8.307 

P(2)=0.15 P(2)=0.156 

Mode 2 0:21 = 20 0:21 = 19.185 

0:22 = 20 0:22 =19.086 

P(3) =0.1 P(3)=0.098 

Mode 3 0:31 = 8 0:31 = 8.220 

0:32 = 2 Ü:32 = 2.035 

TABLE III 

ESTIMATION OF THE PARAMETERS OF THE THIRD ARTIFICIAL HISTOGRAM. 

The two classifications (the one generated by the human subject and the one given by our algorithm) were 

compared by counting the number of misclassified images, yielding confusion matrix (see Table IV). In 

this confusion matrix, the cell ( class i, class j) represents the number of images from class i which are 

classified as class j. The number of images misclassified was small: 40 in all, which represents an accuracy 

of 93.34 percent. Table V show the confusion matrix for the Gaussian mixture. 

(a) (b) (c) (d) (e) 

Fig. 6. Sample images from each group. (a) Class 1, (b) Class 2, (c) Class 3, (d) Class 4, (e) Class 5. 

After the database was summarized, we conducted another experiment designed to retrieve images similar to 

a query. First, we defined a measure to determine the closest component to the query vector. Next, another 
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Class 1 Class 2 Class 3 Class 4 Class 5 

Class 1 101 0 10 0 0 

Class 2 0 120 0 13 0 

Class 3 0 0 108 0 0 

Class 4 0 6 0 104 4 

Class 5 0 2 0 5 127 

TABLE IV 

CONFUSION MATRIX FOR IMAGE CLASSIFICATION BY A DIRICHLET MIXTURE. 

Class 1 Class 2 Class 3 Class 4 Class 5 

Class 1 101 0 10 0 0 

Class 2 0 112 0 21 0 

Class 3 2 0 106 0 0 

Class 4 0 10 0 96 8 

Class 5 0 6 0 9 119 

TABLE V 

CONFUSION MATRIX FOR IMAGE CLASSIFICATION BY A GAUSSIAN MIXTURE. 

distance measure was used to determine the similarity between the query vector and the feature vectors in 

the closest component. The a posterior probabilities were used in order to choose the component nearest to 

the query. After selecting the closest component, the 2-norm was applied to find the images most similar 

to the query. To measure the retrieval rates, each image was used as a query and the number of relevant 

images among those that were retrieved was noted. Precision, which is the measure most commonly used 

by the information retrieval community, was then computed using Eq. 47. This measure was then averaged 

over ail the queries. The results are given in Table VI. 

. . number of images retrieved and relevant 
prec1s10n = 

total number of retrieved images 
(47) 



Algorithm Number of retrieved images 

Gaussian 

Dirichlet 

32 64 86 

0.812 0.625 0.581 

0.906 0.781 0.697 

TABLE VI 

RETRIEVAL PRECISION FOR THE CONTENT-BASED IMAGE RETRIEVAL APPLICATION. 
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The third application concerns modeling for human skin color using the Dirichlet mixture. In fact, human skin 

color has been used and has proven to be an effective feature in many applications including teleconferencing 

[39], face recognition [40], and gesture recognition [41]. The motivation for using a Dirichlet mixture is 

based on the observation that the color histogram for the skin of people with different ethnie backgrounds 

does not form a unimodal distribution, but rather a multimodal distribution. Although different people appear 

to have different colored skin, several studies have shown that major difference lies in intensity rather than 

in the col or itself [ 42]. Thus, the common RG B (Red, Green, Blue) representation of col or images is not 

suitable for characterizing skin col or because in the RG B space, the triple components rgb represent not 

only color but also luminance. To build a skin color mode!, we can use CIE LUV or the chromatic col or 

spaces and discard the luminance value. In our case, we have used chromatic colors (also known as pure 

colors in the absence of luminance), defined by a normalization process as shown below [43]: 

r 
rl = ----r+g+b 

gl = g 
r+g+b 

b 
bl=---r+g+b 

(48) 

(49) 

(50) 

In order to train for skin color, we used color images containing human faces and extracted the skin regions 

in these images manually. Our training set contained more than six hundred images containing human skins 
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of different races. The total number of pixels analyzed was 10867932 (skin color pixels), where each sample 

consists of three values (rl, gl, bl). Figure 7 shows a part of the data collected in the rlgl space. It's clear 

that a single Dirichlet density fonction is not sufficient to model the distribution of skin color. We used our 

algorithm to estimate the parameters of the Dirichlet mixture and we found 2 components. The estimated 

density fonction is shown in Fig. 8. Given an image, a segmentation was pe1formed to obtain homogenous 

regions. Each pixel was classified as skin color if its probability measure was above a threshold. Each region 

was then recognized as a skin area if most of the pixels in the region had a high probability of being skin 

color. Figure 9 shows the results of skin detection in different cases. Skin color alone is usually not sufficient 

in detecting human faces or hands. However, a good estimated mixture is very usefol in simplifying the task 

of skin area detection. Using skin color and area information, human faces can be detected robustly [40]. 

In our application, if more than 75% of the pixels in a region are classified to be skin color, then the region 

is recognized as a skin area. Figure 10 shows an image sequence and Figure 11 shows the results of skin 

detection. 

0.2 0.4 0.6 0.8 

Fig. 7. Part of the data collected for human skin color modeling. 

VI. CONCLUSION 

In this paper, we have introduced a new mixture based on the Dirichlet distribution. The Dirichlet 

distribution has the advantage that by varying its parameters, it permits multiple modes and asymmetry 
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Fig. 8. Estimated Density Function viewed from different angles. 

and can thus approximate a wide variety of shapes. We estimated the parameters of this mixture using 

the maximum likelihood and Fisher scoring methods. An interesting interpretation, based on statistical 

geometric information, was given. In order to make our method less sensitive to initialization, we proposed 

an initialization algorithm based on the moments, which takes the distribution into account from the outset. 

Contextual and non-contextual evaluations were used to test the performance of our method. The non-

contextual evaluation was based on artificial histograms. The contextual test involved the summarization 

of image databases for efficient retrieval and the detection of human skin color. From the results of these 

evaluations, we can say that the Dirichlet mixture has good modeling capabilities. Future work will be 

devoted to generalizing of this distribution in order to improve its covariance structure. 
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Chapitre 2 

Modélisation des données discrètes 
par les mélanges finis de Dirichlet 
multinomiale 

Dans le chapitre précèdant nous avons présenté un mélange basé sur la distribution de 

Dirichlet pour la modélisation des données continues. Bien que la majorité des travaux 

sur les mélanges de lois traitent de ce type de donnée, l'évolution des applications qui 

se basent sur des algorithmes d'apprentissage nous oblige à considérer d'autres types de 

données. Dans ce deuxième chapitre nous proposons un mélange pour la modélisation 

des données discrètes (vecteurs de comptage). En effet, les données discrètes peuvent 

être présentes dans plusieurs domaines et applications telles que l'analyse d'images ( ex : 

modélisation des histogrammes), l'analyse des textes (ex: indexation des pages Web), la 

bioinformatique ( ex : modélisation des protéines), les télécommunications ( modélisation 

des profils des utilisateurs d'un service donné). Pour ce type de données, la majorité des 

travaux existants utilisent soit un mélange Gaussien [11] soit un mélange de multino-

miales [12]. Toutefois, le choix d'un mélange Gaussien est inadéquat à cause de la nature 

discrète des données. Le choix d'un mélange de lois multinomiales pose un problème 

aussi. En effet, la multinomiale tient compte uniquement des fréquences et elle n'intègre 

pas la notion des données cachées. Le mélange que nous proposons, pour la modélisation 

des données discrètes, est basé sur la distribution de Dirichlet Multinomiale (MDD). 
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Afin de résoudre le problème de l'estimation des paramètres d'un mélange de Dirichlet 
Multinomiale, nous proposons un algorithme basé sur la méthode de Fisher et nous utili-
sons un critère d'entropie pour déterminer automatiquement le nombre de composantes. 
Nous montrons à travers un nouveau modèle de texture que la MDD est un choix ex-
cellent pour modéliser les vecteurs de comptage. La MDD est appliquée au problème 
de résumé des bases de données d'images. Dans cette application, la MDD est utilisée, 
non seulement pour la modélisation des caractéristiques visuelles (couleur, texture), mais 
aussi pour l'intégration de la sémantique (les mots clés). Les résultats expérimentaux 
montrent aussi que les mélanges de MDD permettent une modélisation meilleure que 
celle offerte par les mélanges de lois multinomiale. 
Nous présentons, dans les pages qui suivent, un article intitulé Unsupervised Learning 
of a Finite Discrete Mixture : Applications to Texture Modeling and Image 
Databases Summarization [13] qui est soumis au journal international International 
journal of visual communications and image representation et récemment révisé. 
J'ai réalisé, validé et rédigé ce travail sous la supervision du professeur Djemel Ziou. Deux 
versions compactes, présentant d'autres aspects de ce travail sont parues. La première 
intitulée Unsupervised Learning of a Finite Discrete Mixture Model Based on 
the Multinomial Dirichlet Distribution : Application to Texture Modeling [14], 
est parue dans les actes de The International Workshop on Pattern Recognition in Infor-

mation Systems, (PRIS2004}, Porto, Portugal, 2004. La deuxième intitulée lmproving 
Content Based Image Retrieval Systems Using Finite Multinomial Dirichlet 
Mixture [15], est parue dans les actes du IEEE Workshop on Machine Learning for 
Signal Processing, (MLSP2004}, Sao Luis, Brazil. 

34 



U nsupervised Learning of a Fini te Discrete 
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Abstract 

This paper presents an unsupervised learning algorithm for fitting a finite mixture 
model based on the multinomial Dirichlet distribution (MDD). This mixture is 
particulary useful for modeling discrete data (vectors of counts). The algorithm 
proposed is based on the expectation maximization (EM) approach. This mixture 
is used to improve image databases categorization by integrating semantic features 
and to produce a new texture model. For the texture modeling problem, the results 
are reported on the Vistex texture image database from the MIT Media Lab. 

Key words: Multinomial Dirichlet, Finite mixture models, Maximum likelihood, 
EM, Semantic features, Image retrieval, Vistex, Cooccurrence matrix. 

1 Introduction 

Finite mixtures are a powerful probabilistic modeling tool for univariate and 
multivariate data [l]. They allow a probabilistic model-based approach to un-
supervised learning and have been used in many applications. Finite mixtures 
adequately model situations where each data element can be viewed as arising 
from several populations mixed in varying proportions. The adoption of this 
approach to learning brings important advantages. On the one hand, mixtures 
are flexible enough to achieve an appropriate tradeoff between model complex-
ity and the amount of training data available [2]. Usually, model complexity 
is controlled by varying the number of mixture components while keeping the 
same parametric form for all components. On the other hand, mixtures also of-
fer the possibility of validating a given model in a formal way. Although most 
related research has concentrated on mixtures for continuous data, emerg-
ing machine learning applications demand the extension of research efforts 
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to other data types. One good example is text classification, where the pro-
cedures developed are based on either binary or integer-valued features [3]. 
Another example is given by Cadez et al. [4], where binned and truncated 
multivariate data are considered. A mixture model consists of multiple proba-
bility density fonctions (PDFs). The PDFs are called the component densities 
of the mixture and are chosen to be Gaussian in the majority of cases. The 
Gaussian mixture is not the best choice in all applications, however, and it will 
fail to discover true structure where the partitions are clearly non-Gaussian 
[5]. In previous works [6] we have shown that the Dirichlet distribution can be 
a good choice for non-Gaussian data. In this paper, we present an approach 
for discrete data modeling. The majority of the studies about discrete data 
modeling concern text modeling and classification [7] [8] [9]. However, dis-
crete data can be found in many other domains such as preference analysis, 
molecular biology and computer vision. In the case of computer vision, for 
example, the modeling of discrete data is less studied in spite of the presence 
of such data in many applications such as histograms modeling. For this type 
of data, the Gaussian assumption turns out to be inadequate and the majority 
of the researchers consider the Multinomial distribution [3][10]. Recent work 
of Rennie et al. [11] has pointed out a number of deficiencies of the Multino-
mial model, and proposed a number of heuristics to improve its performance. 
Before this, Lewis [12] has pointed out other problems and discuss some open 
research questions about the use of the multinomial. In this paper, we present 
a different probabilistic model based on both the Dirichlet and multinomial 
distributions which we call the MDD (multinomial Dirichlet distribution). By 
means of some applications which concern essentially images modeling and 
representation, we prove that the MDD is better suited for modeling discrete 
data ( vectors of counts). 
The standard method used to fit finite mixture models to observed data is the 
well-known expectation-maximization (EM) algorithm [13]. The EM algorithm 
is used to locate a maximum likelihood (ML) estimate of the mixture param-
eters. In the case of finite mixtures, however, the EM algorithm has several 
drawbacks. It's sensitive to initialization because the likelihood of a mixture 
model is usually multimodal. Besides, the number of components must be 
specified each time. Different methods have been proposed to overcome these 
problems [14]. In this paper, we deal with these problems. We propose an algo-
rithm based on the method of moments, to make the estimates less sensitive to 
the initialization, and a Newton-Raphson step to accelerate the convergence, 
using an entropy-based criterion to determine the number of components. The 
paper is organized as follows. The next section describes the MDD mixture 
in detail. In Section 3, we propose a method for estimating the parameters of 
this mixture. In Section 4, we present a way of initializing the parameters and 
give the complete estimation algorithm. Section 5 is devoted to experimental 
results. We end the paper with some concluding remarks. 
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2 The Multinomial Dirichlet Mixture 

To stress the generality of our model we temporarily detach the presentation 
from the specific problem of image modeling. We consider, then, the following 
more abstract setting: denote by O = ( 0 1, ... , 0 N) a fini te set of abstract ob-
jects and e = (e1 , ... , ed) the domain of some events. Each Oi is characterized 
by a number of observation ( Oi, ej ), summarized in the counts n;j (the number 
of times the event ej appears in the object Oi)- In the context of text mining 
tasks, such as language modeling and information retrieval, O; can represent a 
given document and ej a particular word. In the context of image modeling Oi 
will represent an image and ej can be a given color. Assuming that the counts 
for each object O; are available as a cooccurrence vector X; = (Xil, ... , Xid), 
where Xij denotes the number of times events ej appears in the object Oi. 
Thus, the object can be represented by Xi. The estimated probability of the 
event ej is denoted by 'Pij· If we suppose that X; follows a Multinomial distri-
bution, then the frequencies will be used to set the probabilities, obtaining: 

(1) 

The frequencies alone are a poor estimate, however. For instance, we can 
consider the analogous problem of assessing the fairness of a coin. A coin is 
said to be fair if Prob(heads)= Prob(tails)=l/2. If we tossa coin n times, and 
it cornes up heads nh time, what should our estimate be of the probability 
of heads for this coin? If we use the observed frequencies, we would set the 
probability of heads to which can be different of 1/2. But, if we assume that 
most coins are fair, then we are unlikely to change this a priori assumption 
based on only few tosses. These poor estimates are due to the fact that the 
events are considered independent which is not always the case [15] [16]. Rennie 
et al. [11] address this issue by log-normalizing counts, reducing the impact of 
dependence. Teevan and Karger [17] empirically search for a model that fits 
discrete vectors well within an exponential family of models. One can think 
about the consideration of a confidence intervals, too. In this paper, we propose 
the introduction of prior information into the construction of the statistical 
model. The prior information for the Multinomial assumption is given by the 
Dirichlet distribution to form good 'Pij estimates [11] [18]. 
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2.1 The Dirichlet distribution 

If the random vector p = (p1 , ... , Pd) follows a Dirichlet distribution with 
parameters o:1 , ... , ad, the joint density fonction is given by [19]: 

(2) 

at any point in the simplex, 
Sd-1 = {(pi, ... , Pd-1) : Pi > 0, i = 1, ... , d-1, 'E,f;;f Pi < 1} in IR.t-1, and zero 
outside. The Dirichlet distribution depends on d parameters o:1 , ... , ad , which 
are all real and positive. This distribution is the multivariate extension of the 
2-parameter Beta distribution. The mean and the variance of the Dirichlet 
distribution are given by: 

(3) 

(4) 

and the covariance between Pj and Pk is: 

-a ak 
Cov(p· p ) - 1 

1, k - ("d )2(°"d +l) L..,f=l O:[ L..,[=l O:[ 

(5) 

Equation 3 shows that the expected value of Pi is the fraction of ai with respect 
to the total sum of a;'s. If all a;'s are multiplied by the same factor, the means 
remain unchanged. Equations 4 and 5 show that Var(pi) and Cov(pJ,Pk) 
are proportional to ai and ajak, respectively. If all a;'s are multiplied by a 
large factor, the variances and covariances become very small. The Dirichlet 
distribution has several other important properties [19]. 

2. 2 The multinomial Dirichlet distribution 

Consider a vector of counts X = (X1 , ... , Xd), with Pi being the probability of 
seeing the ith feature and IX 1 = I:.1=1 Xi. The joint distribution of (X1 , ... , Xd) 
is given by the multinomial distribution with parameters p: 

(6) 
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The conjugate prior for pis the Dirichlet distribution, so the joint distribution 
of X and pis: 

Integrating over p, we obtain the marginal distribution of X (See appendixl): 

where 151 = "i:,f=1 o:i We call this density the MDD (multinomial Dirichlet 
distribution). The mean and variance of this distribution are given by [20]: 

E(X) = IXlo:i 
i 151 (9) 

v (X) = IXl(IXI - 1)0:i(lal - o:i) 1x10:i 
ar i (151)2 (151 + 1) + 151 (10) 

Other important properties of this distribution can be found in [19]. Many 
works have been concentrated on the theoretical aspects of this distribution 
[21]. However, few work has been done on its practical applications and param-
eter estimation. The majority of the studies consider only one distribution and 
restricted to the two-parameter Beta-Binomial distribution [22][23]. A MDD 
mixture with M components is defined as: 

M 

p(Xl8) = LP(Xlj; 5j)P(j) 
j=l 

where P(j) (0 < P(j) :::; 1 and "i:,f~1 P(j) = 1) are the mixing proportions and 
p(Xlj; 5j) is the MDD. The symbol 8 refers to the entire set of parameters to 
be estimated: 8 = (&1, ... , âM, P(l), ... , P(M)) where O:j is the parameter 
vector for the jlh population. 

3 Learning Finite Mixture Model 

The problem of estimating the parameters which determine a mixture has been 
the subject of diverse studies [l]. During the last two decades, the method of 

39 



maximum likelihood (ML) [24] has become the most common approach to this 
problem. Given a set of N independent vectors X = (X\, ... , XN ), with ML 
estimation, the problem of determining 8 becomes: 

êML = arg maxep(XIG) (12) 

where: 

N 

p(Xl8) = Il p(Xil8) (13) 
i=l 

M 

p(Xil8) = LP(Xilj; âj)P(j) (14) 
j=l 

with the constraints: I:,f~1 P(j) = 1 and O < P(j) ::; 1 Vj E [l, M] (the sec-
ond constraint is satisfied). These constraints permit us to take into consider-
ation the mixing proportions P(j). Using Lagrange multipliers, we maximize 
the following fonction: 

N M M 

<I>(X, e, A)= L ln(Lp(Xi!J; âj)P(j)) + A(l - L P(j)) 
i=l j=l 

M 

+ µ L P(j)ln( P(j)) 
j=l 

j=l 
(15) 

where A is the Lagrange multiplier. For convenience, we have replaced the 
fonction p(Xl8) in Eq. 12 by the fonction ln(p(Xl8)). The usual choice for 
obtaining ML estimates of the mixture parameters is the classical EM algo-
rithm [13]. EM is an iterative algorithm to find local maxima of the likelihood 
fonction. The EM algorithm is based on the interpretation of X as incom-
plete data [14]. Its drawback is the need to specify the number of components 
each time. In order to overcome this problem, criterion fonctions have been 
proposed, such as the Akaike information criterion (AIC) [25], minimum de-
scription length (MDL) [26] and Schwarz's Bayesian inference criterion (BIC) 
[27]. In order to automatically find the number of components needed to model 
the mixture, we add an entropy-based criterion, previously used in the case of 
Gaussian mixtures [28]. Other approaches can be found in [2] [29]. The first 
term in Eq. 15 is the log-likelihood fonction, which assumes its global maxi-
mum value when each component represents only one of the feature vectors. 
The last term (entropy) reaches its maximum when all of the feature vectors 
are modeled by a single component. The algorithm starts with an over spec-
ified number of components in the mixture, and as it proceeds, components 
compete to model the data. The term µ specifies the tradeoff between the 
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required likelihood of the data and the number of components to be found. 
We choose µ to be the ratio of the first term to the last term in Eq. 15 of each 
iteration t, i.e., 

t _ L;:1 zn(Lf~1 p(t-l)(X\lj;5J)P(t-l)(j)) 
µ() - Lf~1 p(t-l)(j)ln(P(t-l)(j)) (16) 

The EM algorithm produces a sequence of estimates 8 by applying two steps 
in alternation ( until some convergence criterion is met): 

(1) E-step: Compute the a posteriori probabilities: 
(t)( ·1x · a-) - p(t-ll(X;lj;âj)P(,-ll(j) 

p ] i, J - "'M (t-ll(XI ·â)P(t-1)( ') 
L.,j=l p ' J' J J 

(2) M-step: Update the parameters estimates according to: 

We will now try to resolve the optimization problem given in the M-step. To 
do this, we must determine the solution to the following equations: 

a ae <I>(X, e, A) = o (17) 

a 
BA <I>(X, 8, A)= 0 (18) 

In what follows, we will estimate the parameters. 

3.1 Estimation of the mixing proportions 

Since p(Xilj; ŒJ) is independent of P(j), straightforward manipulations yield: 

8 l N - ( ) ~(·)<I>(X,8,A)= P(')Lp(jlXi;aJ)-A+µ l+ln(P(j)) =0(19) 
p J J i=l 

Now we take the derivative of Eq. 15 with respect to A. We find: 

8 M 
aA <I>(X, e, A)= 1 - L P(j) = o 

J=l 

(20) 
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Ftom Eq. 19, we obtain: 

(21) 

Thus Eq. 20 gives us: 

M l M [ N - ( )] P(j) =A~ ~p(jlXi; o:J) + µ P(j) + P(j)ln(P(j)) = l (22) 

Since 

M 

LP(JIX\; o:j) = 1 (23) 
j=l 

This gives 

M l N M - M 

P(j) = A [ ~p(jlXi; o:J) + µ(P(j) + P(j)ln(P(j)))] 

N + Lf~1 µ ( P(j) + P(j)ln( P(j))) 
-----~-----~-1 - A -

Thus, 

M 

A= N + µ (P(j) + P(j)ln(P(j))) (24) 

Finally, the mixing proportion is: 

3.2 Estimation of the Œj parameters 

Concerning the estimation of the Œj parameters, it can be seen that the pres-
ence of terms like r ( o:i) in Eq. 15 prevent a closed-form solution. For such 
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situations, consideration may be given to using the Newton-Raphson proce-
dure [30] to iteratively compute 5(t) on the M-step. In fact, Eq. 17 can be 
approximated by expanding it in a power series around a point âj0 : 

Since 8<'!. <I>(X, 8, A) = 0, then 
c,J 

A (t) A (t-1) 
Thus, an updated estimate, âj , of a current estimate âj is given by: 

which is equivalent to: 

where H is the Hessian matrix (the matrix of the second-order partial deriva-
tives of the log-likelihood fonction with respect to the Œj) evaluated at the 
current estimate. The Newton-Raphson method is based on the first, second 
and mixed derivatives of the log-likelihood fonction. We will therefore compute 
these derivatives. For the first derivative, we have (See appendix 2): 

Calculating the derivative of ln(p(X\Jj; aj) with respect to Œj/, we obtain (See 
appendix 3): 

where iJJ(.) is the digamma fonction. Since we require that the Œj/ be strictly 
positive, and we want the parameters upon which we will derive to be uncon-
strained, we reparameterize, setting Œj/ = e13i 1 , where Pjl is an unconstrained 
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real number. Then, the partial derivative of <P (Eq. 15) with respect to /311 is 
as follows (See appendix 4): 

8<P (X, 8, A) [ ( ( I - I) ( ) ) ( .1 - - ) 
8/3jl = Œjl W Œj - W Œjl 6 p J Xi; Œj (32) 

N 

+ LP(j\X\; cxJ) ( w(X;1 + a11) - w(\X\I + iaJI))] 
i=l 

By computing the second and mixed derivatives of the log-likelihood fonction 
we obtain (See appendix 5): 

82<P(X,8,A) , - . - -
8(3 8(3 =ŒjfiŒfüW (laji)L...p(J\X;;Œj) 

Jli Jl2 i=l 

+ Œjl1 [ ( w(lajl) - W(Œj1J) t 8~b p(j\X;; Œj) 

N (( - ) 8 -+ w(Xil1 + Œjfi) - w(\Xd + iaJI) 8(3jl2 p(j\X;; Œj) 

- Œfüp(j\X;; Œj)w' (\X;\+ laji))] (34) 

where w' (.) is the trigamma fonction. Note that we need to compute the 
derivative of the a posteriori probability p(j\X;; Œj) with respect to (3jl (See 
appendix 6): 

8~j?(j \X;; Œj) = Œjzp(j\X;; Œj) ( 1 - p(j\X;; a-;)) (35) 

X ( w(\aJI) - w(\X;I + laJI) + w(Xil + Œj1) - w(aj1)) 
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Given a set of initial estimates (see the next section), the Newton-Raphson 
method can now be used. The iterative scheme of this method is given by the 
following equation: 

[ 

A l (t) [ A l (t~l) f311 f311 
. . . . . . 

tJd tJd 
(36) 

where j is the class number 1 j M and V is the inverse of the ex-
pected Fisher information matrix. Given sufficiently accurate starting values, 
the sequence of iterates produced by the Newton-Raphson method exhibits 
local quadratic convergence to a solution dj. That is, given a norm 11-11 on the 
parameter space O, there is a constant h such that 

(37) 

holds fort = 1, 2, ... Quadratic convergence is very fast, and is regarded as the 
major strength of the Newton-Raphson method. But there can be severe prob-
lems with this method in application. First at each iteration it requires the 
computation of the d x d Fisher information matrix (the negative of the Hes-
sian) and its inverse. We have therefore made some approximations in order 
to avoid inverting the information matrix at each iteration. After these ap-
proximations, the matrix V we used is written as the following (See appendix 
8): 

(38) 

where: 

(39) 

( 40) 

( 41) 

( 42) 

This approach is one of a broad class of methods known as quasi-Newton 
methods, for which we use an approximation of the Hessian matrix. However, 

45 



the full quadratic convergence of the Newton-Raphson method is lost, as a 
sequence of iterates /3~ ~) can be shown to exhibit only local superlinear con-

vergence to a solution /3~. Specifically, it can be shown that there is a sequence 
hk that converges to zero, such that 

(43) 

holds fort= 1, 2, ... Further details about Newton-type methods are given in 
[24]. The question of when to stop the iteration is naturally of practical im-
portance. The convergence test in our case involve testing the stabilization of 
the /3~. In an iterative scheme based on the gradient descent method presented 
by the following equation [24], 

( , l (t) ( l (t-1) (--2--- l (t-1) /3y 1 {3] 1 8/311 <I> 
. . . . . . . . . 

' 8 
/3yd {3yd &&1d q> 

(44) 

the stabilization of the /3~ is equivalent to 8g11 
<I>(X, 8, A) '.::::' 0 Vl = 1 ... d. If 

we compare this iterative scheme with the one presented by Eq. 36, we note 
the presence of an extra term V. Thus, the ordinary gradient 8~

1 
<I>(X, 8, A) is 

replaced by V g3i, where g3i = ( at <I>, ... , 8$1
d <I>). V g3i is called the Natural 

Gradient or Contravariant Gradient by Amari [31] or the generalized conjugate 
gradient by Jamshidian and Jennrich [32]. The stabilization of the /3~ is thus 
equivalent to V g3i '.::::' O. An interesting geometrical interpretation of Eq. 36 
and Natural Gradient can be found in [6]. 

4 Algorithm and Initialization 

In order to make our algorithm less sensitive to local maxima, we have used 
some initialization schemes including the Fuzzy C-means [33] and the method 
of moments (MM). From an examination of Eq. 3 and Eq. 4 we see that there 
are d first-order moments and d second-order moments, yielding a total of C]xd 
possible combinations of equations to solve for the d parameters. According to 
Fieltiz and Myers [34], a symmetrical way of proceeding would be to choose the 
first d - l first-order equations and the first second-order equation. The reason 
for not choosing the (d)-th first order equation is that the (d)-th equation is a 
linear combination of the others and together they do not form an independent 
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set of equations. Thus we have: 

l = l, 2 ... , d - l ( 45) 

and 

(46) 

where 

( 47) 

( 48) 

Our initialization method can be summarized as follows: 
Initialization algorithm 

(1) Apply the Fuzzy C-means to obtain the elements, covariance matrix and 
mean of each component. 

(2) Apply the MM for each component j to obtain the vector of parameters 
Œj-

(3) Assign the data to clusters, assuming that the current model is correct. 
(4) Update the P(j) using this equation: 

P(j) = Number of elements in class j 
N 

( 49) 

(5) If the current model and the new model are sufficiently close to each 
other, terminate, else go to 2. 

With this initialization method in hand, our algorithm for estimating a MDD 
mixture can be summarized as follows: 
MDD mixture estimation algorithm 

(1) Imput: d-dimensional data 5( i = 1, ... , N and an over-specified number 
of clusters M. 

(2) Initialization algorithm. 
(3) E-step: Compute the a posteriori probabilities: 

(t)( ·1x. ex~) = p(t-l)(XilJ;a-i)P(t-l)(j) 
p J " J I:;:1 p(t-l)(Xilj;âj)P(t-1) (j) 

(4) M-step: Update the parameter estimates. 
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• Update the Œj using Eq. 36, j = 1, ... , M. 
• Update the P(j) using Eq. 25, j = 1, ... , M. 

(5) If P(j) < E discard component j, go to 3. 
(6) If the convergence test is passed, terminate, else go to 3. 

Ideally, a component j should be deleted when P(j) drops to zero. To pre-
vents instabilities in the computation of the parameters of small clusters, we 
delete a component whenever P(j) is less than E = 10-3 . The convergence test 
involves, as we have explained in the previous section, the stabilization of the 
parameters. 

5 Experimental Results 

Experiments were conducted in order to demonstrate the modeling capabilities 
of the MDD mixture. In the first application, we produce a new texture model. 
This model is used for texture image summarization and retrieval. The second 
application aims to improve image summarization by integrating semantic 
features. 

5.1 Texture modeling 

Texture analysis and modeling is an important component in image processing 
and is fondamental to many application areas, including industrial automa-
tion, remote sensing, and biomedical image processing. Tuceryan and Jain 
provide a comprehensive survey of most existing structural and statistical ap-
proaches to texture [35]. One of the most established methods for texture 
modeling is the Spatial Gray Level method proposed by Haralick [36], which 
is based on the estimation of the joint probability fonctions of two picture 
elements in some given relative position ( cooccurrence matrices). The cooc-
currence matrices are mostly used as intermediate features and dimensionality 
reduction is performed in computing features of the types described in previous 
work [37] [38], such as Energy, Entropy, Contrast, Homogenity, Correlation, 
etc. The main drawbacks to using cooccurrence matrices are the large memory 
requirement for storing them and the difficulty of using them for statistical 
approaches because of their numerical nature. 
In what follows, we will use {I(x,y), 0 :::; x:::; K - 1, 0:::; y:::; L - l} to 
denote a K x L image with G gray levels. The G x G cooccurrence matrix 
C(d1 , d2 ) for a displacement vector l = (d1 , d2 ) is defined as follows. Entry 
( i, j) of C( d1 , d2 ) is the number of occurrences of the pair of gray levels i and 
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j which are a distance J apart. Formally, it is given as: 

G(i, j; d) = Gard{ (r, s) : I(r, s) = i,I(r + d1 , s + d2 ) = j} (50) 

where Gard{} refers to the number of elements of a set. It is possible to char-
acterize a particular texture sample by a collection of cooccurrence matrices 
that have been estimated for different displacements d~, d~, ... , d~. Then each 
entry ( i, j) will have a vector of d elements described by the following formula 
( see Figure 1): 

(51) 

As ê is a vector of frequencies in d dimension, the d cooccurrence matrices 
can be modeled by a mixture of MDDs. This model can now be used for two 
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Fig. 1. Modeling the texture of an image by an MDD mixture. 

experiments in texture images summarization and retrieval. 

5.1.1 Texture Image Summarization 

Automatic texture image summarization is an important problem in image 
processing applications. In the texture image summarization problem, an im-
age is known to contain data from one of a finite number of texture classes, 
and the aim is to assign the image to the correct class on the basis of mea-
surements made over the entire image. This application is relevant, especially 
in the case of content-based image retrieval [39]. A block diagram outlining 
our approach to solve the texture summarization problem is shown in Fig. 2. 
The inputs to the classifier are images from a finite number of texture classes. 
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These images are separated into the unknown or test set of images, whose 
texture class is unknown, and the training set of images, whose texture class 
is known. The training set is necessary to adapt the classifier to each possible 
texture class before the unknown set is submitted to the classifier. All the 
input images are passed through the cooccurrence matrix computation stage, 
and then through the mixture's parameters estimation stage, in which the 
cooccurrence matrices are modeled as an MDD mixture, as shown in figure 1. 
After this stage, each texture class is represented by an MDD mixture. Finally, 
the classification stage uses mixtures estimated from the unknown images to 
determinate which texture class is present. The estimated mixture is compared 
to the training mixtures by using the symmetric Kullback-Leibler divergence 
between densities, defined by (40): 

D(e, t) = -
2
1 jp(Ôle)logp(~le) dC + jp(Ôlt)logp(~lt) dC (52) 

p(Clt) 2 p(Cl e) 

where e and t index, respectively, an MDD mixture for a texture image to 
be classified (p( êie)) and an MDD mixture obtained from training and which 
represents a texture class (p( êit)). Classification is performed using this rule: 
image e is assigned to class t1 if D(e,tl) < D(e,t) \;/t # t1 . 

For experiment reported here, we used the Vistex texture database obtained 

Uhknown · Texturemodeling MDD 
images ..__ ___ __, mixture 

Training step 

Olt:1ssifier Texture cla s 
decisiôn 

Classifier 
parameters 

Fig. 2. Black diagram of texture image summarization application. 

from the MIT Media Lab. In our experimental framework, each of the 512 x 
512 images from the Vistex database was divided into 64 x 64 images. Since 
each 512 x 512 rnother image contributes 64 images to our database, ideally 
all 64 images should be classified in the same class. In the experiment, six 
homogeneous texture groups, "bark", "fabric", "food" , "metal", "water" and 
"sand", were used to create a new database. A database with 1920 images of 
size 64 x 64 pixels was obtained. Four images from the bark, fabric and metal 
texture groups were used to obtain 256 images for each of these categories, 
and 6 images from water, food and sand were used to obtain 384 images for 
those categories. Examples of images from each of the categories are shown in 
Fig. 3. After computing the cooccurrence matrices, each category of images 
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(a) (b) (c) (d) (e) (f) 

Fig. 3. Sample images from each group. (a) Bark, (b) Fabric, (c) Food, (d) Metal, 
(e) Sand, (f) Water. 

was modeled by an MDD mixture (we consider 8 displacements). The confu-
sion matrix for the texture images classification is given in Table 1. In this 
confusion matrix, the cell ( i, j) represents the number of images from category 
i which are classified as category j. The number of images misclassified was 
25, which represents an accuracy of 98.69 percent . For comparison, we used 
Multinomial mixture (we introduced the entropy tenn to determine the num-
ber of clusters) rather than MDD. Table 2 shows the confusion matrix when 
Multinomial mixture is used . The number of images misclassified was 59 when 
using the Multinomial i.e, an accuracy of 96.92. From the tables, we see that 
the performance of the MDD mixture is better. 

Bark Fabric Food Metal Sand Water 

Bark 252 0 0 0 4 0 

Fabric 0 250 6 0 0 0 

Food 0 5 379 0 0 0 

Metal 0 0 0 256 0 0 

Sand 2 0 0 0 382 0 

Water 1 0 0 5 2 376 
Table 1 
Confusion matrix for image classification based on MDD mixture. 

Bark Fabric Food Metal Sand Water 

Bark 245 0 0 3 6 2 

Fabric 0 244 7 0 3 2 

Food 0 9 371 4 0 0 

Metal 0 0 0 252 1 3 

Sand 4 0 0 0 377 3 

Water 2 0 0 5 5 372 
Table 2 
Confusion matrix for image classification based on Multinomial mixture. 
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5.1. 2 Texture Image Retrieval 

After the database was summarized, we conducted another experiment de-
signed to retrieve images similar to a query ( a texture image from the data base). 
For this purpose, a two-step sequence was used. First, the symmetric Kullback-
Leibler divergence was used to find the two categories closest to the query by 
comparing the query to representative images of the different categories. The 
same distance measure was used in the second step to determine the similarity 
between the query and the elements within the two closest components. The 
best n images were then retrieved, where n varied depending on the experi-
ment. To measure the retrieval rates, each image was used as a query and the 
number of relevant images among those retrieved was noted. Precision and re-
call, which are the measures most commonly used by the information retrieval 
community, were then computed using Eq. 53 and Eq. 54. These measures was 
then averaged over all the queries. 

number of retrieved images that are relevant precision = -------------------
total number of retrieved images 

11 
number of retrieved images that are relevant 

reca = --------------------
total number of relevant images in the database 

(53) 

(54) 

As each 512 x 512 image from the Vistex contributes 64 images to our 
database, given a query image, ideally all of the 64 images should be retrieved 
and are considered to be relevant. Tables 3 and 4 present the retrieval rates in 
term of precision and recall obtained when the two methods were used. The 
results are shown when 16, 48, 64, 80 and 96 images were retrieved from the 
database in response to a query. 

Method 

MDD mixture 

Multinomial mixture 
Table 3 

No. of retrieved images 

16 48 64 80 96 

0.93 0.95 0.92 0.80 0.66 

0.90 0.92 0.88 0.79 0.66 

Precision obtained for the texture database. 

Method 

MDD mixture 

Multinomial mixture 
Table 4 

No. of retrieved images 

16 48 64 80 96 

0.23 0.71 0.92 0.94 0.96 

0.23 0.70 0.88 0.89 0.94 

Recall obtained for the texture database. 
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5.2 Integrating Semantic Features in Image Categorization 

In recent years, there has been growing interest in developing methods for 
searching large image databases based on image content [41] [42] [43] [44] [39]. 
However, these systems still have a major difficulty to overcome: how to ne-
gotiate the semantic gap? Indeed, due to the inherent complexity of images, 
the accuracy of CBIR systems using low-level features is sometimes limited 
because they cannot always describe the high semantic concepts in the user's 
mind. Besides, users are not only interested in searching for specific images. 
They would also like to browse and navigate through the image database. 
Knowing the categories of images in a given database allows the user to find 
the images he is looking for more quickly. In this section, we address this prob-
lem (integrating semantic features into the summarization of image databases) 
using MDD mixture decomposition. 
Using mixture decomposition, we can find natural groupings of images and 
represent each group by the most representative image in the group. In other 
words, after appropriate features are extracted from the images, it allows us to 
partition the feature space into regions that are relatively homogeneous with 
respect to the chosen set of features. By identifying the homogeneous regions 
in the feature space, the task of summarization is accomplished. Here, we con-
sider both visual and semantic features. For the visual features, we use color 
and texture. First the images are separated into the test set and the training 
set. All the input images are passed through the feature modeling stage. Each 
image's texture can be represented by a mixture of MDDs (see Section 5.1). 
In addition, the color feature can also be represented by a three-dimensional 
MDD mixture. In order to determine this mixture of color for each image, pix-
els are projected onto the 3D RGB space, yielding a 3D color histogram which 
can be modeled as a 3D MDD mixture using the algorithm in Section 4. For 
the semantic feature, each image j is represented by a vector of probabilities 
PJ, as explained below. Let O = { w1, ... , w M} be the set of classes underlying 
our image collection. After the learning stage, each class Wc is represented by 
an MDD mixture for the color feature, an MDD mixture for the texture fea-
ture and a vector of probabilities Pwc. Finally, the classification stage uses the 
features estimated for the unknown images to determinate to which class the 
unknown image ( Q) will be assigned ( see Figure 4). The estimated features 
are compared to the trained ones using the distance between the image model 
and class model: 

w* = arg minwc 61D(Ptexture(Q), Ptexture(wc)) + 62D(Pcalor(Q), Pcolor(wc)) 
+ 63d(PQ, PwJ (55) 

where 61 + 62 + 63 = 1, Ptexture(wc) is a mixture of MDD to model the texture 
of class Wc, Pcolor(wc) is a mixture of MDD to model the color of class Wc, Pwc 
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Fig. 4. Block diagram of image summarization application when we integrate se-
mantic features. 
reflects the importance of the chosen keywords in representing the semantics 
of the class Wc, D is the distance defined by Eq. 52 and d is the Euclidean 
distance. 
Here, we address the problem of how to incorporate semantic concepts; i.e the 
determination of the vector of probabilities Pj. Thus, our image collections 
will be represented by both visual content and keywords. We use an approach 
which is derived from the vector space model developed in information re-
trieval, in which each keyword is associated with a weight to represent its 
descriptive power (45]. That is, some terms used may be more important than 
others for a given image. As in the vector space model, we will use a vector 
to represent each image in the collection. A database containing a total of N 
images described by M keywords is represented as a M x N matrix. The N 
column vectors representing the N images characterize the semantic content 
of the database. In this matrix, each image j, j = 1, ... , N will be represented 
by a vector Pj = (P1J, ... ,PMJ)- Each of the components PiJ, i = 1, ... M of 
the vectors reflects a particular keyword Ti associated with a given image IJ. 
The value assigned to that component reflects the importance of the keyword 
in representing the semantics of the image, which can be expressed mathe-
matically by the following relation: 

(56) 

where P(IJ ITi) and P(Ti) represent the probability ofretrieving image IJ given 
keyword Ti and the a priori probability of observing term Ti, respectively. In 
our framework, P(IJ ITi) refers to a statistical model of the underlying semantic 
content of images. It incorporates low-level features and keywords as high-level 
semantic concept descriptors of images. In general, keywords describe portions 
of the image content. So, in this model, images are segmented into regions that 
define visual abjects, which can then be associated with semantic concepts. 
The process of linking images to words can be seen as a form of supervised 
learning of semantic labels for image features. It transforms low-level features 
to a higher level of meaning. The statistical model presented by P(IJ ITi) can 

54 



be learned using one of the strategies in the literature [46]. 
Here, we are interested in modeling the user's preference. This is done by an-
alyzing series of past answers given by the user after each Relevance Feedback 
process [39], in which he selects images and keywords that are pertinent out 
of all the retrieved images. ln particular, we analyze consistency between user 
and keywords, i.e., the relation between the terms used by the system to index 
the database and the terms that are relevant for the user to express the seman-
tic concept he has in mind. In this framework, the semantic user preference 
is based on a statistical model that estimates the probability of observing a 
given keyword. Among all terms that appear in the annotations for relevant 
images, we consider only those which have been selected as relevant by user. 
The number of occurrences of a relevant term in the relevant set is called the 
relevant term frequency. All of the term frequencies form a vector called the 
term frequency vector X. As X = (Xr1 , ... , XrM) is a vector of frequencies, 
it can be considered to be distributed according to a mixture of L MDDs: 
p(Xl8) = I:f=1 P(j)p(XIJ; Œj ). Having the vectors of frequencies, we can now 
estimate the probability of keyword T( 

?(Ti) = p(Til8, X)= j p(Tilp)p(J518, X)dp 
p 

(57) 

The first term in the integral, p(Tilp), is simply p(Ti), the ith element of the 
vector p = (p(T1), ... , p(T M)). The second term is the probability of the dis-
tribution p, given the Dirichlet mixture with parameters 8. In addition, since 
we have a mixture of distributions, we can expand p(J518, X) obtaining (See 
appendix 9): 

F(T-) - ( ·1x· 5) Xri + O:ji 
' - P 1 ' 1 1x-1 1 --1 J=l + O:J 

(58) 

Note that we obtain: 

(59) 

in the case of one distribution. 
For our experiment, we used a database containing 2850 images. We consid-
ered 8 classes (see Figure 5) and each image i was associated with an MDD 
mixture for the color, an MDD mixture for the texture and a 32D vector P; 
for the keywords. The two classifications ( the one generated by the human 
subject and the one given by our algorithm) were compared by counting the 
number of misclassified images, yielding a confusion matrix. The number of 
images misclassified when we consider only visual features, by setting ch = 0.5, 

55 



(a) (b) (c) (d) 

(e) (f) (g) (h) 

Fig. 5. Sample images from each group. (a) Classl, (b) Class2, (c) Class3, (d) Class4, 
(e) Class5, (f) Class6, (g) Class7, (h) Class8 

52 = 0.5 and 53 = 0, was 271, which represents an accuracy of 90.49 percent. 
Table 5 shows the confusion matrix when we use only visual features. Table 6 
represents the confusion matrix when we use only visual features modeled by 
Multinomial mixtures (328 misclassified images which represents an accuracy 
of 88.49 percent). Table 7 shows the confusion matrices when we use both vi-
sual and semantic features ( 51 = 0.35, 53 = 0.35, 53 = 0.3) modeled by MDD 
mixtures. In this case, the accuracy was 93.51 percent. 

Classl Class2 Class3 Class4 Class5 Class6 Class7 Class8 

Classl 470 10 0 0 7 0 11 8 

Class2 13 423 0 0 17 3 7 0 

Class3 0 0 435 8 11 0 10 8 

Class4 3 11 4 234 0 5 2 0 

Class5 0 0 15 5 440 0 15 37 

Class6 3 8 0 0 0 213 19 0 

Class7 2 8 0 5 0 5 154 0 

Class8 0 0 4 0 7 0 0 210 
Table 5 
Confusion matrix for image classification using visual features modeled by MDD 
mixtures. 

6 Conclusion 

In this paper, we have introduced a new mixture based on the Dirichlet and 
multinomial distributions to model vectors of counts. We estimated the pa-
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Classl Class2 Class3 Class4 Class5 Class6 Class7 Class8 

Classl 464 13 1 1 5 3 12 7 

Class2 15 424 1 0 14 3 5 1 

Class3 3 2 430 8 9 3 11 6 

Class4 4 13 3 229 1 8 1 0 

Class5 4 3 14 9 427 1 17 37 

Class6 6 8 2 1 4 203 18 1 

Class7 4 10 2 3 2 5 148 0 

Class8 2 1 5 3 9 1 3 197 
Table 6 
Confusion matrix for image classification using visual features modeled by Multi-
nomial mixtures. 

Classl Class2 Class3 Class4 Class5 Class6 Class7 Class8 

Classl 486 5 0 0 0 0 9 6 

Class2 10 436 0 0 10 3 4 0 

Class3 0 0 450 6 4 0 9 3 

Class4 1 8 2 246 0 2 0 0 

Class5 0 0 11 5 449 0 12 35 

Class6 2 6 0 0 0 224 11 0 

Class7 0 5 0 2 0 5 162 0 

Class8 0 0 4 0 5 0 0 212 
Table 7 
Confusion matrix for image classification using both visual and semantic features 
modeled by MDD mixtures. 

rameters of this mixture using the maximum likelihood and Newton-Raphson 
methods. The experiments involved improving image categorization by in-
tegrating semantic features and developing a new texture model. The new 
texture model was applied to the problem of texture image database summa-
rization for efficient retrieval. A comprehensive performance evaluation of the 
model was given using a large number of texture images. The MDD mixture 
can be used in many other applications which involve discrete data or cooc-
currence matrices, such as text mining, Web mining and e-mail segmentation. 
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Appendix 1: Proof of Eq. 8 

We introduce two formulae concerning the Beta fonction [47]: 

b J tx-l(b - t)Y- 1dt = bx+y-l B(x, y) 
0 

Thus, straightforward manipulations yield: 

Hence: 

(60) 

(61) 

We know that the continuous generalization of the integer factorial fonction 
is: f(X; + 1) = X;!, thus: 
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Appendix 2: Proof of Eq. 30 

Here, we calculate the derivative of <I> with respect to O:J. 

Since 

(62) 

then: 

(63) 

which is equivalent to: 

(64) 

Finally, we obtain: 

Appendix 3: proof of Eq. 31 

Here, we calculate the derivative of ln(p(X\lj; o:J)) with respect to O:jl· We 
have: 
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Thus: 

ln(p(X;lj; °'J)) = ln(f(laJI)) - ln(r(IX;I + la-;zl)) 
d d 

+ L ln(r (Xil + O'.jl)) - L ln(r( °'Ji)) 
l=l l=l 

Thus: 

where \JI is the digamma fonction. 

Appendix 4: Proof of Eq 32 

Here, we calculate the derivative of 1> with respect to f3Jl· 

8 8 80:Jz 8 8ef3jt 
,::,/3 1>(X, 8, A)= ~1>(X, 8, A) x ,::,/3 = ~1>(X, 8, A) x ,::,/3 
U jl UÜ:j[ U jl UÜ:j[ U jl 

8 = -<I>(X, 8, A) x e13jt 
80'.j[ 

Since e13jt = °'Jl, then: 

8/3
8 

1>(X, 8, A)= o:11 [( \Jl(laJI) - \Jl(a11)) Î>(jlX;; o:J) 
Jl i=l 

+ t p(jlX;; âj) ( \Jl(Xil + a1z) - \Jl(IX;I + laJI))] 
i=l 

Appendix 5: Proof of Eq. 33 and Eq. 34 

Here, we calculate the second and the mixing derivatives of the log-likelihood 
fonction with respect to /311. 
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a2 a a 
8{32 <I>(X' e, A)= 8(3 ( 8(3. <I>(X, e, A)) jl Jl Jl 

= a~jl [ e13
j/ x [ ( W(IŒj 1) - W(Œjz)) tp(jlX\; Œj) 

N 

+ LPUIX\; Œ-;) ( w(Xiz + Œjz) - w(IX\I + IŒ-;I)) ]] 
i=l 

N 

= e13J1 x [ ( W(IŒJI) - W(Œjz)) LP(JIX\; ŒJ) 
z=l 

N 

+ ~p(JIX\; Œ-;) ( w(X;1 + Œjz) - w(IX\I + IŒ-;I))] 
N 

+e13
j 1 x [e 13J1 x (w'(IŒ-;l)-w 1 (Œj1)) LP(JIX\;Œ-;) 

z=l 

+ ( w(IŒ-; 1) - W(Œjz)) t a~j?(jlX;; Œ-;) 

+ t a~j?(jlX;;a-;)( w(X;z + ajl) - w(IX;I + IŒ-;1))] 

= aa{J· <I>(X, e, A)+ a;l (w' (la-;I) - w' (ajz)) tp(jlX;; a-;) 
Jl i=l 

+ Œjt [ ( W(la-; 1) - W(ajz)) t a~j?(jlX;; a-;) 

+ t [ ( w(Xil + Œjt) - w(JX;I + la-;1)) a~j?(jlX;; a-;) 

+ p(jlX;; a-;) ( w' (X;z + a11) - w' (IX;I + la-; 1))]] 

w' (.) is the Trigamma fonction. 

a2 a 8 
8(3 8(3 <I>(X,8,A)=-a (-8 -<I>(X,8,A)) 

j[i fü f311i {Jfü 

= 8~
1
Je13J11 x [ ( W(la-;I) - W(a111 )) tp(jlXi; a-;) 

N 

+ L p(jJX;; a-;) ( w(X;1i + ajli) - w(JX;I + la-; 1))] 
z=l 

N 

= e/3j11 x [e13J12 x w' (la-;1) LP(jlX;; a-;) 
i=l 

+ ( W(la-;l)- W(Œj1J) t 8~ 1/(JIX;;a-;) 
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N é) - ( - )] + o(3Jl2 p(jlXi; a-;) \JJ(Xil1 + ajti) - \JJ(IXil + la--;1) 
N 

= ajli afü \JI' ( la-; 1) L p(j IX\; a-;) 
i=l 

+ ajli [ ( \JJ(la--;I) - \JJ(ajzJ) t a~b p(jlX\; a-;) 

N [( - ) é) -+ \JJ(Xil1 + aj11 ) - \JJ(IXil + la-; 1) of3fü p(jlXi; a-;) 

- afüp(jlX\; a--;)\JJ' (IX\I + 1a--;1)]] 

Appendix 6: Proof of Eq. 35 

Here, we calcula te the derivative of p(j IX\; a-;) with respect to Pjl · We know 
that 

Since 

~("IX·-)-~ p(X;lj;a--;)P(j) 
p J i, a,J - é) !vl - . - . uajl ajl Lj=l p(XilJ; aj )P(J) 

(P(j)~p(Xilj; a-;)) Lr~l p(X;IJ; a--;)P(j) 

( L~1 p(X;IJ; a-; )P(j) r 
P(j)p(Xilj; a-;)~ Lr~l p(X;lj; a--;)P(j) 

( Lt~ 1 p(X;lj;a--;)P(j)r 

(P(j)~p(X;lj; a-;)) L~i p(X;lj; a--;)P(j) 

( Lf~1 p(X;lj;a--;)P(j)r 

P(j)p(X;lj; a--;)~p(Xilj; a--;)P(j) 

( Lr~l p(X;lj; a-; )P(j)) 
2 
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P(j)~p(Xilj; a-;) ( Lf~1 p(X;IJ; a--;)P(j) - P(j)p(Xilj; a-;)) 
( Lf~1P(Xilj;a--;)P(j)r 

using the following result (see Appendix 7): 

we obtain: 

é);j?(jlX;; a-;)= Œj/( w(lajl) - w(IX;I + la--;I) + w(Xil + Œjz) - w(a1d) 

Appendix 7 

[ P(j)p(X,IJ; aj) (P(j)p(X';IJ; aj) )' : 

X L~1P(Xilj;a--;)P(j) - ( L~1p(X;IJ;a--;)P(j)r 

= Œjz ( w(la--;I) - w(IX;I + la-; 1) + w(Xil + aJz) - w(ajz)) 

x (p(jlXi; a-;) - p(jlXi, a--;) 2
) 

=Œj/( w(la--;1) - w(IX;I + lajl) + w(Xil + Û'.jl) - w(ajz)) 

x p(jlX;; a-;) ( 1 - p(jlX;; a-;)) 

Here, we calculate the derivative of p(X;lj; a-;) with respect to Œj/· For this 
purpose, we use Eq. 31. We have: 

Since 

thus 
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Finally: 

Appendix 8 

Experiments have shown that the following approximations can be made with-
out affecting the final results: 

Thus, Eq. 33 becomes: 

Besides, we have noted that 

a% [ ( w(la:J 1) - w(ajzi)) t a~b p(JIX\; aJ) 

N[8 - ( - ) + I: a(3• PUIX;; aj) w(xil1 + aj1i) - w(IX;I + laJI) 
i=l Jl2 

- Œfüp(jlX\; Œj)w' (IX\I + iajl)]] -::::- 0 

Thus, Eq. 34 becomes: 
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So the information matrix I is: 

N 

I1ib = -ŒjtiŒj12 w'(la11) LP(jlX\;a1), l1 =/ l2 (69) 
i=l 

I11l1 = - 8(3
8 

cI>(X, 8, A) - aJ11 (w' (la--;I) - w' (Œjti)) Î>rnx\; a-;) (70) 
J/i i=l 

This matrix can be written as: 

I = D + 5abr, (71) 

where 

(72) 

(73) 

N 

5 = -w' (la--;I) LPUIX\; a-;) (74) 
i=l 

(75) 

The variance-covariance matrix is obtained as the inverse of the Information 
matrix I by a well-known theorem (Theorem 8.3.3) given by Graybill [48]. 
The variance-covariance matrix V = Vzi1 2 is thus found to be: 

(76) 

where: 

N N d 2 

5* = w' (la:1 1) ~p(jlX;; a-;) ( 1 - w' (la:1 1) ~p(jlX;; a-;)~~:) (79) 
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Appendix 9: Proof of Eq. 59 

L 
p(T;) = J p(T;) I:)(J51j; âj)p(jlX; âj)dp 

p J=l 

(80) 

L 
= L p(j IX; âj) J p(Ti)P(J51j; âj )dp 

J=l p 

we have: 

Since r~(!ll) = n we obtain: 

(81) 
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Chapitre 3 

Un algorithme SEM hybride pour la 
modélisation des données de grande 
dimension par les mélanges finis de 
Dirichlet généralisée 

Ce troisième chapitre concrétise la perspective évoquée en conclusion du premier cha-

pitre. Nous présentons une généralisation de la loi de Dirichlet. En effet, la Dirichlet 

s'ajuste mieux aux données négativement corrélées. La loi de Dirichlet généralisée offre 
une covariance quelconque tout en gardant les mêmes avantages de la Dirichlet tels que 
l'approximation des différentes formes symétriques et asymétriques. Dans ce chapitre 

nous nous intéressons aussi à la modélisation des données de grande dimension. Ce type 

de données est largement présent dans plusieurs applications. Par exemple pour la re-
connaissance et la détection des objets dans des images, la modélisation des vecteurs 
de caractéristiques de très grande dimension est nécessaire. Dans des telles conditions, 

l'utilisation des mélanges de lois devient très délicate. Pour éviter ce type de problèmes, 
la majorité des travaux existants considère les méthodes de réduction des dimensions 
[2]. Le travail que nous présentons se base sur une idée complètement différente. Notre 
approche est basée sur les propriétés statistiques des données à travers l'utilisation des 

mélanges finis de la Dirichlet généralisée. Les données sont transformées dans un autre 
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espace de même dimension de telle façon que l'estimation des paramètres du mélange 
devienne possible. L'estimation est basée sur un algorithme de type EM stochastique et 
hybride. L'adjectif hybride est justifié par l'utilisation d'une approche de type Newton-
Raphson au cours de l'étape de maximisation. L'algorithme est dit stochastique car nous 
introduisons une étape au cours de laquelle les données sont affectées aléatoirement aux 
différentes classes du mélange. Notre approche est validée dans le cas de la classification 
des données, la restauration des images, la reconnaissance des objets et le résumé des 
bases de données de texture. 
Nous présentons, dans les pages qui suivent, un article intitulé A Hybrid SEM Al-
gorithm for High-Dimensional Unsupervised Learning Using a Finite Gene-
ralized Dirichlet Mixture qui est accepté dans le journal international IEEE Tran-
sactions on Image Processing [16]. J'ai réalisé, validé et rédigé ce travail sous la su-

pervision du professeur Djemel Ziou. Deux versions compactes de ce travail sont parues 
dans deux conférences internationales. La première, intitulée Dirichlet-Based Proba-
bility Madel Applied to Human Skin Detection, est parue dans les actes de IEEE 
International Conference on Acoustics, Speech, and Signal Processing, (ICASSP2004), 
Montreal, Canada, 2004 [17]. La deuxième, intitulée A Powerful Finite Mixture Mo-
del Based on the Generalized Dirichlet Distribution : Unsupervised Learning 
and Applications est parue dans les actes de IEEE/IAPR International Conference on 
Pattern Recognition, (ICPR2004), Cambridge, United Kingdom, 2004 [18]. 
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A Hybrid SEM Algorithm for High-DimensionaÎ 

Unsupervised Learning Using a Finite 

Generalized Dirichlet Mixture 

Nizar Bouguila and Djemel Ziou 

Abstract 

This paper applies a robust statistical scheme to the problem of unsupervised leaming of high-dimensional 

data. We develop, analyze and apply a new finite mixture mode! based on a generalization of the Dirichlet 

distribution. The generalized Dirichlet distribution has a more general covariance structure than the Dirichlet 

distribution and offers high flexibility and ease of use for the approximation of both symmetric and asym-

metric distributions. We show that the mathematical properties of this distribution allow high-dimensional 

modeling without requiring dimensionality reduction and thus without a loss of information. This makes 

the generalized Dirichlet distribution more practical and useful. We propose a hybrid stochastic expectation 

maximization algorithm (HSEM) to estimate the parameters of the generalized Dirichlet mixture. The 

algorithm is called stochastic because it contains a step in which the data elements are assigned randomly 

to components in order to avoid convergence to a saddle point. The adjective "hybrid" is justified by the 

introduction of a Newton-Raphson step. Moreover, the HSEM algorithm autonomously selects the number 

of components by the introduction of an agglomerative term. The performance of our method is tested by 

Nizar Bouguila and Djemel Ziou are with the Département d'Informatique, Université de Sherbrooke, Sherbrooke, QC J1K2Rl, 

Canada (email: nizar.bouguila@usherbrooke.ca; djemel.ziou@usherbrooke.ca). 
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the classification of several pattern-recognition data sets. The generalized Dirichlet mixture is also applied 

to the problems of image restoration, image abject recognition and texture image database summarization 

for efficient retrieval. For the texture image summarization problem, results are reported for the Vistex 

texture image database from the MIT Media Lab. 

Index Terms 

Finite mixture models, generalized Dirichlet, maximum likelihood, EM, SEM, HSEM, high-dimensional 

data, clustering, image restoration, Correlogram, image database summarization, image abject recognition, 

Vistex. 

1. INTRODUCTION 
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H IGH-dimensional data appears in many areas such as pattern recognition, computer vision 

and signal processing [2]. In problems involving the detection of real-world objects (e.g., 

faces, vehicles, buildings), for example, very high-dimensional feature vectors are necessary. In these 

conditions, use of probabilistic approaches is always delicate. The complexity grows exponentially 

with the dimension, rapidly outstripping the computational and memory storage capabilities of 

computers. It is known that the support vector machine (SVM) [3] does not suffer from the 

high-dimensionality limitation and allows the use of the full dimensionality of the data. However, 

probabilistic models are still important for their theoretical and predictive properties. To avoid 

problems of dimensionality when using probabilistic models, the most common approaches involve 

the use of dimensionality reduction, which has been the subject of much research for the past few 

decades. Sorne good overviews of dimensionality reduction techniques are available in [4] [5]. 

The approach presented in this paper is not aimed at dimensionality reduction. In fact, it is based 

on the statistical properties of the data through the use of generalized Dirichlet finite mixture 

models. The data is transformed in such a way that density estimation in the transformed space is 
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simpler and more accurate. This transformation is possible thanks to the convenient mathematical 

properties of the generalized Dirichlet density. Finite mixtures of distributions have provided a 

mathematics based approach to the modeling of a wide variety of random phenomena [6]. In 

statistical pattern recognition, finite mixtures permit a formal approach to unsupervised learning. 

Indeed, finite mixtures can be viewed as a superimposition of a finite number of component 

densities and thus adequately model situations in which each data element is assumed to have been 

generated by one (unknown) component. The choice of the component model is very critical in 

mixture decomposition. The number of components required to model the mixture and the modeling 

capabilities are directly related to the component model used. For multivariate data, attention has 

focused on the use of multivariate normal components because of their isotropie nature, along with 

their capability to represent the distribution compactly by a mean vector and a covariance matrix. 

This choice offers some computational convenience, too. Indeed, normal components can be easily 

fitted by maximum likelihood (ML) via the expectation maximization (EM) algorithm proposed 

by Dempster et al. [7] and widely studied by McLachlan and Krishnan [8]. However, for many 

applications the Gaussian distribution is not the best choice and will fail to discover true structure 

where the partitions are clearly non-Gaussian [9] [10]. In fact, due to its definition, the Gaussian 

cannot approximate asymmetric distributions well. Another problem arises with high-dimensional 

data. One solution is the consideration of a diagonal covariance matrix, but in some applications 

we may be obliged to use a full covariance matrix. In previous works, we have shown that the 

Dirichlet [ 11] and multinomial Dirichlet [12] distributions can be good choices to overcome the 

disadvantages of the Gaussian in modeling continuous and discrete data, respectively. Despite its 

flexibility, the Dirichlet distribution has a very restrictive negative covariance structure, as we will 

show in the next section. In this paper, we present a generalization of the Dirichlet distribution which 
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has a more general covariance structure than the Dirichlet distribution. This makes the generalized 

Dirichlet distribution more practical and useful in Bayesian learning scenarios in general and finite 

mixture modeling in particular. 

The standard method used to fit finite mixture models is the well-known EM algorithm. The EM 

algorithm is used to locate a maximum likelihood (ML) estimate of the mixture parameters [13]. 

However, the EM algorithm for finite mixture fitting has several drawbacks. lt is sensitive to 

initialization because the likelihood fonction of a mixture model is generaly multi-modal. Besides, 

the increase of the likelihood fonction at each step of the algorithm ensures its convergence to the 

maximum likelihood estimator in the case of unimodal likelihoods but implies a local convergence 

for multimodal likelihoods. Another problem concems estimation in high-dimensional settings. 

Indeed, the number of parameters to estimate rises dramatically with the dimension, increasing the 

complexity of the model. 

In this paper, we deal simultaneously with the above-mentioned problems. We propose a hybrid 

stochastic expectation maximization (HSEM) algorithm which is a generalization of the EM algo-

rithm. The algorithm is called stochastic because it contains a step in which the data elements are 

randomly assigned to components in order to avoid convergence to a saddle point. The adjective 

"hybrid" is justified by the introduction of a Newton-Raphson step. Moreover, the HSEM algorithm 

allow high-dimensional probabilistic modeling and autonomously selects the number of components 

by the introduction of an agglomerative term. 

The rest of the paper is organized as follows. In Section II, we present the generalized Dirichlet 

distribution in detail. Section III, discusses the basic concepts of the EM algorithm, proposes the 

HSEM as a method to fit the generalized Dirichlet mixture and gives the complete estimation 

algorithm. Section IV is devoted to experimental results, and Section V ends the paper with some 
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concluding remarks. 

Il. THE ÜENERALIZED DIRICHLET DISTRIBUTION 

If the random vector X= (X1 , ... , Xd) follows a Dirichlet distribution the joint density fonction 

is given by [14] [15]: 

(1) 

where 

(2) 

d 

IXI = Lxi, 0 < Xi < 1 Vi = 1, ... , d (3) 
i==l 

(4) 

d+l 

151 = L°'i, Œi > 0 \fi = 1, ... , d + l (5) 
i==l 

This distribution is the multivariate extension of the 2-parameter Beta distribution, which is given 

by: 

The mean and variance of the Dirichlet distribution satisfy the following conditions: 

Œi 
E(Xi) = 151 

Œi(l51 - Œi) 
Var(Xi) = 1512(151 + 1) 

and the covariance between Xi and Xj is: 

(6) 

(7) 

(8) 

(9) 
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Thus, any two random variables in X are negatively correlated. In some practical cases, two random 

variables may be positively correlated. Connor and Mosimann [ 16] have generalized the Dirichlet 

distribution as follows: 

d i 

(X X)_ Il r(o:i + Pi) xni-1( ""X )'i 
P 1, ... , d - r(o:-)r(/3·) i 1 - L..,, j 

i=l i 
1 j=l 

(10) 

for I::f=l xi < 1 and O < xi < 1 for i = 1, ... , d, where ri = Pi - O'.i+l - /Ji+l for i = 1, ... , d-1 

and I d = Pd - l. Note that the generalized Dirichlet distribution is reduced to a Dirichlet distribution 

when Pi = o:i+l + /Ji+i• The mean and variance of the generalized Dirichlet distribution satisfy the 

following conditions: 

(11) 

(12) 

and the covariance between Xi and Xj is: 

(13) 

Numerous other properties of this distribution are given in [17]. 

Ill. LEARNING THE FINITE GENERALIZED DIRICHLET MIXTURE 

A. The Finite Generalized Dirichlet Mixture and the EM Algorithm 

A generalized Finite Dirichlet mixture with M components is defined as: 

M 

p(Xl0) = LP(Xlf\)P(j) (14) 
j=l 

where the P(j) are the mixing probabilities and p(Xlêj) is the generalized Dirichlet distribution. 

Each êj = (o:j1, Pji, ... , O'.jd, /3jd) is the set of parameters defining the j-th component, and 0 is the 
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complete set of parameters, 8 = (Ë\, ... , êM, P(l), ... , P(M)), needed to specify the mixture. 

Of course, being probabilities, the P(j) must satisfy: 

0 < P(j) 1, j = 1, ... , M (15) 

M 

LP(j) = 1 (16) 
j=l 

Given a set of N independent vectors X= (X1 , ... , XN), the log-likelihood corresponding to a 

M-component is: 

N N M 

L(8, X)= log Ilp(Xil8) = L log LP(Xilêj)P(j) 
i=l 

1t is well known that the maximum likelihood (ML) estimate: 

êML = argmax{L(8,X)} 
0 

(17) 

(18) 

which cannot be found analytically. The maximization defining the ML estimates is subject to the 

constraints in equations 15 and 16. The ML estimates of the mixture parameters can be obtained 

using EM and related techniques [8]. The EM algorithm [7] is a general approach to maximum 

likelihood in the presence of incomplete data. In EM, the "complete" data are considered to be 

Yi= {Xi, Zi}, where zi = (Zil, ... 'ziM), with: 

_ { 1 if Xi belongs to class j 
zij -

0 otherwise 
(19) 

constituting the "missing" data. The relevant assumption is that the density of an observation Xi, 

given zi, is given by TI~1 p(XilJ, êj )Zij. The resulting complete-data Jog-likelihood is: 

N M 

L(8, Z, X)= L L Zijlog(p(Xiiêj)P(j)) (20) 
i=l j=l 

The EM algorithm produces a sequence of estimates {et, t = 0, 1, 2 ... } by applying two steps in 

alternation until some convergence criterion is satisfied: 
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1) E-step: Compute Zij given the parameter estimates from the initialization: 

2) M-step: Update the parameter estimates according to: 

ê = argmax0 L(8,Z,X) 

The quantity ZiJ is the conditional expectation of ZiJ given the observation Xi and parameter vector 

8. The value ZtJ of ZiJ at a maximum of Eq. 20 is the conditional probability that observation i 

belongs to class j (the a posteriori probability); the classification of an observation Xi is taken to 

be {k/Ztk = maxJZtJ, which is the Bayes rule. 

B. Proposed Approach: The Hybrid SEM Algorithm 

The EM algorithm has been shown to monotonically increase the log-likelihood fonction [8]. 

However, it suffers from some drawbacks. lndeed, it is sensitive to initialization and converges 

slowly in the case of mixture models estimation. Besides, an important problem in mixture modeling 

is the selection of the number of components. We now address these issues. A number of so-

called deterministic approaches based on criterion fonctions have been proposed such as the Akaike 

Information Criterion (AIC) [18], the Minimum Description Length (MDL) [19] and Schwartz's 

Bayesian lnference Criterion (BIC) [20]. These methods start by obtaining a set of candidate models 

by running EM with different numbers of components each time. After convergence, the optimal 

value is selected according to: 

M = argmin{C(Ê>(M), M), M = Mmin, ... , Mmax} (21) 

where C ( ê (]YI), M) is some model selection criterion and ê ( M) is an estimate of the mixture 

parameters assuming that there are M components. Usually, C(ê(M), M) = -logp(XIÊ>(M)) + 
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J(M), where f(M) is an increasing fonction penalizing higher values of M. Criterion fonctions of 

this type have been proposed under a Bayesian model selection framework. However, the majority of 

the criteria such as the MDL do not really take into account the prior information about the parameter 

vector 8. In fact, the prior is assumed to be fiat. Besides, this particular method of using the criterion 

is time-consuming, due to the need to run the algorithm several times. In our approach, we determine 

the appropriate number of components and the parameters of each component simultaneously by 

using an ad hoc agglomerative technique introduced by Frigui and Krishnapuram [21] and used 

in the case of Gaussian and Pearson mixtures [22]. The objective fonction, using the Lagrange 

multiplier A to incorporate the constraints in equations 15 and 16, is thus: 

N M M 

<I>(0, X) = L log LP(X\lêj)P(j) + A(l - L P(j)) 
i=l j=l j=l 

(22) 

which we maximize subject to equations 15 and 16. The first terrn in Eq. 22 is the log-likelihood 

fonction, and it assumes its global maximum value when each component represents only one 

of the feature vectors. The last term (the agglomerative term) reaches its maximum when all of 

the feature vectors are modeled by a single component, i.e., when P(j1 ) = 1 for some j 1 and 

P(j) = 0, \:/j,j # j 1 . The algorithm starts with an over-specified number of components in the 

mixture, and as it proceeds, components compete to model the data. The update for the mixture 

coefficients probabilities can be shown to be: 

"'N z(t-1) + 2 2( ')(t-1) P( ·)lt) - L.,i=l ij µp J 
J - N + 2µ I:~1 p2(j)(t-1) 

(23) 

The choice of µ is critical to the effective performance of the algorithm, since it specifies the 

tradeoff between the required likelihood of the data and the number of components to be found. If 

µ is too small, the second term will be neglected and the number of clusters will not be reduced. If 
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µ is too large, the first term will be neglected and all points will be lumped into a single component. 

The value of µ should be chosen such that bath terms are of the same order of magnitude [21]. 

Thus, we choose µ to be the ratio of the first term to the last term in Eq. 22 at each iteration t, 

i.e., 
t - t L~1 log(L~1P(t-1)(X\lêj)P(t-1)(j)) 

µ( ) - y( ) "-'M p2( ·)(t-1) 
L..JJ=l J 

(24) 

The fonction y(t) is introduced in order to provide a good transition from the non-agglomerative 

scheme to the agglomerative one. The value of µ is therefore increased gradually and we choose 

the fonction y(t) as follows [22]: 

y(t) = 

0 

exp(0.05t-0.25)-l 
exp(2.25)- l 5 < t :S 50 

1 50 < t :S 100 

exp(5.0 - .05t) t > 100 

The plot of the profile of y(t) versus iteration number is shown in Fig. 1. 

Fig. 1. Plot of the fonction y(t) versus iterations t. 

(25) 

The problem now is how to find the parameters 8j. In [23], we used the Fisher scoring method for 

the estimation of these parameters. This method involves the inverse of the (2 x d) x (2 x d) Fisher 

information matrix, which is not easy to compute especially for high-dimensional data. Here, we try 
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to find an alternative method to overcome this drawback. As Scott and Thompson have observed, 

the problem of density estimation in higher dimension involves first of all finding where the action is 

[5]. We therefore begin by identifying the important classes by an efficient initialization algorithm 

(see Section III-C), and then use the convenient properties of the generalized Dirichlet distribution 

to refine the estimates. To estimate the parameters êj, we will use an interesting property of 

the generalized Dirichlet distribution. If a vector Xi has a generalized Dirichlet distribution, then 

we can construct a vector vl\ = (Wi 1 , ... , Wid) using the following geometric transformation 

if j = l 
(26) 

for j = 2, 3, ... , d 

In this vector iî\ each Wiz, l = l, ... , d has a Beta distribution with parameters ail and Piz and the 

parameters {ail, Pil, l = l, ... , d} define the generalized Dirichlet distribution which characterizes 

Xi [ 17]. The problem of estimating the parameters of a generalized Dirichlet mixture can thus 

be reduced to the estimation of the parameters of d Beta mixtures. To accomplish this, we must 

maximize this equation for every dimension: 

(27) 

where W = (l1/ll, ... , W NZ), 0 < l < d, 01 = (all, Pll, ... , O!Mz, PMz), 0jz = (ajl, /3jz) and P(j) are 

the mixing parameters established by Eq. 23. The maximization of Eq. 27 is equivalent to: 

a 
00jl <Pw(0z, W) = 0 V O < l < d (28) 

In order to estimate the 0jz parameters we will use Fisher's scoring method [24]. The scoring 

method is based on the first, second and mixed derivatives of the fonction <Pw ( 01, W). We will 

therefore compute these derivatives. Calculating the derivative of <Pw ( 01, W) with respect to 0jl, 
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we obtain: 
N 

8<I>w(01, W) _"""" (0 IW·) 8ln(Pbeta(Wi11011)) 
80 _ - L...t Pbeta 1l il 80 Jl i=l Jl 

(29) 

where Pbeta(01zlWil) is the posterior probability. Thus, we can deduce éM'~i~1/w) and B<f,~b~'.,w) 

Since we require that the a11 and /311 be strictly positive, and we want the parameters upon which 
I I 

we will derive to be unconstrained, we reparametrize, setting a11 = eajl and /311 = ef3jt, where a;1 

and 13;1 are unconstrained real numbers. Thus, the partial derivatives of <I>w ( 01, W) with respect to 

a;1 and /3;1 are as follows: 

8<I>w(0z, W) 8<I>w(0t, W) 8a11 

8a;z 8ajl 8a;z 
N 

Œjz[(w(ajl + /3jz) - w(aj1)) LPbeta(0jzlWil) 
i=l 

N 

+ LPbeta(01zlWil)ln(Wiz)] 
i=l 

8<I>w(0z, W) 8/311 
8/3jl 8f3;z 

N 

/3jz[(w(ajl + /3jl) - '11(/3jl)) LPbeta(0jzlWiz) 
i=l 

N 

+ LPbeta(01llWil)(ln(l - Wil))] 
i=l 

By computing the second and mixed derivatives of <I>w ( 01, W) we obtain: 

N 

+ ŒJ1(W
1 

(o;jl + /3jl) - w' (o;jz)) LPbeta(0j1IWiz) 
i=l 
N 

+ e>;1[(W(e>;1 + /3;,) - W(œ;,)) ap,,,~~;'.IW.,) 
N 8 

+ L é)o;' Pbeta(0jzlWi1)(ln(Wi1))] 
i=l Jl 

(30) 

(31) 

(32) 
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(33) 

N 

°'1l/3jlW
1 

(ajl + /3jz) LPbeta(01zlWiz) 
i=l 

where w' (.) is the trigamma fonction. The computation of the other mixed derivatives t <I>w ( 01, W) 
Ô (3jl 

and 813{;°'~z <I>w(01, W) is straightforward. Note that we need to compute the derivative of the a 

posteriori probability Pbeta(01zlWiz) with respect to a~1 and /3;1: 

(34) 

a 
of3;z Pbeta ( 0jl IWiz) (35) 

/3jl X Pbeta(01zlWiz)(l - Pbeta(01zlWi1)) 

Given a set of initial estimates, Fisher's scoring method can now be used. The iterative scheme of 

the Fisher method is given by the following equation: 

( 

~, ) (t) ( ~, l (t-1) 
Jl Jl + V(t-1) X 

A A 

/3' Jl /3' jl ( ) 

(t-1) 
ô<I>w -.-, 
Ôo: jl 

·, 
ô/3 jl 

(36) 

where j is the class number: 1 j M and l is the current dimension: 1 l d. 

The matrix V is obtained as the inverse of the Fisher information matrix 1. The information matrix 
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I is: 

(37) 

Given sufficiently accurate starting values, the sequence of iterates produced by the Fisher scoring 

method displays local quadratic convergence to a solution 0jt• That is, given a norm 11-11 on the 

parameter space, there is a constant h such that 

ll e(tJ - 011 < hll0(t-1J - 0-112 Jl Jl - Jl Jl (38) 

holds fort= 1, 2, ... Quadratic convergence is very fast, which is regarded as the major strength 

of the Fisher scoring method, allowing it to overcome the slow convergence of the EM algorithm. 

This rapid convergence can be improved by introducing a stochastic step in the EM algorithm [25] 

[26]. In fact, the stochastic step prevents the sequence of estimates et from staying near an unstable 

stationary point of the likelihood fonction [26]. 

C. Algorithm 

In order to make our algorithm less sensitive to local maxima, we have used some initialization 

schemes including the Fuzzy C-means and the method of moments (MM) [11 ]. Our initialization 

method can be resumed as follows: 

INITIALIZATION Algorithm 

1) INPUT: d-dimensional data Xi, i = 1, ... , N and the number of clusters M. 

2) Apply the Fuzzy C-means to obtain the elements, covariance matrix and mean of each 

component. 

2, 3, ... 'd, where ¼1 = 1- xil - Xi2 - ... - xil· 
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4) Apply MM for each component j and for each dimension l to obtain the vector of parameters 

5) Assign the data to clusters, assuming that the current model is correct. 

6) If the current model and the new model are sufficiently close to each other, terminate, else 

go to 4. 

With this initialization method in hand, our Hybrid SEM (HSEM) algorithm for estimating of 

generalized Dirichlet mixture can be summarized as follows: 

HSEM Algorithm 

1) INPUT: d-dirnensional data Xi, i = 1, ... , N and an over-specified number of clusters M. 

2) Apply the INITIALIZATION Algorithrn. 

3) E-Step: Compute the a posteriori probabilities: 

z. - p(X; lêi )P(j) 
ZJ - I:z'!1 p(.X; iê1)P(l) 

4) S-Step: For each sample value Xi draw Zi from the multinomial distribution of order one 

with M categories having probabilities specified by the Zij. 

5) M-Step: 

a) Update the ~l using Eq. 36, j = 1, ... , M. and l = 1, ... , d. 

b) Update the P(j) using Eq. 23, j = 1, ... , M. 

6) If P(j) < E discard component j, go to 3. 

7) If the convergence test is passed, terminate, else go to 3. 

Convergence tests could involve testing the stabilization of the êj or the value of the maximum 

likelihood function. 
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IV. EXPERIMENTAL RESULTS 

This section has two main goals: comparing the performance of the generalized Dirichlet mixture 

and the Gaussian mixture, and testing the algorithm in applications that involve high-dimensional 

data. For the estimation of the parameters of the Gaussian mixture, we have added a stochastic 

step to the well known EM algorithm. We have used the same agglomerative term presented in 

the previous section to estimate the number of clusters. In addition, we have considered a diagonal 

covariance matrix to avoid numerical problems. 

A. Data clustering 

In the first experiment, our method was used to model the class-conditional densities in multidi-

mensional data sets which differ in dimension, size and complexity. These data sets were obtained 

from the machine learning repository at the University of Califomia, Irvine [27]. The data sets are 

Ruspini, Chevron, Diabetes, Iris, Breast Cancer data, Pima Indian Diabetes, Heart Disease, Bupa 

Liver Disorders, German Credit Card and Australian Credit Card data sets. These data sets will be 

used to compare the performance of the generalized Dirichlet mixture and the Gaussian mixture. The 

classification was performed using the Bayes rule (.Xi is assigned to class j 1 if ZiJi > ZiJ, Vj #- j 1) 

after the class-conditional densities were estimated. The Ruspini data set contains two-dimensional 

data in four groups (See Figure 2.a). Chevron is another two-dimensional data set. The data in 

Chevron arise from the processing of a series of images taken by a reconnaissance aircraft in 

which a large number of points are identified as representing possible mines, but many of these are 

in fact noise (see figure 2.b ). Diabetes is a three-dimensional data set involving 145 observations 

used for diabetes diagnosis. The data set is composed of three clusters which are overlapping 
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Fig. 2. Examples of the data sets used. (a) The Ruspini data set. (b) The Chevron data set. (c) The Diabetes data set. (d) The Iris 

data set when we take the three first dimensions. 

and are far from spherical in shape (see Figure 2.c). Breast Cancer is a 9-dimensional data set 

which contains two classes and involves 683 samples. Iris consists of 50 samples for each of the 

three classes presented in the data, Iris Versicolor, Iris Verginica and Iris Setosa; each datum is 

four-dimensional and consists of measures of the plants' morphology (see Figure 2.d). Using the 

generalized Dirichlet mixture for the Ruspini data, convergence was reached with an accuracy of 

98.67 percent. We also plotted the results the presence of 4 classes can be clearly observed (see 

figure 3.a). The HSEM algorithm also gave good results for the Chevron data set (an accuracy of 

91.95 percent). In Figure 3.b, two classes can be observed clearly. For the Diabetes data set, the 

accuracy was 94.22 percent. The accuracy was 98.66 percent for the Iris data set. In Table I, we 

present all the results and we compare them with the classification given by the Gaussian. From 
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(a) (b) 

Fig. 3. (a) Representation of the Ruspini data set by the generalized Dirichlet mixture. (b) Representation of the Chevron data set 

by the generalized Dirichlet mixture. 

Table I, we can clearly see that the classification accuracies given by the HSEM algorithm are 

better. 

TABLE I 

RESULTS GIVEN BY THE HSEM AND THE GAUSSIAN FOR THE PATTERN RECOGNITION APPLICATION. 

Data set Dimension Samples Classes Accuracy 

Generalized Dirichlet Gaussian 

Ruspini 2 75 4 98.67 97.34 

chevron 2 350 2 91.95 88.72 

Diabetes 3 145 3 94.22 91.88 

Iris 4 150 3 98.66 97.33 

Breast Cancer 9 683 2 98.97 97.65 

Pima Indian Diabetes 8 768 2 94.80 74.01 

Heart Disease 13 270 2 96.00 89.70 

Bupa liver disorders 6 345 2 94.40 77.90 

German Credi t Card 24 750 2 87.33 70.01 

Australian Credit Card 14 690 2 94.21 85.66 
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B. Image restoration 

The second application concerns image restoration. The aim of the application is to demonstrate 

the modeling capabilities of the HSEM algorithm in image analysis. Suppose an image has been 

degraded and we wish to restore it. For this goal, we compare two approaches based on the HSEM 

algorithm and Wiener filtering. We assume that we have a large number of image pairs ( original, 

degraded) for training. In our test, we consider images which are degraded by additive white noise, 

but the procedure can also be applied for other type of distortion which cannot be expressed simply 

in mathematical form. For this application, we use an approach proposed in [28]. First, vectors are 

formed for each original pixel in the training set (see Figure 4), as shown in Figure 5. Next, we 

apply our algorithm to these vectors. After the mixture's parameters are estimated, they can be used 

to restore a previously unseen degraded test image in the following way. For each pixel location in 

a given degraded image, let X 1 , ... , Xd-l denote the observed values of the neighborhood pixels, 

and let Xd be the original (unknown) pixel value. The value of Xd is then chosen according to this 

rule: 

(39) 

Figure 6 shows the result of the HSEM-based restoration in an example where two 256 x 256 images 

(see Fig 6.a and Fig 6.e) are degraded by additive white Gaussian noise with a variance of 100 (see 

Fig 6.b and Fig 6.f). The result of Wiener filtering is shown in figures 6.c and 6.g. For the HSEM 

algorithm a 3 x 3 neighborhood was used ( d=9+ 1 = 10). We see clearly that the restored images 

6.d and 6.h exhibit significant noise reduction and maintain good quality. In order to compare the 

two approaches (Wiener filtering and our algorithm), we used the SSIM (Structural SIMilarity) 

index, which is a method for measuring the similarity between two images, presented by Wang, 

Bovick and collaborators [29]. Note that the SSIM value decreases to zero when the images are 
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less similar. We applied this method to compare the original images to the restored ones. The SSIM 

was 0.72 and 0.8 when we compared the original image in Fig 6.a with the images restored by 

Wiener filtering (see Fig. 6.c) and the image restored using our method (see Fig. 6.d), respectively. 

We also compared the results given by the two methods for the second images (see Fig. 6.e). The 

Wiener filtering and our method gave SSIM indices of 0.74 and 0.78, respectively. 

Fig. 4. Examples from the training set used in the experiments. 

C. Handwritten digit recognition 

We will start with the handwriting recognition, which has been the subject of intense interest in 

recent years [30]. Here, we are interested in the recognition of handwritten digits, which has many 

application scenarios such as automatic mail classification according to the zip code and signature 

date recognition [31]. Results were gathered for the UCI database obtained from the University of 
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Degraded image 

LJ 
Vector X to be modeled 

Original image 

Fig. 5. Formation of data vector X from degraded and original pixels, for use in the training step. 

(a) (b) (c) (d) 

(e) (f) (g) (h) 

Fig. 6. Image restoration examples. (a) and (e) original images; (b) and (f) degraded; (c) and (g) Wiener filtered; (d) and (h) 

restored using the generalized Dirichlet mixture. 

California, Irvine [27]. The UCI database contains 3823 training handwritten digit images and 1797 

handwritten digit test images. The original images were processed using a program made available 

by NIST (National Institute of Standards and Technology) [32] to extract normalized bitmaps of 

handwritten digits. Each normalized bitmap includes a 32 x 32 matrix in which each element 

indicates one pixel with a value of white or black. Figure 7 shows an example of the normalized 
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bitmaps. Bach 32 x 32 bitmap is divided into overlapping blocks of 4 x 4 and the number of white 

pixels are counted in each block. This generates an 8 x 8 input matrix where each element is 

an integer in the range 0, ... ,16. Interpreting each pixel in the 8 x 8 matrix as a feature results 

in a 64-dimensional feature vector. With the feature vectors in hand, each class k, k = 0, ... , 9 

in the training set is represented by a mixture of generalized Dirichlet distributions p(Xl8k) with 

parameter vector 8 k. We call this the training step. The testing step consists of assigning each image 

in the testing set to one of the 10 classes. For this purpose, we be gin by representing each image 

by a 64-dimensional vector X as explained above. We then use the following rule to determine the 

class of the image: 

(40) 

The training and the testing schemes are given in Figure 8. The number of images misclassified 

Fig. 7. Example of normalized bitmaps. 

was 14 (an error of 0.78 percent) as compared to 1.11 percent when we use a Gaussian mixture, 

2 percent when we use the Euclidean distance and 1.5 percent for the procedure reported in [33]. 

D. Texture image database summarization for efficient retrieval 

The fourth application concerns the summarization of texture image databases. Interactions 

between users and multimedia databases can involve queries like "Retrieve images that are similar 

to this image". A number of techniques have been developed to handle pictorial queries, e.g, 

QBIC [34], Blobworld [35], and Atlas [36]. Summarizing the database is very important because 
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it simplifies the task of retrieval by restricting the search for similar images to a smaller domain of 

the database. Summarization is also very efficient for browsing. Knowing the categories of images 

in a given database allows the user to find the images he or she is looking for more quickly. U sing 

mixture decomposition, we can find natural groupings of images and represent each group by the 

most representative image in the group. In other words, after appropriate features are extracted from 

the images, the feature space can be partitioned into regions that are relatively homogeneous with 

respect to the chosen set of features. By identifying the homogeneous regions in the feature space, 

the task of summarization is accomplished. For the experiment described in this paper, we used the 

Vistex color texture database obtained from the MIT Media Lab. In our experimental framework, 

each of the 512 x 512 images from the Vistex database was divided into 64 x 64 images. Since 
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each 512 x 512 "mother image" contributes 64 images to our database, ideally all of the 64 images 

should be classified in the same class. In the experiment, six homogeneous texture groups, "Bark", 

"Fabric", "Food", "Metal", "Water" and "Sand" were used to create a new database. A database 

with 1920 images was obtained. Four images from each of the Bark, Fabric and Metal texture 

groups were used to obtain 256 images for each of these categories, and 6 images from Water, 

Food and Sand were used to obtain 384 images for these categories. Examples of images from each 

of the categories are shown in Fig. 9. In order to determine the vector of characteristics for each 

(a) (b) (c) (d) (e) (f) 

Fig. 9. Sample images from each group. (a) Bark, (b) Fabric, (c) Food, (d) Metal, (e) Sand, (f) Water. 

image, we have computed a set a features derived from the correlogram [37]. It has been noted 

that to obtain good results, many correlograms should be computed, each one considering a given 

neighborhood and direction. Sorne studies show that considering the following four neighborhoods 

is sufficient for co-ocurrence matrices, in the case of gray level images, to obtain good results in 

general: (1; 0), (1; i), (1; ~), and (1; 3;) [38]. For each of these neighborhoods, we calculated the 

corresponding correlogram, then derived from it the following features which have been proposed 

for co-occurrence matrices: Mean, Variance, Energy, Correlation, Entropy, Contrast, Homogeneity, 

and Cl us ter Prominence [39]. Then, each image was characterized by a 36D vector. Applying our 

algorithm to the texture database, we found six categories. The classification was performed using 

the Bayesian decision rule after the class-conditional densities were estimated. The confusion matrix 

for the texture image classification application is given in Table II. In this confusion matrix, the cell 
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( class i, class j) represents the number of images from class i which are classified as class j. The 

number of images misclassified was small: 35 in all, which represents an accuracy of 98.18 percent. 

Table III shows the confusion matrix for the Gaussian mixture (an accuracy of 94.59). After the 

TABLE II 

CONFUSION MATRIX FOR IMAGE CLASSIFICATION BY A GENERALIZED DIRICHLET MIXTURE. 

Bark Fabric Food Meta! Sand Water 

Bark 254 0 0 0 2 0 

Fabric 0 251 5 0 0 0 

Food 0 8 376 0 0 0 

Meta! 0 0 0 250 0 6 

Sand 3 0 0 0 381 0 

Water 3 0 0 6 2 373 

TABLE III 

CONFUSION MATRIX FOR IMAGE CLASSIFICATION BY A ÜAUSSIAN MIXTURE. 

Bark Fabric Food Meta! Sand Water 

Bark 240 0 0 3 8 5 

Fabric 0 236 12 0 4 4 

Food 0 12 365 4 0 3 

Meta! 0 2 2 242 4 6 

Sand 8 2 0 0 370 4 

Water 5 0 10 5 363 

database was summarized, we conducted another experiment designed to retrieve images similar to 

a query. First, we defined a measure to determine the closest component to the query vector. Next, 

another distance measure was used to determine the similarity between the query vector and the 

feature vectors in the closest component. The a posteriori probabilities were used to choose the 
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component nearest to the query. After selecting the closest component, the 2-norm was applied to 

find the images most similar to the query. To measure the retrieval rates, each image was used as a 

query and the number of relevant images among those that were retrieved was noted. Precision and 

recall, which are the measures most commonly used by the information retrieval community, were 

then computed using Eq. 41 and Eq. 42. These measures were then averaged over all the queries. 

. . number of relevant retrieved images 
prec1s1on = 

total number of retrieved images 

11 
number of relevant retrieved images reca = --------------

total number of relevant images 

(41) 

(42) 

As each 512 x 512 image from Vistex contributes 64 images to our database, given a query image, 

ideally all 64 images should be retrieved and are considered to be relevant. Table IV presents the 

retrieval rates obtained in terms of precision and recall. The results are shown when 16, 48, 64, 80 

and 96 images were retrieved from the database in response to a query. 

TABLE IV 

RECALL AND PRECISION OBTAINED FOR THE TEXTURE DATABASE BY USING THE HSEM ALGORITHM. 

No. of retrieved images 

Measure 16 48 64 80 96 

Recall 0.24 0.74 0.93 0.95 0.98 

Precsion 0.97 0.98 0.93 0.84 0.73 

V. CONCLUSION 

In this paper, we have focused on high-dimensional data clustering. The algorithm proposed is 

motivated by the great number of pattern recognition and image processing applications which 

involve such types of data. In contrast with other methods which use dimensionality reduction, our 

algorithm uses the full dimensionality of the data. In fact, it is based on the statistical properties 
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of the data, through the use of generalized Dirichlet finite mixture models. The data is transformed 

in such a way that density estimation in the transformed space is simpler and more accurate. This 

transformation is possible thanks to the convenient mathematical proprieties of the generalized 

Dirichlet density. The generalized Dirichlet distribution has the advantage that by varying its 

parameters, it permits multiple modes and asymmetry and can thus approximate a wide variety 

of shapes. Besides, it has a more general covariance structure than the Dirichlet. We estimated 

the parameters of this mixture using the maximum likelihood and Fisher scoring methods, and by 

introducing a stochastic step. From the experimental results which involve data set clustering, image 

restoration, handwritten digit recognition and image database summarization for efficient retrieval, 

we can say that the generalized Dirichlet distribution offers strong modeling capabilities for both 

low and high-dimensional data. Future works can be devoted to a Bayesian approach to estimate 

the parameters of a generalized Dirichlet mixture and the introduction of Dirichlet Process priors 

with the Chinese restaurant process to estimate the number of components. 
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Chapitre 4 

Sélection non supervisée basée sur le 
critère MML d'un mélange fini de 
Dirichlet généralisée 

Un point clé de la modélisation des données par des mélanges de lois est la détermination 
( ou sélection) du nombre optimal de classes. Pour ce but, beaucoup de critères de sélection 
ont été proposés tels que le mimimum message length (MML), minimum description 
lenght (MDL), Akaike's information criterion (AIC), mixture MDL (MMDL), partition 
coefficient (PC) et le Laplace Empirical Criterion (LEC) [3]. Dans ce chapitre, nous dis-
cutons de ces différents critères. Nous nous intéressons particulièrement au critère MML. 
En effet, la majorité des critères de sélection existants peuvent être vus comme étant 
une approximation de ce critère. D'un point de vue théorie de l'information, le MML 
est basé sur l'évaluation des modèles statistiques selon leurs capacités de compresser un 
message contenant les données. La première partie du message encode les informations 
a priori du modèle sans tenir compte des données. La deuxième partie du message en-
code seulement les données. Le nombre optimal de classes décrivant le mélange est celui 
qui demande une quantité minimale d'information, mesuré en nats, pour transmettre les 
données d'une façon efficace. Wallace et Boulton sont les premiers à avoir utilisé le critère 
MML en produisant un programme nommé SNOB pour l'estimation et la sélection non 
supervisées [19]. Le critère MML a été utilisé principalement pour les mélanges de lois 
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normale, Poisson, von Mises circular [20] et récemment dans le cas des mélanges de lois 
Gamma [21], t-Student [22] et Dirichlet [23][24]. Dans ce travail, nous développons et 
nous testons le critère MML pour un mélange de lois de Dirichlet généralisée. Le critère 
que nous proposons est comparé avec plusieurs autres critères en utilisant des données 
synthétiques et des données réelles. En particulier deux applications intéressantes : clas-
sification des pages Web en utilisant les données complètes et incomplètes, et le résumé 
des base de données d'images de texture. 
Nous présentons, dans les pages qui suivent, un article intitulé High-Dimensional Un-
supervised Selection and Estimation of a Finite Generalized Dirichlet Mix-
ture Model Based on Minimum Message Length qui est soumis au journal in-
ternational IEEE Transactions on Pattern Analysis and Machine Intelligence 
[25] et récemment révisé. J'ai réalisé, validé et rédigé ce travail sous la supervision du 
Professeur Djemel Ziou. Une version compacte de cet article, intitulée MML-Based 
Approach for High-Dimensional Unsupervised Learning Using the Generali-
zed Dirichlet Mixture, est parue dans les actes de IEEE Workshop on Learning in 
Computer Vision and Pattern Recognition, (LCVPR '05), San Diego, USA, 2005 [13]. 
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04 

Estimation of a Finite Generalized Dirichlet 

Mixture Model Based on Minimum Message 

Length 

Nizar Bouguila and Djemel Ziou 

Abstract 

We consider the problem of determining the structure of high-dimensional data, without prior knowledge 

of the number of clusters. Data are represented by a finite mixture mode! based on the generalized Dirichlet 

distribution. The generalized Dirichlet distribution has a more general covariance structure than the Dirichlet 

distribution and off ers high flexibility and ease of use for the approximation of both symmetric and asymmetric 

distributions. In addition, the mathematical properties of this distribution allow high-dimensional modeling 

without requiring dimensionality reduction and thus without a loss of information. This makes the generalized 

Dirichlet distribution more practical and useful. An important issue in mixture modeling is the selection of 

the number of clusters. The usual tracte-off in mode! selection problems arises: with too many components, 

the mixture may over-fit the data, while a mixture with too few components may not be flexible enough to 

approximate the true mode!. Here, we consider the application of the Minimum Message Length (MML) 
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principle to determine the number of clusters. The MML is derived so as to choose the number of clusters 

in the mixture mode! which best describes the data. A comparison with other selection criteria (AIC, MDL, 

and MMDL) is performed. The validation involves synthetic data, real data clustering, and two interesting 

real applications: classification of web pages using bath labeled and unlabeled data, and texture database 

summarization for efficient retrieval. 

Index Terms 

Finite mixture models, generalized Dirichlet mixture, EM, information theory, MML, AIC, MDL, MMDL, 

data clustering, image database summarization, webmining. 

I. INTRODUCTION 
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FINITE mixture models are being increasingly used in statistical inference, providing a formal 

approach to unsupervised learning [2] [3]. Fields in which mixture models have been success-

fully applied include image processing, pattern recognition, machine leaming, and remote sensing [4]. 

The adoption of this model-based approach to clustering brings important advantages: for instance, 

the selection of the number of clusters or the assessment of the validity of a given model can be ad-

dressed in a forma} way. Indeed, an important part of the modeling problem concems determining the 

number of consistent components which best describes the data. For this purpose, many approaches 

have been suggested. The vast majority of these approaches can be classified, from a computational 

point of view, into three classes: deterministic, stochastic, and resampling methods. Stochastic ap-

proaches include Markov chain Monte Carlo (MCMC) methods, which can be used in two different 

ways for mixture models. The first way is the implementation of model selection criteria [5] [6]. 

The second way is full y Bayesian and consists of resampling from the full posterior distribution, with 

the number of clusters considered unknown [7]. Resampling schemes [8] and cross-validation ap-

proaches [9] have also been used to estimate the number of mixture components. The deterministic 
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methods can themselves be classified in two main classes: in the first, we have approximate Bayesian 

criteria like the Schwarz's Bayesian information criterion (BIC) [10] and the Laplace-empirical crite-

rion (LEC) [2]. The second class contains approaches based on information/coding theory concepts 

such as the minimum message length (MML) [11]; Akaike's information criterion (AIC) [12] [13]; 

the minimum description length (MDL) [14], which formally (but not conceptually) coincides with 

BIC; the mixture minimum description length (MMDL) [15]; and the informational complexity cri-

terion (ICOMP) [16]. A more detailed survey of selection criteria approaches can be found in [2]. 

In this paper we are interested in deterministic methods and specifically in MML, since the other 

two approaches (stochastic and resampling schemes) are still far too computationally demanding in 

computer vision and pattern recognition applications. According to Baxter [17], the MML criterion 

gave better results than the AIC and MDL criteria for artificial mixtures of Gaussians, but Roberts et 

al. found that MML and MDL are almost identical for Gaussian distributions [18]. 

In this paper, we consider MML and generalized Dirichlet mixtures. Wallace and Boulton first ap-

plied MML encoding and produced a practical program for unsupervised classification called SNOB 

[11] [19] [20]. MML has been used especially in the case of Gaussian, Poisson, and Von Mises cir-

cular mixtures [21], and recently in the case of Gamma [22] and Student-t [23] mixtures. However, 

we have proven in previous work that the generalized Dirichlet may provide a better fit and offers 

high flexibility to model high-dimensional data without requiring dimensionality reduction and thus 

without a loss of information [1]. Indeed, the datais transformed in such a way that density estima-

tion in the transformed space is simpler and more accurate. This transformation is possible thanks 

to the convenient mathematical proprieties of the generalized Dirichlet density. In dimension d, the 
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generalized Dirichlet pdf is defined by [24]: 

(1) 

for ~1=1 xi < 1 and O < xi < 1 for i = 1 ... d, where Îi = (3i - Ü:i+l - (3i+l for i = 1 ... d - 1 

and Îd = Pd - 1. Note that the generalized Dirichlet distribution is reduced to a Dirichlet distribution 

when f3i = ai+1 + (3;+1· The mean and the variance of the generalized Dirichlet distribution satisfy 

the following conditions: 

(2) 

(3) 

and the covariance between Xi and XJ is: 

(4) 

A generalized Dirichlet mixture with M components is defined as: 

M 

p(Xl8) = LP(Xlâj)p(j) (5) 
j=l 

where O < p(j) :S: 1 and ~;~1 p(j) = 1. In this case, the parameters of a mixture for M clusters 

are denoted by 8 = (a, P), where a= (â1 , · · · , âM f, âJ = (aj1 , f3J 1, • · · , aJd, f3Jd), j = 1, · · · , M 

and P = (p ( 1), • • • , p( M)) T is the mixing parameter vector. 

From an information-theory point of view, the minimum message length approach is based on eval-

uating statistical models according to their ability to compress a message containing the data. High 

compression is obtained by forming good models of the data to be coded. For each model in the 

model space, the message includes two parts. The first part encodes the model, using only prior in-

formation about the model and no information about the data. The second part encodes only the data, 

in a way that makes use of the model encoded in the first part [21]. Let us consider a set of data 
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X = (X1, X 2 , ••• XN) controlled by a mixture of distributions with parameters 8 = (01, 02 , .••• , 0M ), 

where M is the number of clusters, and 0j is a vector which contains the parameters of the /h dis-

tribution. The optimal number of clusters of the mixture is that which minimimizes the amount of 

information, which is measured according to the base of the logarithm used such as nats, needed 

to transmit X efficiently from a sender to a receiver. The message length is defined as minus the 

logarithm of the posterior probability. 

MessLen = -log(P(8IX)) (6) 

The minimum message length principle has strong connections with Bayesian inference, and hence 

uses an explicit prior distribution over parameter values [25]. Wallace [21] and Bax ter [ 17] give us 

the formula for the message length for a mixture of distributions: 

l N 
MessLen '.:::: -log(h(8)) - log(p(Xl8)) + 2 log(IF(8)1) + -f (1 - K,Nv) (7) 

where h(8) is the prior probability, p(Xl8) is the likelihood, and IF(0)1 is the Fisher information, 

defined as the determinant of the Hessian matrix of minus the log-likelihood of the mixture. NP is 

the number of parameters to be estimated and is equal to (2d + 1 )Min our case. K,Nv is the so-called 

optimal quantization lattice constant for ]]{Nv [26]. Notice that K,1 = 1/12 '.:::: 0.083, for NP = l. As 

NP grows, K,Nv approaches an asymptotic value given bye 2;e '.:::: 0.05855. Since K,Nv does not vary 

much, we approximate it by fi [27]. The estimation of the number of clusters is carried out by finding 

the minimum, with regards to 8, of the message length M essLen. In the next two sections, we will 

calculate the Fisher information F ( 8) and the prior probability density fonction h( 8) for a mixture 

of generalized Dirichlet distributions. We will give the complete estimation and selection algorithm 

in Section 4. Section 5 is devoted to the experimental results when the MML approach is compared 

to four other selection criteria (AIC, MDL, and MMDL). 
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IL FISHER INFORMATION FOR A MIXTURE OF GENERALIZED DIRICHLET DISTRIBUTIONS 

The Fisher information is the determinant of the Hessian of minus the logarihm of the likelihood of 

the mixture. In our case, we have an ( M x ( 2 x d + 1)) x ( M x ( 2 x d + 1)) Hessian matrix defined 

by: 

(8) 

where l1 = 1 ... Mx (2 x d+ 1) and l2 = 1 ... Mx (2 x d+ 1). The Hessian matrix ofa mixture leads 

to a complicated analytical form of MML which cannot be easily reproduced. We will approximate 

this matrix by formulating two assumptions, as follows. First, it should be recalled that ex and the 

vector J5 are independent because any prior idea one might have about ex would usually not be greatly 

influenced by one's idea about the value of the mixing vector P. Furthermore, we assume that the 

components of ex are also independent. The Fisher information is then [17]: 

M 

F(0) c::: F(P) II F(&1) (9) 
j=l 

where F ( P) is the Fisher information with regards to the vector of the mixing parameters of the mix-

ture and F(a1) the Fisher information with regards to the vector 51 of a single generalized Dirichlet 

distribution. In what follows we will compute each of these separately. For F(P), it should be noted 

that the mixing parameters satisfy the requirement ~f:1 p(j) = 1. Consequently, it is possible to 

consider the generalized Bernoulli process with a series of trials, each of which has M possible out-

cornes labeled first cluster, second cluster, ... , M th cluster. The number of trials of the lh cluster 

is a multinomial distribution of parameters p(l),p(2), ... ,p(M). In this case, the determinant of the 

Fisher information matrix is [ 17]: 

(10) 
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where N is the number of data elements. 

For F( âj ), let us consider the /h cluster Xj (Xt, ... , X\+nj-I) of the mixture, where t N, 

with parameter âj. The choice of the /h cluster allows us to simplify the notation without loss 

of generality. The problem now is how to find the determinant of the Fisher information matrix 

with regards to the vector âj. Indeed, we have a (2 x d) x (2 x d) matrix which is not easy to 

compute, especially for high-dimensional data. Here, we try to find an alternative method to overcome 

this difficulty by using an interesting property of the generalized Dirichlet distribution. If a vector 

Xi = (Xi1, ... , X;d) has a generalized Dirichlet distribution, then we can construct a vector W; = 

(W;1 , ... , Wid) using the following geometric transformation T defined by: 

if l = l 
(11) 

for l = 2, 3, ... , d 

In this vector Wi, each Wil, l 1, ... , d has a Beta distribution with parameters O'.Jl and f3Jl and 

the parameters { O'.Jz, f3Jl, l = l, ... , d} define the generalized Dirichlet distribution which X; has [24]. 

Thus, the Fisher information with regards to the vector âJ of a single generalized Dirichlet distribution 

is approximated by: 
d 

F(âj) IJ F(cxJ1,f3Jz) (12) 
l=l 

where F(cxjz, f3J 1) is the Fisher information of a single Beta distribution with parameters (cxjl, /3j1). 

The Hessian matrix in the case of a Beta distribution with parameters ( O'.j/, /3j1) is given by: 

- &aj~~f3jt log(Pbeta (WjzlO'.j/, f3Jl)) ) 

- 8f;il log(Pbeta (Wjl I Œj/, /3jz)) 
(13) 

where Wjz = (Wu, ... , W(t+nj-I)l) and Pbeta is the Beta distribution, given by: 

(14) 
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We can write the negative of the log-likelihood fonction as follows: 

t+n1-1 t+nj-1 

-logpbeta(Wjz[Œjl, /3jz) = -log( II PEeta(WillŒjl, /3jz)) = - L logpBeta(WillŒjl, /3jz) (15) 
i=t i=t 

By substituting Eq. 14 into Eq. 15, we obtain: 

- logpbeta(WjzlŒjz, J3Jz) = nj ( - log(f(ŒJ/ + ,6'j1)) + log(f(Œjz)) + log(f(J3Jz))) (16) 

t+nj-1 

- ((0:J1 - l)log(Wiz) + (J3Jz - l)log(l -Wil)) 

and we have: 

where \JI is the digamma fonction. Then, 

a2 logpbeta(WJ1IŒjl, J3Jz) - 82 logpbeta(WJ1IŒjl, J3Jz) - ,T,'( (.1 ) -----~~~- _ -----~~~- - -nj'I' Œjl + /Jjl 
80:jl8p'jl 8p'jz8Œjl 

- 8
2 

logpbet;~:;zlŒj/, J3Jz) = -nj(w'(ajl + J3Jz) - w'(Œjz)) 

_ 8
2 

logpbet;;;:z[Œjz, J3Jz) = -nj(\J!'(Œjl + J3Jz) _ \JJ'(p'jl)) 

where \JI' is the trigamma fonction. The determinant of the matrix H ( ŒJz, J3Jz) is thus: 

By substituting Eq. 22 in Eq. 12, we obtain: 

(17) 

(18) 

(19) 

(20) 

(21) 
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Once we have the Fisher information for a single generalized Dirichlet distribution, we can use it to 

calculate the Fisher information for a mixture of generalized Dirichlet distributions. By Substituting 

Eq. 23 and Eq. 10 in Eq. 9 we obtain: 

M M 
log(IF(8) 1) log(N) - L log(p(j)) + 2d L log(nj) 

j=l j=l 

III. PRIOR DISTRIBUTION h(8) 

The performance of the MML criterion is dependent on the choice of the prior distribution h(8). 

Several criteria have been proposed for the selection of prior h(8 ). The best known is Jeffreys' prior 

h(8) = /F(e), where F(8) is the Fisher information [28]. However, if this prior is used, the MML 

in equation (7) is reduced to the maximum likelihood. Following Bayesian inference theory, the prior 

density of a parameter is either constant on the whole range of its values or the value range is split 

into cells and the prior density is assumed to be constant inside each cell. Since a and the vector J5 

are independent, we have: 

h(8) = h(a)h(P) (26) 

We will now define the two densities h(a) and h(P). The vector J5 has M dependent components; 

i.e., the sum of the mixing parameters is one. We therefore omit one of these components, say p(M). 

The new vector has ( M - 1) independent components. We treat the p(j), j = 1 ... M - 1 as being the 

parameters of a multinomial distribution. With the (M - 1) remaining mixing parameters, (M - 1)! 
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possible vectors can be formed. Thus, we set the uniform prior density of P to [17]: 

, 1 
h(P) = (M - 1)! (27) 

For h(a), since Œj, j = 1 ... Mare assumed to be independent: 

M 

h(a) = II h(rij) (28) 
j=l 

We will now calculate h(rij), In fact, we assume that the components of Œj are independent and 

in the absence of other knowledge about the aj1 and (3j1 l = 1, ... , d, we use the principle of 

ignorance by assuming that h( aj1) and h((3j1) are locally uniform over the ranges [O, e61
~p

1] and 
Dép[ 

[ü, e61(3~vl], respectively. In fact, we know experimentally that a,jl < e61 ~vl and (3jz < e61(3~vl, where 
a~ 

&p = ( (&pl, ~pl), l = 1, ... , d) is the estimated vector when we consider the en tire population. We 

choose the following uniform priors in accordance with Ockham's razor (simple priors which give 

good results) [29]: 

(29) 

(30) 

(31) 

and M nd AM(3AM 
h(a) = II h(ri) = e-12Md l=_!- a,pl pl 

J I A 12Md 
j=l Ctp 

(32) 

Substituting Eq. 32 and Eq. 27 in Eq. 26, we obtain: 

M-1 d 

log(h(8)) = - L log(j) -12Md- 2Mdlog(l&pl) + ML(log(&p1) + log(~pz)) (33) 
j=l 1=1 
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The expression of MML for a finite mixture of generalized Dirichlet distributions is obtained using 

equations (33), (25) and (7): 

MessLen MML(M) (34) 
M-1 d L log(j) + 12Md + 2Mdlog(l&vl) - ML(log(âv1) + log(/3v1)) 
j=l l=l 

log( N) 1 M M N N + 2 - 2 Llog(p(j)) + dLlog(nj) - log(p(Xl8)) -f log(12) + -f 
j=l j=l 

IV. ESTIMATION AND SELECTION ALGORITHM 

In this section, we summarize the algorithm for estimating the number of clusters for a mixture 

of generalized Dirichlet distributions. The input to this algorithm consists of a data set of vectors. 

Its output is the number of components and the estimated parameters. Given the set of independent 

vectors X, the log-likelihood corresponding to an M-component, using the Lagrange multiplier A, is: 

N M N M M 

L(e, X)= log IJp(X\18) + A(l - LP(j)) = L log LP(X\iâj)p(j) + A(l - LP(j)) (35) 
i=l j=l i=l j=l j=l 

It is well known that the maximum likelihood (ML) estimate is: 

êML = arg maxe{L(8, X)} (36) 

which cannot be found analytically. The maximization defining the ML estimates is under the con-

straints O < p(j) ::; 1 and Lf:1 p(j) = 1. Obtaining ML estimates of the mixture parameters is 

possible through EM and related techniques [30]. The EM algorithm [31] is a general approach to 

maximum likelihood in the presence of incomplete data. In EM, the "complete" data are considered 
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to be Y;= {X\, Z;}, where Z; = (Z;1 , ... , ZilvI) with: 

Z = { 1 if X; belongs to class j 
iJ 

0 otherwise 
(37) 

constitutes the "missing" data. The relevant assumption is that the density of an observation X; given 

Z; is given by rrf:1 p(X; l5j ?ij. The resulting complete-data Jog-likelihood is: 

N M 

L(G,Z,X) = LLZ;1 log(p(X;l51)p(j)) (38) 
i=l j=l 

The EM algorithm produces a sequence of estimates { et, t = 0, 1, 2 ... } by applying two steps in 

altemation (until some convergence criterion is satisfied): 

1) E-step: Compute Z;1 given the parameter estimates from the initialization: 

(39) 

2) M-step: Update the parameter estimates according to: 

ê = arg max8 L(8, Z, X) (40) 

The quantity Z;1 is the conditional expectation of Z;1 given the observation X; and parameter vector 

8. The value Z;J of Z;1 at a maximum of Eq. 38 is the conditional probability that observation i 

belongs to class j (the posterior probability); the classification of an observation X; is taken to be 

{ k / z;k = max1 Z;J}, which is the Bayes rule. The EM algorithm has been shown to monotonically 

increase the log-likelihood function [32]. When we maximize equation 40, we obtain: 

N 

( -)(tl _ 2_ '"""'z~ (t-1) 
p J - N L.,, ij (41) 

i=l 

However, we do not obtain a closed-form solution for the a parameters. In [33], we have used the 

Fisher scoring method for the estimation of these parameters. This method involves the inverse of 
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the (2 x d) x (2 x d) Fisher information matrix, which is not easy to compute, especially for high-

dimensional data. Here, we try to find an alternative method to overcome this difficulty. As Scott and 

Thompson have observed, The problem of density estimation in higher dimension involves first of al! 

finding where the action is [34]. We therefore begin by identifying the important classes by an efficient 

initialization algorithm, and use the interesting properties of the generalized Dirichlet distribution to 

refine the estimates. In order to estimate the a parameters, we have used the transformation given by 

Eq. 11. In the vector Wi obtained by this geometric transformation, each Wa, l = 1, ... , d has a Beta 

distribution with parameters Œiz and f3a. The parameters { Œiz, f3a, l = 1, ... , d} define the generalized 

Dirichlet distribution of Xi [24]. The problem of estimating the parameters of a generalized Dirichlet 

mixture can thus be reduced to the estimation of the parameters of d Beta mixtures. This entails 

maximizing the following equation for every dimension l: 

(42) 

where W = (Wll, ... , WNl), 0 < l :S d, 01 = (all, Pll, ... , a1v11, f31vn), 0jl = (ajz, f3jz) and P(j) are 

the mixing parameters founded by Eq. 41. The maximization of Eq. 42 is equivalent to: 

{) 

8 <I>w(0z, W) = O V O<l:Sd 
O'.jl 

(43) 

{) 
af3jl <I>w(0z, W) = 0 V O<l:Sd (44) 

In order to estimate the 0jl parameters we will use Fisher's scoring method [35]. The scoring method is 

based on the first, second, and mixed derivatives of the fonction <I>w ( 0 jl, W). We therefore compute 

these derivatives. Given a set of initial estimates, Fisher's scoring method can now be used. The 
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iterative scheme of the Fisher method is given by the following equation: 

( 

~' l ) (t) ( ~' l ) (t-1) ( Bif?,W ) (t-l) 
J J + v(t-1) X Ba. jl 

(3A / (3A f 81>w 

Jl Jl aJ' jl 
(45) 

where j is the class number: 1 :S: j ::; M, l is the current dimension: 1 :s; l ::; d, and a~1 and (3;1 are 

unconstrained real numbers. Indeed, we require that the ajl and f3jt be strictly positive, and we want 
I 

the parameters upon which we will derive to be unconstrained, so we reparametrize, setting ail = ea.J1 

and f3Jt = ef3;1 _ 

The matrix V is obtained as the inverse of the Fisher information matrix I. The information matrix I 

1s: 

I = ( -E[ 8f~;
1 
<I>w(0z, W)] -E[ 8a.{:13;1 

<I>w(0z, W)] ) (
46

) 
32 32 

-E[ 813;1
aa.;

1 
<I>w(0z, W)] -E[ 8213;1 

<I>w(0z, W)] 

Given sufficiently accurate starting values, the sequence of iterates produced by the Fisher scoring 

method enjoys local quadratic convergence to a solution êjl· That is, given a norm 11-11 on the param-

eter space, there is a constant h such that: 

ll g(t) - ê Il < hll0(t-l) - ê- 11 2 
Jl Jl - Jl Jl (47) 

holds fort = 1, 2, .... Quadratic convergence is very fast: this is regarded as the major strength of 

the Fisher scoring method allowing it to overcome the slow convergence of the EM algorithm. This 

rapid convergence can be improved by introducing a stochastic step in the EM algorithm [36] [37] 

which prevents the sequence of estimates et from staying near an unstable stationary point of the 

likelihood fonction [37]. In order to make our algorithm less sensitive to local maxima, we have used 

some initialization schemes including the Fuzzy C-means and the method of moments (MM) [38] . 

Our initialization method can be resumed as follows: 

INITIALIZATION Algorithm 
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1) INPUT: d-dimensional data Xi, i = 1, ... , N and number of clusters M. 

2) Apply the Fuzzy C-means to obtain the elements, covariance matrix and mean of each compo-

nent. 

3) Compute the Wi xil and wil = Xil/¼1-1 for l 

2, 3 ... , d, where ¼1 = 1 - Xil - Xi2 - ... - Xil· 

4) Apply the MM for each component j and for each dimension l to obtain the vector of parameters 

5) Assign the data to clusters, assuming that the current model is correct. 

6) If the current model and the new model are sufficiently close to each other, terminate, else go 

to 4. 

With this initialization method in hand, the complete estimation and selection algorithm is as follows: 

Algorithm 

For each candidate value of M: 

1) Apply the INITIALIZATION Algorithm. 

2) E-Step: Compute the posterior probabilities: 

z . _ p(Xi[ei)p(j) 
ZJ - Lt~1P(Xi8j)p(j) 

3) S-Step: For each sample value Xi, draw Zi from the multinomial distribution of order one with 

M categories having probabilities specified by the Zij. 

4) M-Step: 

a) Update the ~d using Eq. 45, j = l, ... , M and l = l, ... , d. 

b) Update the P(j) using Eq. 41, j = l, ... , M. 

5) Calculate the associated criterion MML(M) using Eq. 34. 
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6) Select the optimal model M* such that: 

M* = arg minMMML(M) 

V. EXPERIMENTAL RESULTS 

A. Comparison with Other Criteria 

Here, we will compare the results from the MML approach with those obtained using other deter-

ministic model-order selection criteria/techniques. The methods we compare with are the minimum 

description length (MDL) [14], the mixture MDL (MMDL) [39], and the Akaikes's information cri-

terion (AIC) [12]. Usually, the deterministic criteria have the following form: 

C(ê(M), M) = - log[p(Xlê(M))] + J(M) (48) 

where J(M) is an increasing fonction penalizing higher values of M. The optimal number of clusters 

is selected according to: 

M = arg min{C(ê(M), M), M = Mmin, ... , Mmax} (49) 

In spite of this common point, these criteria can be conceptually different. The idea behind MDL, for 

example, is the same as that underlying MML. Indeed, the MDL can be obtained as an approximation 

to the MML. We start by assuming a fiat prior h(8) and drop it from Eq. 7. Moreover, we have 

H(8) = N H(ll(G), where H(8) is the Fisher matrix of the entire population and H(ll(G) is the 

Fisher information for a single observation. Then, log(F(8)) = Iog(NNp F(l) (8)) = NP log(N) + 

log(F(ll (8) ), where F(ll (8) is the Fisher information for a single observation. For large N, we can 

remove the terms log(F(ll(G)) and ~p (1 - log(12)) from Eq. 7. The result is the well-known MDL 

selection criterion [14] given by the following equation: 

1 
MDL(M) = -log(p(Xl8)) + 2NPlog(N) (50) 
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The most important problem in using the MDL criterion is that all data points have equal impor-

tance in estimating each component of the parameter vector. This is not the case in mixtures, where 

each data point has its own weight in estimating different parameters. This point becomes apparent 

if we compute the Fisher matrix for the single fh cluster of the mixture which leads to H ( 8 j) = 

Np(j)H(1l(8j), where H(ll(8j) denotes the Fisher matrix associated with a single observation. 

As we have F(8) = TI~1 F(8j), we obtain log(F(8)) = log(Tif:1 (Np(j))Nc log(F(ll(8j))) = 

I:;f:1 Nelog(Np(j)) + I:;f: 1 log(FC1l(8j)), where Ne is the number of parameters defining each 

component and is equal to 2d + 1 in the case of a generalized Dirichlet density. For large N, 

we can drop the terms log(F(ll(81)) and ~P(l - log(l2)) from Eq. 7. We obtain log(F(8)) = 

I:;~1 Ne(log(N) + logp(j)) = NP log(N) + Ne I:;~1 logp(j). The result is the MMDL [39] crite-

rion given by the following equation: 

l N M 
MMDL(M) = -log(p(Xl8)) + 2NPlog(N) + -:f Llog(p(j)) (51) 

j=l 

The AIC criterion, however, is approached in terms of the Kullback-Leibler information of the true 

model with respect to the fitted mode 1. Akaike [ 12] showed that the minimization of this information 

is equivalent to the minimization of the following equation: 

B. Synthetic data 

N 
AIC(M) = -log(p(Xl8)) + -f (52) 

In the first application we investigate the properties of our model selection method on six two-

dimensional synthetic data sets. We choose d = 2 purely for ease of representation. First, data 

were generated from two generalized Dirichlet densities [24] with parameters an = 12, /Jn = 50, 

a12 = 35, /312 = 20, a21 = 32, {321 = 60, a22 = 13, /322 = 20. A total of 100 samples for each 
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density were taken. The resultant mixture is presented in Fig. 1.a. From Table I, we can see that all 

the criteria found the correct nurnber of clusters. In the second example, data were generated frorn 

TABLE I 

VALUES FOR THE FOUR CRITERIA FOR THE FIRST TWO-DIMENSIONAL GENERATED DATA SET. 

M MML MDL AIC MMDL 

1 -14.39 -12.34 -16.98 -12.34 

2 -34.10 -22.78 -32.07 -24.92 

3 -31.79 -21.52 -29.44 -24.75 

4 -25.53 -11.23 -28.80 -18.15 

5 -21.92 -9.46 -23.73 -14.19 

three generalized Dirichlet densities. The parameters were 0:11 = 12, (311 = 50, a 12 = 35, (312 = 20, 

Œ21 = 32, f321 = 60, Œ22 = 13, (322 = 20, 0:31 = 20, (331 = 60, 0:32 = 20, (332 = 60. A total of 120 

samples for each of the first two generalized Dirichlet densities and 160 samples for the third were 

taken. The resultant mixture is presented in Fig. 1.b. Frorn Table II, we can see that only the MML 

criterion found the correct number of clusters. In the third example, data were generated from four 

generalized Dirichlet densities with different parameters. The parameters were a 11 = 3, (311 = 43, 

Œ12 = 32, P12 = 100, Œ21 = 70, P21 = 100, Œ22 = 5, P22 = 55, Œ21 = 40, P21 = 80, Œ22 = 26, 

(322 = 20, 0:31 = 15, (331 = 90, 0:32 = 50, (332 = 50. A total of 120 samples for each of the first two 

densities and a total of 80 samples for each of the third and fourth densities were taken. The resultant 

mixture is presented in Fig. 1.c. From Table III, we can see that only the MML criterion found the 

correct number of clusters. In the fourth example, data were generated from five generalized Dirichlet 

densities with different parameters. The parameters were Œu = 3, (311 = 43, a 12 = 32, f312 = 100, 
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TABLE II 

VALUES FOR THE FOUR CRITERIA FOR THE SECOND TWO-DIMENSIONAL GENERATED DATA SET. 

M MML MDL AIC MMDL 

-42.18 -40.65 -46.37 -40.65 

2 -45.65 -39.40 -50.84 -41.21 

3 -83.76 -67.81 86.08 -69.57 

4 -83.57 -69.05 -89.92 -70.28 

5 -81.48 -64.12 -82.71 -68.11 

TABLE Ill 

VALUES FOR THE FOUR CRITERIA FOR THE THIRD TWO-DIMENSIONAL GENERATED DATA SET. 

M MML MDL AIC MMDL 

1 -146.98 -145.87 -152.04 -145.87 

2 -171.56 -163.10 -175.45 -166.83 

3 -170.98 -155.05 -173.58 -161.08 

4 -171.94 -148.11 -162.82 -160.07 

5 -157.77 -129.57 -160.45 -137.55 

Œ21 = 70, /321 = 100, Œ22 = 5, /322 = 55, Œ21 = 40, /331 = 80, Œ32 = 26, /332 = 20, Œ41 = 15, 

/341 = 90, a 42 = 50, (342 = 50, a 51 = 20, (351 = 60, a 52 = 20, (352 = 60. A total of 100 samples for 

each of the densities were taken. The resultant mixture is presented in Fig. l.d. From Table IV, we 

can see that only the MML criterion found the correct number of clusters. In the fifth example, data 

were generated from six generalized Dirichlet densities with different parameters. The parameters 

were Œ11 = 3, /3n = 43, Œ12 = 32, /312 = 100, Œ21 = 70, /321 = 100, Œ22 = 5, /322 = 55, Œ31 = 40, 
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VALUES FOR THE FOUR CRITERIA FOR THE FOURTH TWO-DIMENSIONAL GENERATED DATA SET. 

M MML MDL AIC MMDL 

1 -200.61 -197.88 -206.22 -197.88 

2 -202.73 -198.08 -207.29 -204.31 

3 -203.19 -198.97 -207.88 -202.32 

4 -205.89 -202.53 -208.44 -206.47 

5 -207.77 -199.87 -207.02 -204.19 

6 -204.38 -198.78 -206.83 -203.88 

7 -200.92 -196.22 -204.55 -200.97 

8 -198.08 -194.05 -201.21 -198.95 

/331 = 80, 0:32 = 26, /332 = 20, 0:41 = 15, /341 = 90, 0:42 = 50, /342 = 50, 0:51 = 20, /351 = 60, 

0:52 = 20, /352 = 60, 0:61 = 31, /361 = 141, 0:62 = 295, /362 = 430. A total of 200 samples for each of 

the first four densities and a total of 100 for each of the last two densities were taken. The resultant 

mixture is presented in Fig. I.e. From Table V, we can see that only the MML found the correct 

number of clusters. In the last example, data were generated from seven densities. The parameters 

were Œn = 3, /3n = 43, 0:12 = 32, /312 = 100, 0:21 = 70, /321 = 100, 0:22 = 5, /322 = 55, 0:31 = 40, 

/331 = 80, 0:32 = 26, /332 = 20, 0'.41 = 15, /341 = 90, 0:42 = 50, /342 = 50, 0:51 = 20, /351 = 60, 

0:52 = 20, /352 = 60, 0:51 = 20, /351 = 141, 0:52 = 295, /352 = 430, 0:71 = 118, /371 = 275, 0:72 = 41, 

/372 = 63. A total of 200 samples for each of the first three densities and a total of 100 samples 

for each of the last four densities were taken. The resultant mixture is presented in Fig. 1.f. From 

Table VI, we can see that only the MML found the correct number of clusters. 
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VALUES FOR THE FOUR CRITERIA FOR THE FIFTH TWO-DIMENSIONAL GENERATED DATA SET. 

M MML MDL AIC MMDL 

-243.28 -222.71 -230.88 -222.71 

2 -247.88 -223.49 -232.07 -228.10 

3 -248.13 -224.09 -233.36 -231.98 

4 -249.96 -227.73 -235.91 -237.29 

5 -251.77 -229.17 -239.08 -241.22 

6 -253.18 -227.10 -235.26 -239.65 

7 -250.72 -226.82 -233.61 -238.11 

8 -248.81 -225.54 -231.43 -236.80 

TABLE VI 

VALUES FOR THE FOUR CRITERIA FOR THE SIXTH TWO-DIMENSIONAL GENERATED DATA SET. 

M MML MDL AIC MMDL 

1 -289.05 -280.11 -287.11 -280.11 

2 -290.93 -281.30 -288.72 -301.49 

3 -292.16 -283.65 -291.37 -302.71 

4 -294.57 -284.54 -291.91 -304.27 

5 -298.62 -290.39 -297.06 -305.62 

6 -301.20 -287.73 -296.93 -308.94 

7 -303.83 -288.90 -296.33 -308.18 

8 -301.39 -287.39 -294.21 -308.09 
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(c) 

(f) 

In the second application, we validate our model using six standard multidimensional data sets 

(Ruspini, Chevron, Diabetes, Iris, Breast Cancer, and Heart Disease) which differ in dimension, size 

and complexity. These data sets were obtained from the machine leaming repository at the University 

of Califomia, Irvine [ 40]. The Ruspini [ 41] data set contains two-dimensional data in four groups (See 

Figure 2.a). Chevron is another two-dimensional data set [ 42]. The data in Chevron arise from the 

processing of a series of images taken by a reconnaissance aircraft, in which a large number of points 

are identified as representing possible mines, but many of these are in fact noise (see Figure 2.b ). 

Diabetes is a three-dimensional data set involving 145 observations used for diabetes diagnosis [ 43]. 
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Fig. 2. Examples of the data sets used. (a) The Ruspini data set. (b) The Chevron data set. (c) The Diabetes data set. (d) The Iris data 

set when we take the first three dimensions. 

The data set is composed of three clusters which are overlapping and are far from spherical in shape 

(see Figure 2.c). Breast Cancer [44] is a 9-dimensional data set which contains two classes and 

683 samples. Iris [ 45] comprises 50 samples for each of the three classes presented in the data, Iris 

Versicolor, Iris Verginica and Iris Setosa; each datum is four-dimensional and consists of measures 

of the plants' morphology (see Figure 2.d). Heart disease is a 13-dimensional data set which contains 

two classes and 270 samples. Table VII gives the characteristics of these data sets. Tables VIII, IX, 

X, XI, XII and XIII show the number of clusters found when we use the five criteria for the different 

data sets. From these tables we can see clearly that only the MML criterion found the correct number 

of clusters each time. 
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CHARACTERISTICS OF THE DATA USED IN THE SECOND APPLICATION. 

Data set Dimension Samples Classes 

Ruspini 2 75 4 

Diabetes 3 145 3 

Iris 4 150 3 

Chevron 2 350 2 

Breast Cancer 9 963 2 

Heart Disease 13 270 2 

TABLE VIII 

VALUES FOR THE FOUR CRITERIA FOR THE RUSPINI DATA SET. 

M MML MDL AIC MMDL 

1 -8.74 -6.82 -11.80 -6.82 

2 -19.02 -9.97 -19.74 -12.76 

3 -27.84 -7.71 -22.64 -13.66 

4 -43.85 -11.29 -31.19 -20.94 

5 -35.69 -6.22 -31.10 -19.06 

D. Webmining: Classification of Web Pages Using Bath Labeled and Unlabeled Examples 

The focus is on understanding the textual content of a web page based on statistical features. We 

consider single-word statistics, i.e., frequency of word occurrence [ 46]. The goal of this application is 

to prove the modeling capabilities of our algorithm in the case of both labeled and unlabeled examples. 

We begin by presenting the generalized Dirichlet mixture classifier. If the feature vectors X are 
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VALUES FOR THE FOUR CRITERIA FOR THE DIABETES DATA SET. 

M MML MDL AIC MMDL 

1 -217.44 -207.56 -217.50 -207.56 

2 -280.38 -249.50 -259.91 -257.18 

3 -331.11 -243.58 -250.76 -256.24 

4 -320.55 -218.43 -227.29 -239.22 

5 -282.64 -226.76 -233.22 -245.72 

TABLE X 

VALUES FOR THE FOUR CRITERIA FOR THE IRIS DATA SET. 

M MML MDL AIC MMDL 

1 -432.19 -413.24 -427.28 -413.24 

2 -699.35 -630.75 -658.82 -634.44 

3 -907.20 -802.88 -844.99 -832.93 

4 -790.70 -728.82 -767.09 -756.03 

5 -629.97 -609.47 -647.20 -648.23 

annotated by providing class labels, we are able to perform supervised leaming using the generalized 

Dirichlet mixture. Consider a data set Xz = { (X\, Ci) 1 i = 1, ... , N)}, where Ci E { 1, 2, ... , M} and 

M is the number of classes. The joint density of feature vectors X and class labels C is p( X, C) = 

p(XIC)p(C), where p(XIC) is the class density and p(C) is the mixing probability. The classifier 

is designed by adapting the generalized Dirichlet mixtures to each class separately using the training 
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VALUES FOR THE FOUR CRITERIA FOR THE HEART DISEASE DATA SET. 

M MML MDL AIC MMDL 

-4198.21 -4171.38 -4204.48 -4171.38 

2 -4529.71 -4002.93 -4055.14 -4027.71 

3 -3984.28 -3348.53 -3387.76 -3374.56 

4 -3612.53 -2994.72 -3044.07 -3032.48 

5 -3351.09 -2600.06 -2641.22 -2628.71 

TABLE XII 

VALUES FOR THE FOUR CRITERIA FOR THE CHEVRON DATA SET. 

M MML MDL AIC MMDL 

-89.43 -87.19 -95.90 -87.19 

2 -108.09 -98.53 -115.96 -100.54 

3 -106.70 -89.95 -116.09 -96.23 

4 -108.02 -83.85 -118.70 -90.41 

5 -107.23 -74.78 -118.35 -88.79 

data. Thus, the density of each class is itself a generalized Dirichlet mixture and can be written as: 

Mc 

p(XIC) = ~p(Xlk, C)p(klC) (53) 
k=l 

where Mc is the number of clusters calculated for class C using MML, p(klC) represent the mix-

ing parameters and p(Xlk, C) is the generalized Dirichlet density. Labels are assigned to the test 

data using the Bayesian rule by selecting the maximum posterior probability given by the following 
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VALUES FOR THE FOUR CRITERIA FOR THE BREAST CANCER DATA SET. 

M MML MDL AIC MMDL 

1 -5994.20 -5876.82 -5923.79 -5876.82 

2 -6566.69 -6258.01 -6351.96 -6266.18 

3 -5700.13 -5227.38 -5368.30 -5238.14 

4 -6026.55 -5330.42 -5518.32 -5402.62 

5 -6059.29 -5597.48 -5832.36 -5660.63 

equation: 

P(CIX) ex p(XIC)p(C) (54) 

For the experiments we used the WebKB 1 data set, which contains web pages gathered from univer-

sity computer science departments. There are about 8280 documents and they are divided into seven 

categories: student, faculty, staff, course, project, department, and other. Among these seven cate-

gories, student, faculty, staff, course, and project are the four most populous entity categories. The 

associated subset is typically called WebKB4 and contains 4199 web pages. In this paper, we perform 

experiments on the four-category data set: Course, Faculty, Project, and Student. In our experiments, 

we first select the top 200 words. The feature selection is done with the Rainbow package [47]. Suit-

able selection of the data is required for good performance. This concems removing stop words and 

words which have a little influence (less than 50 occurrences in our experiments). Moreover, we keep 

only word stems. Defining the term-vector as a complete set of words occurring in all the web pages. 

A web pages histogram is the vector containing the frequency of occurrence of each word from the 

term vector and defines the content of the web page. Normalizing ail histogram vectors, each web 
1This data set is available on the Internet. See http://www.cs.cmu.edu/ textleaming 
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1, ... , 200 represents 

the probability of term j in document i. The data are then randomly split 10 times into a test set of 

(Ntest = 2199) and training sets of increasing sizes, (Ntr-ain = 1100 ... 2000). Figure 3 shows the 

number of clusters determined by the four criteria used to represent each of the four classes (Course, 

Faculty, Project, and Student) when we consider a training set of 2000 web pages. Figure 4 shows 
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Fig. 3. Number of clusters determined to represent each of the four classes (Course, Faculty, Project, and Student) when we consider 

a training set of 2000 web pages. (a) MML, (b) MDL, (c) AIC, (d) MMDL. 

the learning curves for the four criteria. In this figure we observe the classification error as a function 

of the number of labeled documents in the training set. The proposed generalized Dirichlet mixture 

classifier achieves the best classification rate when the MML criterion is used to learn the training 

sets. 
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E. Texture image database summarization for efficient retrieval 

132 

The fourth application concems the summarization of texture image databases. Interactions be-

tween users and multimedia databases can involve queries like "Retrieve images that are similar to 

this image". A number of techniques have been developed to handle pictorial queries, e.g, QBIC 

[48], Photobook [49] , Blobworld [50], VisualSeek [51], and Atlas [52]. Summarizing the database is 

very important because it simplifies the task of retrieval by restricting the search for similar images 

to a smaller domain of the database [53]. Summarization is also very efficient for browsing [54]. 

Knowing the categories of images in a given database allows the user to find the images he or she is 

looking for more quickly. Using mixture decomposition, we can find natural groupings of images and 

represent each group by the most representative image in the group. In other words, after appropri-

ate features are extracted from the images, the feature space can be partitioned into regions that are 

relatively homogeneous with respect to the chosen set of features. By identifying the homogeneous 

regions in the feature space, the task of summarization is accomplished. For the experiment described 
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in this paper, we used the Vistex color texture database obtained from the MIT Media Lab. In our 

experimental framework, each of the 512 x 512 images from the Vistex database was divided into 

64 x 64 images. Since each 512 x 512 "mother image" contributes 64 images to our database, ide-

ally ail of the 64 images should be classified in the same class. In the experiment, six homogeneous 

texture groups, "Bark", "Fabric", "Food", "Metal", "Water", and "Sand" were used to create a new 

database. A database with 1920 images was obtained. Four images from each of the Bark, Fabric, 

and Metal texture groups were used to obtain 256 images for each of these categories, and 6 images 

from Water, Food, and Sand were used to obtain 384 images for these categories. Examples of images 

from each of the categories are shown in Fig. 5. In order to determine the vector of characteristics 

(a) (b) (c) (d) (e) (f) 

Fig. 5. Sample images from each group. (a) Bark, (b) Fabric, (c) Food, (d) Metal, (e) Sand, (f) Water. 

for each image, we have computed a set of features derived from the correlogram [55]. It has been 

noted that to obtain good results, many correlograms should be computed, each one considering a 

given neighborhood and direction. Sorne studies show that considering the following four neighbor-

hoods is sufficient for co-ocurrence matrices, in the case of gray-level images, to obtain good results 

in general: (1; 0), (1; j), (1; ~), and (1; 3;) [56]. For each of these neighborhoods, we calculated 

the corresponding correlogram, then derived from it the following features which have been proposed 

for co-ocurrence matrices: Mean, Variance, Energy, Correlation, Entropy, Contrast, Homogeneity, 

and Cluster Prominence [57]. Thus, each image was characterized by a 36D vector. Applying our 

algorithm to the texture database, only the MML criterion found six categories (see Figure 6). In 
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what follows we use the selection found by the MML. The classification was performed using the 

Bayesian decision rule after the class-conditional densities were estimated. The confusion matrix for 
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Fig. 6. Number of clusters found by each of the four criteria for the texture image database summarization 

the texture image classification application is given in Table XIV. In this confusion matrix, the cell 

(classi, classj) represents the number of images from classi which are classified as classj. The 

number of images misclassified was small: 35 in all, which represents an accuracy of 98.18 percent. 

After the database was summarized, we conducted another experiment designed to retrieve images 

similar to a query. First, we defined a measure to determine the closest component to the query vec-

tor. Next, another distance measure was used to determine the similarity between the query vector 

and the feature vectors in the closest component. The posterior probabilities were used to choose the 

component nearest to the query. After selecting the closest component, the 2-norm was applied to 

find the images most similar to the query. To measure the retrieval rates, each image was used as a 

query and the number of relevant images among those that were retrieved was noted. Precision and 

recall, which are the measures most commonly used by the information retrieval community, were 
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CONFUSION MATRIX FOR IMAGE CLASSIFICATION BY A GENERALIZED DIRICHLET MIXTURE. 

Bark Fabric Food Metal Sand Water 

Bark 254 0 0 0 2 0 

Fabric 0 251 5 0 0 0 

Food 0 8 376 0 0 0 

Metal 0 0 0 250 0 6 

Sand 3 0 0 0 381 0 

Water 3 0 0 6 2 373 

then computed using Eq. 55 and Eq. 56. These measures were then averaged over ail the queries. 

. . number of relevant retrieved images prec1s10n = --------------
total number of retrieved images 

11 
number of relevant retrieved images 

reca = --------------
total number of relevant images 

(55) 

(56) 

As each 512 x 512 image from Vistex contributes 64 images to our database, given a query image, 

ideally all 64 images should be retrieved and are considered to be relevant. Table XV presents the 

retrieval rates obtained in terms of precision and recall. The results are shown when 16, 48, 64, 80 

and 96 images were retrieved from the database in response to a query. 

VI. CONCLUSION 

In this paper, we have focused on high-dimensional data clustering. We have presented an MML-

based criterion to select the number of components in generalized Dirichlet mixtures. The algorithm 

proposed is motivated by the great number of pattern recognition and image processing applications 

which involve such types of data. In contrast with other methods which use dimensionality reduction, 
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TABLE XV 

RECALL AND PRECISION OBTAINED FOR THE TEXTURE DATABASE. 

No. of retrieved images 

Measure 16 48 64 80 96 

Recall 0.24 0.74 0.93 0.95 0.98 

Precision 0.97 0.98 0.93 0.84 0.73 

our algorithm uses the full dimensionality of the data. In fact, it is based on the statistical properties 

of the data, through the use of generalized Dirichlet finite mixture models. The data is transformed 

in such a way that density estimation in the transformed space is simpler and more accurate. The 

generalized Dirichlet distribution has the advantage that by varying its parameters, it permits multiple 

modes and asymmetry and can thus approximate a wide variety of shapes. Besides, it has a more 

general covariance structure than the Dirichlet. We estimated the parameters of this mixture using the 

maximum likelihood and Fisher scoring methods, and by introducing a stochastic step. The results 

presented indicate clearly that the MML model selection method outperforms the other methods. This 

can be explained by the fact that this criterion contains prior terms that the others do not have. From 

the experimental results which involve generated data, real data set clustering, web page classification 

from labeled and unlabeled data, and texture image database summarization for efficient retrieval, 

we can say that the generalized Dirichlet distribution and the MML approach offer strong modeling 

capabilities for both low- and high-dimensional data. 
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Chapitre 5 

Mise à jour automatique des bases 
de données d'images 

La mise à jour automatique des modèles d'apprentissage est un problème fréquent qui 
apparaît dans plusieurs domaines tels que la reconnaissance de formes et la vision par or-
dinateur. Ce problème consiste à mettre à jour les paramètres du modèle en tenant compte 

des données qui arrivent séquentiellement dans le temps. Si nous prenons l'exemple de 
la recherche d'image par le contenu, nous avons des centaines d'images qui peuvent être 

ajoutées chaque jour dans la base de données et qui doivent être accessibles aux utili-
sateurs au fur et à mesure de leur arrivée. Mettre à jour les statistiques de cette base 

de données est alors un problème de grande importance. En effet, la mise à jour doit se 
faire en ligne et est en plus un problème d'apprentissage non supervisé. La majorité des 
travaux suppose que le nombre de classes ne change pas et utilise la règle de Bayes pour 

affecter les nouvelles images dans les classes. D'autres travaux utilisent les processus de 
Dirichlet dans le cas des mélanges infinis de lois [26]. Dans ce chapitre, nous proposons 
une approche différente pour ce problème. 

L'algorithme que nous proposons est basé sur un apprentissage non supervisé des mélanges 
de lois de Dirichlet en utilisant le critère MML et sur une approche stochastique pour 

la mise à jour des paramètres. L'algorithme est validé par une application de résumé de 
base de données dynamiques d'images. 
Nous présentons, dans les pages qui suivent, un article intitulé Online Clustering via 
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Finite Mixtures of Dirichlet and Minimum Message Length qui est soumis sur in-

vitation au journal international Engineering Applications of Artificial Intelligence 
[27] et récemment accepté. J'ai réalisé, validé et rédigé ce travail sous la supervision du 
professeur Djemel Ziou. 
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Dirichlet and Minimum Message Length 

Nizar Bouguila and Djemel Ziou * 
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Abstract 

This paper presents an online algorithm for mixture mode! based clustering. Mixture 
modeling is the problem of identifying and modeling components in a given set of 
data. The online algorithm is based on unsupervised learning of finite Dirichlet 
mixtures and a stochastic approach for estimates updating. For the selection of the 
number of clusters, we use the minimum message length (MML) approach. The 
proposed method is validated by synthetic data and by an application concerning 
the dynamic summarization of image databases. 

Key words: Online Clustering, Dirichlet distribution, mixture modeling, Minimum 
message Length, dynamic image summarization. 

1 Introduction 

An important problem that frequently arises in a great variety of fields such 
as pattern recognition, machine learning and computer vision is the online 
clustering problem (Duda et al., 2001). The task of online clustering is to 
group data into clusters as long as they arrive in a temporal sequence. On-line 
clustering can be called incremental clustering in machine learning (Perner, 
2003; Janichen and Perner, 2005). If we take the example of content based 
image retrieval systems (CBIR), we have hundreds of images which can be 
added every day. Updating the indexing of the images database is then a 
challenging problem which can be resolved using online clustering. An other 
important application of online clustering is novelty detection (Zhang et al., 
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2005). Systems can automatically alert people when new images are inserted, 
for example. Generally, online clustering is difficult for several reasons. In-
deed, it is unsupervised learning and the learning has to be done in an online 
fashion. The Finite mixture models are commonly used as a basis for unsu-
pervised learning (McLachlan and Peel, 2000). A mixture model is character-
ized by its probability density fonction (pdf) and the number of components. 
Choosing a relevant mixture consists both of choosing the pdf and the num-
ber of components. The isotropie nature of Gaussian fonctions, along with 
their capability for representing the distribution compactly by a mean vector 
and covariance matrix, have made Gaussian Mixture Decomposition (GM) a 
popular technique. However, other models such as Dirichlet distributions have 
not received attention. In a previous work, we have shown that the Dirich-
let distribution can be a good choice to model non-Gaussian data (Bouguila 
et al., 2003). An important part of the mixture modeling problem concerns 
determining the number of consistent components which best describes the 
data. For this purpose, many approaches have been suggested. The vast ma-
jority of these approaches can be classified, from a computational point of 
view, into two classes: deterministic and stochastic methods. Stochastic ap-
proaches include Markov chain Monte Carlo (MCMC) methods which can 
be used in two different ways for mixture models. The first way is the im-
plementation of model selection criteria (Bensmail et al., 1997; Raeder and 
Wasserman, 1997). The second way is fully bayesian and consists of resam-
pling from the full posterior distribution with the number of clusters con-
sidered unknown (Richardson and Green, 1997). The deterministic methods 
can be themselves classified in two main classes. In the first class, we have ap-
proximate bayesian criteria like the shwarz's bayesian inference criterion (BIC) 
(Schwarz, 1978) and Laplace-empirical Criterion (LEC) (McLachlan and Peel, 
2000). The second class contains approaches based on information/coding the-
ory concepts such as the minimum message length (MML) (Wallace and Boul-
ton, 1968), Akaike's information criterion (AIC) (Akaike, 1974), the minimum 
description length (MDL) (Rissanen, 1987) which formally (but not conceptu-
ally) coincides with BIC, the mixture minimum description length (MMDL) 
(Ftigueiredo et al., 1999) and the informational complexity criterion (ICOMP) 
(Bozdogan, 1993). A more detailed survey of selection criteria approaches can 
be found in McLachlan and Peel (2000). In this paper we are interested in 
deterministic methods and precisely in MML, since the stochastic schemes are 
still far too computationally demanding. 
In this article, we develop an MML criterion to determine the number of clus-
ters in the case of Dirichlet mixture models. This paper is a revised version of 
our work presented at the International Conference on Machine Learning and 
Data Mining MLDM 2005 (Bouguila and Ziou, 2005). Based on this mixture 
and the MML criterion, we propose an online stochastic gradient ascent clus-
tering algorithm. The paper is organized as follows. In Section 2, we develop 
the MML expression for a Dirichlet mixture. The complete online clustering 
algorithm is given in section 3. Section 4 is devoted to experimental results. 
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A conclusion section ends the paper. 

2 MML Expression for a Dirichlet Mixture 

From an information-theory point of view, the minimum message length ap-
proach is based on evaluating statistical models according to their ability to 
compress a message containing the data. High compression is obtained by 
forming good models of the data to be coded. For each model in the model 
space, the message includes two parts. The first part encodes the model using 
only prior information about the model and no information about the data. 
The second part encodes only the data, in a way that makes use of the model 
encoded in the first part (Wallace and Freeman, 1987). 
Let us consider a set of data X = (X\, X 2 , ... XN) controlled by a mixture 
of distributions with parameters 8 = (01 , 02 , .... , 0M ), where M is the num-
ber of clusters, and 0j is a vector which contains the parameters of the lh 
distribution. According to information theory, the optimal number of clusters 
of the mixture is that which allows a minimum amount of information, mea-
sured in nats, needed to transmit X efficiently from a sender to a receiver. 
The message length is defined as :MessLen = -log(P(GIX)). The minimum 
message length principle has strong connections with Bayesian inference, and 
hence uses an explicit prior distribution over parameter values (Wallace and 
Freeman, 1987). Baxter and Olivier (2000) give us the formula for the message 
length for a mixture of distributions: 

MessLen'::::'. -log(h(G)) - log(p(XIG)) (1) 
l N + 2Zog(IF(8)1) + f (1 - Zog(l2)) 

where h(8) is the prior probability, p(Xl8) is the likelihood, and IF(0)1 is 
the Fisher information, defined as the determinant of the Hessian matrix of 
minus the log-likelihood of the mixture. NP is the number of parameters to be 
estimated. The estimation of the number of clusters is carried out by finding 
the minimum with regards to 8 of the message length M essLen. In dimension 
dim, the Dirichlet pdf is defined by: 

f(I ~I) dim+l 
(Xl5) = . Œ II X°'i-1 

p rrdim+l f(n,.) . z 
z=l '-'i z=l 

(2) 

where 'Lf!7 X; < 1, IXI = 'Lf!7 Xi, 0 < xi < 1 'ï/i = 1 ... dim, xdim+l = 
1 - IXI, 151 = 'E,f;.,,7+1 Œ;, Œi > 0 'ï/i = 1 ... dim + l. This distribution is 
the multivariate extension of the 2-parameter Beta distribution. A Dirichlet 
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mixture with M components is defined as : 

M 

p(Xl8) = LP(Xlâj)p(j) (3) 
j=l 

where O < p(j) :'.S: 1 and '2:,f~1 p(j) = l. In this case, the parameters of a 
mixture for M clusters are denoted by 8 = ( a, P), where a = ( 5 1 , · · · , ŒJvI f 
and fi = (p( l), · · · , p( M) )T is the mixing parameters vector. In the next two 
subsections, we will calculate the Fisher information F(8) and the prior prob-
ability density fonction h( 8). 

2.1 Fisher Information for a Mixture of Dirichlet 

Fisher information is the determinant of the Hessian matrix of the logarithm 
of minus the likelihood of the mixture. In our case, we have a ((Mx (dim + 
2)) x (Mx (dim + 2))) Hessian matrix defined by: 

32 
H1i12 = ~

0 0 
(-logp(XIG)) 

u li b 
(4) 

where li = 1 ... M x (dim + 2) and l2 = 1 ... M x (dim + 2). The Hessian 
matrix of a mixture leads to a complicated analytical form of MML which 
cannot be easily reproduced. We will approximate this matrix by formulating 
two assumptions, as follows. First, it should be recalled that a and the vector 
P are independent because any prior idea one might have about a would 
usually not be greatly influenced by one's idea about the value of the mixing 
parameters vector P. Furthermore, we assume that the components of a are 
also independent. The Fisher information is then: 

M 

F(0) F(P) Il F(âj) (5) 
j=l 

where F(P) is the Fisher information with regards to the mixing parameters 
of the mixture and F ( Œj) the Fisher information with regards to the vector 
Œj of a single Dirichlet distribution. In what follows we will compute each of 
these separately. For F(P), it should be noted that the mixing parameters 
satisfy the requirement '2:,~1 p(j) = 1. Consequently, it is possible to consider 
the generalized Bernoulli process with a series of trials, each of which has M 
possible outcomes labeled first cluster, second cluster, ... , M th cluster. The 
number of trials of the jlh cluster is a multinomial distribution of parameters 
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p(l),p(2), ... ,p(M). In this case, the determinant of the Fisher information 
matrix is: 

N 
F(P) = M ( ") 

[lj=l p J 
(6) 

where N is the number of data elements. For F ( Œj), let us consider the jth 
cluster X1 = (X1, ... , Xz+nj-i) of the mixture, where l ::; N, with parameter 
Œj. The choice of the jth cluster allows us to simplify the notation without 
loss of generality. The Hessian matrix when we consider the vector Œj is given 
by: 

(7) 

where k1 = 1 ... dim + 1 and k2 = 1 ... dim + 1. We can write the negative of 
the log-likelihood fonction as follows: 

l+nj-l l+n1-l 
-logp(Xjliij) = -log( II p(X;liij)) - L logp(X;liij) (8) 

i=l i=l 

We have: 

(9) 

Where W is the digamma fonction. Then, 

(10) 

(11) 

Where \]J' is the trigamma fonction. We remark that H ( Œj )k1k2 can be written 
as: 

(12) 

where D = diag[njw 1(aj1), ... , njw'(ajdim+1)l, "( = -njw'(liijl), â? = l and 
'Y f (I.:~!:'l+1 )-1 , then by the theorem (Theorem 8.4.3) given by Graybill 
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(1983), the determinant of the matrix H(iS.j)k1k2 is given by: 

(13) 

then 

Once we have the Fisher information for a single Dirichlet distribution, we 
can use it to calculate the Fisher information for a mixture of Dirichlet dis-
tributions. Eq. 5 is rewritten as: 

2. 2 Prior Distribution h( 8) 

The performance of the MML criterion is dependent on the choice of the prior 
distribution h(8). Several criteria have been proposed for the selection of prior 
h(8). Following Bayesian inference theory, the prior density of a parameter is 
either constant on the whole range of its values or the value range is split into 
cells and the prior density is assumed to be constant inside each cell. Since ex 
and the vector J5 are independent, we have: 

h(8) = h(cx)h(P) (15) 

We will now define the two densities h(cx) and h(P). We know that the vector 
J5 is defined on the simplex {p(l), ... ,p(M): I:f=11 p(j) < 1}, then a natural 
choice, as a prior, for this vector is the Dirichlet distribution: 

(16) 

where fj = ( ry1, ... , f/M) is the parameter vector of the Dirichlet distribution. 
The choice of ry1 = 1, ... , rJM = l gives a uniform prior over the space p(l) + 
... + p(M) = l. This prior is given by Baxter and Olivier (2000): 

h(P) = (M - 1)! (17) 
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For h(o:), since &j, j = 1 ... M are assumed to be independent: 

M 

h(o:) = TI h(&j) (18) 
j=l 

We will now calculate h(&j)- In fact, we assume that the components of &j 
are independent and in the absence of other knowledge about the O:jk, k = 
1, ... , dim + 1, we use the principle of ignorance by assuming that h(o:jk) 
is locally uniform over the range [O, e6~] (in fact, we know experimentally 

a.Jk 

that O:jk < e6 ~), where &j is the estimated vector. We choose the following 
uniform prior in accordance with Ockham's razor (a simple priors which give 
good results): 

(19) 

By substituting Eq. 19 in Eq. 18, we obtain: 

- e-6(dim+l) dim+l , 
h(a·) - --- Il a k 

J - 1-;:: jdim+l J O:j k=l 
(20) 

and 

(21) 

So, substituting Eq. 21 and Eq. 17 in Eq. 15, we obtain: 

M-1 M 

log(h(8)) = L log(j) - 6M(dim + 1) - (dim + 1) L log(l&jl) (22) 
j=l j=l 
M dim+I 

+ L L log(&jk) 
j=l k=l 

The expression of MML for a finite mixture of Dirichlet distributions is ob-
tained by substituting equations (22) and (14) in equation (1). The complete 
algorithm of estimation and selection is then as follows: 
Algorithm of estimation and Selection 
For each candidate value of M: 

( 1) Estima te the parameters of the Dirichlet mixture using the algorithm in 
Bouguila et al. (2003, 2004). 
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(2) Calculate the associated criterion MML(M) using Eq. 1. 
(3) Select the optimal model M* such that: 

M* = arg min MM L(M) 
M 

3 Online Clustering Algorithm 

We assume that we have a data set which contains N samples. The data 
set is represented by a c-component Dirichlet mixture with parameters 8iN). 
Suppose now that a new data XN+l is inserted in the database. Then, the 
mixture fitting should be updated with the new vector. Assume that the true 
number of component c in the mixture model is known to be in the range of 
{ Cmin, ... , Cmax}. At time of the insertion our task is to find an optimal mixture 
model M~ with number of components c* such that: c* = argmincMML(c). 
Here, the model Mc is defined by the number of components c and the parame-
ter vector e~N+l). However, when the range of { Cmin, ... 'Cmax} is large, the es-
timation of the optimal candidate model will be very slow. In order to overcome 
this problem we keep all the candidate model fitting with {8Cminl ... , eC,nax} 
in our system. Whenever a new data is inserted, the system update all these 
models and the optimal model is chosen using the MML criterion. The algo-
rithm for selecting the best model can be summed up as follows: 
Optimal mixture model choice algorithm 

Inputs. X- 9(N) 9(N) . N+l, C . ' ••• ' C 

Output: M* 9(N+Î) . . . 9(N+I) 
c, Cmin ' ' Cmax 

(1) 
(2) 
(3) 
(4) 

Update the different mixtures models parameters for c = Cmin ... Cmax· 

choose the optimal model M ~: c* = arg mine MM L ( c) 

The problem now is how to update the different mixture models parameters. 
For this goal, we use the stochastic ascent gradient parameter updating pro-
posed in Yao (2000) which is a variant of the algorithm given by Titterington 
(1984): 

(23) 

where p(XN+I, ZN+il8(N)) is the pdf of the complete data (XN+I, ZN+1)-
Where ZN+l = (ZN+ll, ... , ZN+lM) with: 

_ { 1 if X N +1 belongs to class j 
ZN+ij-

0 otherwise 
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constituting the "missing" data. IN represents any sequence of positive num-
bers which decreases to zero. In our case we have chosen IN = N~I. The 
parameters to be updated in the Dirichlet mixture case are both the vector 
of parameters 51 for each Dirichlet and the mixing proportions p( 1), ... , p( c). 
The updating rule in Eq. 23 applied to the mixing proportions does not guar-
antee the constraints: 0 < p(j) :S 1 and Lj=l p(j) = 1 about the mixing 
proportions. In order to overcome this problem, we use the following logit 
parametrization: 

. p(j) 
w(J)=logp(c)' j=l, ... ,c-1 (25) 

The resulting new variables w(l), ... , w(c-1) belong to R In the following we 
give our complete algorithm to update the parameters of a Dirichlet mixture: 
Mixture model updating algorithm 

(1) Inputs: XN+l and eiN) 
(2) Output: e~N+l) 

(3) Compute the posterior probabilities ZN+Ij, j = 1, ... , c: 

ZA - p(XN+1lâ1)p(j) 
N+lj - '-'M - _ 

Wj=l p(XN+l letj )Pj 

( 4) Affect XN+I to a cluster using the Bayes rule: XN+I is assigned to cluster 
J1 if ZN+l]l > ZN+lj, 'ï/j / )l· 

(5) Update the parameters for j = 1 ... c: 
• w(j)(N+l) = w(j)(N) + N~l (ZN+lj - p(j)(N)), j = 1, ... 'C - 1 
• ( ·)N+l _ exp(w(j)<N+I)) • _ _ 

p J - l+ L~::; exp(w(l)(N+l))' J - 1, ... 'C 1 
• p(c)N+l _ 1 

- 1+ I:~;:
1
1 exp(w(l)(N+1)) 

- - (N) -(N+l) _ -(N) + ZN+li 8log(p(XN+1,ZN+1lâ )) 
• Œj - Œj N+l aaj 

4 Experimental Results 

4- 1 Synthetic Data 

In the first application we investigate the properties of our model selection 
algorithm on six two-dimensional synthetic data sets. We choose dim = 2 
purely for ease of representation. In this application, we compare the results 
from the MML approach with those obtained using other model-order selection 
criteria/techniques. The methods we compare are the minimum description 
length (MDL) (Rissanen, 1987), The MMDL (Mixture MDL)(Frigueiredo et 
al., 1999), and the Akaikes's information criterion (AIC) (Akaike, 1974). The 
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parameters of the different data sets are given in Tables 1 and 2. The resultant 
mixtures for these data sets are represented in Figure 1. Figures 2, 3, 4, 5, 
6, and 7 represent the values for the four criteria tested for these artificial 
data sets. From these figures, we can see that only the MML found the correct 
number of clusters each time. 
Table 1 
Parameters of the generated data sets 1, 2, 3 and 4 (nj represents the number of 
the elements in cluster j). 

j Cléjl Cl!j2 Cl!j3 nj 

Data set 1 1 12 20 35 100 

2 32 13 60 100 

Data set 2 1 24 20 12 120 

2 30 30 30 120 

3 20 40 60 160 

Data set 3 1 10 16 40 120 

2 23 50 32 120 

3 15 19 6 80 

4 29 8 55 80 

Data set 4 1 10 16 40 150 

2 23 50 32 150 

3 15 19 6 150 

4 29 8 55 150 

5 60 40 16 150 

4-2 Dynamic image databases summarization 

The second application concerns the summarization of dynamic image databases. 
Interactions between users and multimedia databases can involve queries like 
"Retrieve images that are similar to this image". A number of techniques have 
been developed to handle pictorial queries (Niblack et al., 1993; Smith and 
Chang, 1996; Kherfi et al., 2003). Summarizing the database is very important 
because it simplifies the task of retrieval by restricting the search for similar 
images to a smaller domain of the database. Summarization is also very ef-
ficient for browsing. Knowing the categories of images in a given database 
allows the user to find the images he or she is looking for more quickly. Unlike 
most of the research in image databases summarization field, in the approach 
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Table 2 
Parameters of the generated data sets 5 and 6 ( nj represents the number of the 
elements in cluster j). 

j Ojl Œj2 Œj3 nj 

Data set 5 1 10 16 40 200 

2 23 50 32 200 

3 15 19 6 200 

4 29 8 55 200 

5 60 40 16 100 

6 30 30 30 100 

Data set 6 1 10 14 40 200 

2 23 50 32 200 

3 15 19 6 200 

4 29 8 55 100 

5 60 40 16 100 

6 30 30 30 100 

7 10 10 40 100 

that we propose here, images can be inserted to the database. In other words, 
we handle the summarization of dynamic image databases using online clus-
tering through finite Dirichlet mixture models. Using mixture decomposition, 
we can find natural groupings of images and represent each group by the most 
representative image in the group. In other words, after appropriate features 
are extracted from the images, it allows us to partition the feature space into 
regions that are relatively homogeneous with respect to the chosen set of fea-
tures. By identifying the homogeneous regions in the feature space, the task 
of summarization is accomplished. 
To validate our model we use a database containing 2500 images and 9 classes 
(see Figure 8). We randomly select 1000 images out of the 2500 images as 
the initial database images, i.e., N = 1500. Then, we insert the other 1000 
images during the algorithm's running. In order to determine the vector of 
characteristics for each image we use the color and texture features. The color 
is represented by a 8D vector using the approach proposed in (Kherfi et al., 
2003) and that we have used before in (Bouguila et al., 2003). For the texture, 
we used the cooccurrence matrix introduced by Haralick et al. (1973). For 
relevant representation of texture, many cooccurrences should be computed, 
each one considering a given neighborhood and direction. In our application, 
we have considered the following four neighborhoods : (l; 0), (l; :f ), (l; ~), 
and (l; 3;). For each of these neighborhoods, we calculate the corresponding 
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(a) (b) 

(c) (d) 

(e) (f) 

Fig. 1. Mixture densities for the generated data sets 

cooccurrence matrix, then derive from it the following features: Mean, Energy, 
Contrast, and Homogeneity (Unser, 1986). Thus, each image was represented 
by an 24D features vector. Our algorithm was implemented with Cmin = 1 
and Cmax = 12. Figure 9 shows the number of clusters found by different se-
lection criteria for the initial database. We can see that all the criteria found 
6 clusters. In figure 10 we show the values of the MML criterion each time we 
reach 200 new images inserted. From this figure we see that the MML found 
the exact number of clusters (9) after the insertion of the 1000 test images. 
The confusion matrix, when we use the number of clusters found by MML, at 
this step is given in Table 3. In this confusion matrix, the cell ( classi, classj) 
represents the number of images from classi which are classified as classj. 
The number of images misclassified was small: 60 in all, which represents an 
accuracy of 97.6 percent. 
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Fig. 2. values for the four criteria for the first two-dimensional generated data set. 

MML MDL 

:::JV'' 2 3 4 -98 

-100 
-102 
-"104 

-·106 

-97Rr-, 2 34 r. 

-102 

-"107 

-112 

(a) (b) 
AIC MMDL 

-107 -103 \ r -"IO>K?' 2 
J 

4 
-

98

fv, 2 3 4 5 

_,,, -108 V 
-"117 -113 

(c) (d) 

Fig. 3. values for the four criteria for the second two-dimensional generated data 
set. 

5 Conclusions 

In this paper, we have presented an online clustering algorithm based on fi-
nite Dirichlet mixtures. The online clustering task is difficult since it involves 
unsupervised learning and the learning has to be done in an online fashion. 
We propose the MML approach to handle the unsupervised learning part. The 
online updating of the mixture parameters is based on stochastic gradient ap-
proach. The results presented indicate clearly that the MML model selection 
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Fig. 4. values for the four criteria for the third two-dimensional generated data set. 
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Fig. 5. values for the four criteria for the fourth two-dimensional generated data set. 

method outperforms the other methods. This can be explained by the fact that 
this criterion contains prior terms that the other criteria do not have. The 
validation was based on synthetic histograms and dynamic image database 
summarization. Future works will be devoted to a Bayesian approach to esti-
mate the parameters of a Dirichlet mixture and the introduction of Dirichlet 
process priors with the Chinese restaurant process for online clustering. 
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Fig. 6. values for the four criteria for the fifth two-dimensional generated data set. 
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Fig. 7. values for the four criteria for the sixth two-dimensional generated data set. 
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(a) (b) (c) 

(c) (d) (e) 

(g) (h) (i) 

Fig. 8. Sample images from each group. (a) Classl, (b) Class2, (c) Class3, (d) Class4, 
( e) Class5, (f) Class6, (g) Class7, (h) Class8, (i) Class9. 
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Chapitre 6 

Estimation Bayésienne d'un mélange 
fini de lois Beta 

L'estimation des paramètres d'un mélange est largement étudiée dans la littérature. Plu-
sieurs méthodes déterministes sont apparues telles que l'algorithme EM. Toutefois, ce der-
nier à plusieurs inconvénients. La présence de plusieurs minimums locaux, par exemple, 
peut causer des problèmes d'estimation. De nos jours, les méthodes bayésiennes sont 
considérées comme une alternative pour résoudre ces problèmes. En choisissant des lois 
a priori adéquates sur les paramètres, l'estimation se réduit à des simulations à par-
tir de la loi a posteriori. La simulation se fait en utilisant des méthodes très efficaces 
comme l'échantillonnage de Gibbs et l'algorithme Metropolis-Hasting. Ces algorithmes 
permettent d'explorer les régions les plus probables de la loi a posteriori et donnent ainsi 
de bonnes estimations. 
Dans ce chapitre nous proposons une approche bayésienne dans le cas d'un mélange de 

lois Beta. L'algorithme que nous proposons apparaît robuste dans des situations où le EM 
échoue. Nous validons notre algorithme en utilisant des données synthétiques et réelles 
et aussi pour la modélisation des histogrammes des images Radar SAR. 

Nous présentons, dans les pages qui suivent, un article intitulé Practical Bayesian 
Estimation of a Finite Beta Mixture Through Gibbs Sampling and its Ap-
plications qui est soumis au journal international Statistics and Computing [28] et 
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Abstract 

This paper deals with a Bayesian analysis of a finite Beta mixture model. We present approxi-

mation method to evaluate the posterior distribution and Bayes estimators by Gibbs sampling, 

relying on the missing data structure of the mixture model. Experimental results concern con-

textual and non-contextual evaluations. The non-contextual evaluation is based on synthetic 

histogrnms, while the contextual one model the class-conditional densities of pattern-recognition 

data sets. The Beta mixture is also applied to estimate the parnmeters of SAR images his-

togrnms. 

Keywords : Beta distribution, Mixture modeling, Maximum likelihood, Bayesian 

analysis, Gibbs sampling, Metropolis-Hastings, EM, SEM, SAR images 

1 Introduction 

Finite mixtures are a flexible and powerful probabilistic tool for modeling univariate and mul-

tivariate data [1][2]. The usefulness of mixture models is currently widely acknowledged in any 

area which involves the statistical modeling of data such as astronomy, ecology, bioinformatics, 

pattern recognition, computer vision and machine learning. Mixture modeling can be viewed 

as the superimposition of a finite number of component densities. The Gaussian density is 

widely accepted and used in mixture modeling [3]. At the same time, other models such as 

164 



Beta mixtures have not received much attention. If the random variable X follows a Beta 

distribution, the density function is given by [4]: 

(X)= f(a + {3) xa-1(1 - x)f3-1 
p f(a)f({J) (1) 

where O < X < 1, a > 0 and f3 > O. The mean and the variance of the Beta distribution are 

given by: 

E (X) = ~{3 a+ (2) 

a{J 
Var(X) = (a+ f3)2(a + f3 + l) (3) 

This distribution is the univariate case of the Dirichlet distribution which has proven to have 

high flexibility to model data [5]. Indeed, the capacity of an univariate distribution to provide 

an accurate fit to data depends on its shape. The shape can be defined by the third {31 and 

fourth {32 moments and they represent the coefficients of the asymmetry and flatness of a given 

distribution. In the plane ((31 , (32), the shape of the Gaussian distribution is represented by a 

point (0, 3), that of the Gamma distribution is a line, that of the Beta distribution is a plane 

and that of the Log-Normalisa line (see Figure 1). Then, the shapes of the Beta are variable 

enough to allow for an approximation of almost any arbitrary distribution. In fact, the Beta 

distribution permits multiple symmetric and asymmetric modes (see Figure 2). We note that 

the Beta distribution is defined in the compact support [ü, 1] in contrast of the Gaussian, for 

example, which is defined in IR. However, we can generalize it easily to be defined in a compact 

support of the form [A, B], where ( A, B) E JR.2 [6]. Having a compact support is an interesting 

property for a given density because of the nature of data in general. Generally, we estimate 

data which are compactly supported, such as data originating from videos, images or text. The 

Beta distribution has already been used by many authors by playing an auxiliary role as a prior 

to the binomial which was the parent distribution [7][8]. In this paper, we assume that the 

parent is Beta 1 . 

The estimation of the parameters of finite mixture distribution has recently corne under close 

scrutiny [l]. Computational methods, have also appeared, including the EM algorithm proposed 

by Dempster et al. [9]. However, the EM algorithm for finite mixture has several drawbacks 

[10]. These drawbacks are mainly optimization problems. For example, the occurrence of 
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Figure 1: Representation of the Gaussian, Gamma, Beta and Log-Normal distributions in the 

local modes of a likelihood will often cause problems for a deterministic gradient method [11]. 

In recent, developments of computational methods, Bayesian methods are considered as an 

alternative way to deal with mixture models. Given a proper prior, a Bayesian approach to 

the mixture estimation problem always provides estimators which can be written explicitly 

for conjugate priors [12]. Besicles, Bayesian approaches are based on simulation methods, 

such as Gibbs sampling, which explore high-density regions. Diebolt and Robert [12] used 

data augmentation and Gibbs sampling as approximation methods for evaluating the posterior 

distribution and Bayes estimators for Gaussian mixture. Tsung et al. [13] used Bayesian 

inference for finite t distribution. Tsionas [14] considers the estimation of the parameters of 

the multivariate Gamma distribution using Gibbs sampling with data augmentation. In this 

article, we deal with a mixture of Beta distributions from Bayesian viewpoints. The choice of 

the Beta distribution is justified by the interesting properties of this distribution that we have 

explained above. It is noted that this paper deals with the issue of estimating the parameters of 

a finite Beta mixture assuming that the sample corresponds exactly to a M-components. The 

paper is organized as follows. The next section describes the Beta mixture and the Bayesian 

approach in details. The complete estimation algorithm is given, too. Section 3 is devoted to 

experimental results. We end the paper with some concluding remarks. 
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Figure 2: The Beta distribution for different parameters. (a) A Beta distribution skewed to the 

right: a= 8, (3 = 2 (b) A symmetric Beta distribution: a= 5, (3 = 5 (c) A Beta distribution 

skewed to the left: a = 2, (3 = 8. 

2 The Finite Beta Mixture and Bayesian Estimation 

2.1 The Madel 

A Beta mixture with M components is defined as: 

M 

p(Xl8) = LP(Xlçj)Pj (4) 
j=l 

where Pj (0 < Pj ::; 1 and Lii Pj = 1) are the mixing proportions and p(Xlçj) is the 

Beta distribution. The symbol 8 = (ç, P) refers to the entire set of parameters to be esti-

mated, where ç = ( 6, ... , ÇM), Çj = ( Ctj, (3j) is the parameter vector for the /h population and 

P = (Pi, ... , PM). Consider N independent observations X = (X1, ... , XN ), the likelihood 

corresponding to a M-component is: 

N M 

p(Xl8) = IJ LP(Xil<;j)Pj (5) 
i=l j=l 

For maximum likelihood computations, it's possible to use numerical optimization procedure 

like EM algorithm [9]. With the EM algorithm, the mixture model is expressed in terms of 

missing data. If, for each variable Xi, 1 < i < N, Zi = (Zil, ... , Zuv1) is a M-dimensional 
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vector indicating to which component Xi belongs, such that: 

{ 
1 if Xi belongs to class j 

zij = 0 otherwise (6) 

The complete-data likelihood is then: 
N M 

p(X, Zl8) = Il Il (Pjp(XilÇj)) 2
iJ (7) 

i=l j=l 

and the complete-data loglikelihood is: 
M N 

L(8, z, X)= L L zijlog(Pjp(Xil<;j)) (8) 
j=l i=l 

where Z = { Z1 , ... , ZN}. From this perspective, the EM algorithm can be used to estimate 

the mixture parameters, replacing each missing data Zij by its expectation [1]: 

(t-1) (X·I c(t-l))p(t-1) 
A (t) - p i ',,j j z. - ------"------'----

ZJ L;:1 p(t-l)(XilÇy-l))Pl-1) 
(9) 

where t indexes the current iteration step and P?) and ç?) are the current evaluation of the 

parameters. The EM algorithm produces a sequence of estimate { e(t), t = 0, l, 2, ... } by 

alternately applying two steps (until some convergence criterion is satisfied): 

1. E-step: Compute zgl (Eq. 9) parameter estimates from the initialization. 

2. M-step: Update the parameters estimates according to: 

ê(t) = argmax8 L(e(t-i), Z, X) 

where zg) is the posterior probability that the ith observation arises form the jth component 

of the mixture. The EM algorithm has some disadvantages. In fact, problems with the EM 

algorithm can occur in the case of multimodal likelihoods. The increase of the likelihood 

fonction at each step of the algorithm ensures its convergence to the maximum likelihood 

estimator in the case of unimodal likelihoods but implies a dependance on initial conditions 

for multimodal likelihoods. In this last case, it happens that the EM converges to a saddle 

point but not to a local maximum. Several extensions to the EM algorithm can be found in 

the literature to overcome these problems. A lot of these algorithms are based on Bayesian 

approaches. 
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2.2 Bayesian estimation 

In order to overcome the problems of numerical methods presented above, simulation methods 

are often chosen as a solution. In general, these methods are related to the Bayesian theory. 

In the Bayesian paradigm information brought by the complete data (X, Z), a realization 

of (X, Z) ~ p(X, Zl8), is combined with prior information about the parameters 8 that is 

specified in a prior distribution with density 1r(8) and summarized in a probability distribution 

1r(8IX, Z), called the posterior distribution [11]. This is derived from the joint distribution 

p(X, Zl8)1r(8), according to Bayes formula: 

p(X, Zl8)1r(8) 
1r(8IX, Z) = J p(X, ZIG)1r(G) ex p(X, Zl8)1r(8) (10) 

Having this posterior distribution in hand we can simulate 8 ~ 1r(8IX, Z) rather than com-

puting them. This simulation technique is now well known as Gibbs sampling. However, prior 

to the appearance of the Gibbs sampling algorithm, Celeux and Diebolt considered a modified 

version of the EM algorithm in the context of computing the maximum likelihood estimators 

for finite mixture models [15]. They call it the Stochastic EM algorithm which we can connect 

to the Gibbs sampling technique. These two techniques and their connection are discussed in 

what follows. 

One of the most successful extension of the EM was the SEM algorithm that was elaborated by 

Celeux and Diebolt [15]. The SEM algorithm consists in fact of a modification EM algorithm in 

which probabilistic teacher step (Stochastic step or S-Step) has been incorporated. This step 

can be viewed as a Bayesian extension of the EM algorithm. In fact, it consists of a simulation 

of Z according to the posterior probability 1r(ZIX, 8). This posterior probability is chosen to 

be Multinomial of order one with weights given by the zij (M(l; zil, ... 'ziM)). This choice 

can be explained intuitively. Indeed, we know that each Zi is a vector of zero-one indicator 

variables that define the component from which the ith observation X; arises. Besides, the 

probability that the ith observation arises form the jth component of the mixture is given by 

Zij. So, we can think that each vector Z; is generated by a Multinomial distribution of order 

one with weights given by the Z;j. The SEM algorithm is summed up as follows: 

1. E-step: Compute zgl parameter estimates from the initialization. 
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2. S-step: For each observation Xi, i = 1, ... , N, a draw zpl = (zgl, ... , z;2) is made from 

the multinomial distribution with probabilities (.zgl, ... , zL~1} Notice that exactly one 

of these zgl, j = 1, ... , M is 1 and the others O for each j. 

3. M-step: Update the parameters estimates according to: 

Celeux and Diebolt have shown that the S-step prevents the estimates from staying near saddle 

point of the likelihood fonction [16]. They give a mathematical proof, based on Markov chains, 

to show the convergence of this algorithm, too [15]. The appeal of this approach is that it 

allows for a more systematic exploration of the likelihood surface by partially avoiding the fatal 

attraction of the closest mode. 

Notice that the calculation of the M-step depends upon the form of the density. Often in 

practice, the solution of this step does not exist in closed form. In this situation, consideration 

may be given to using some iterative schemes. However, another problem occurs. In fact, 

the parameters of the Beta can become very high during iterations (see the first example in 

section 3) and causes numeric problems. An efficient solution can be simulating the vector of 

parameters 0, rather than computing it. This approach is in fact a logical extension of the 

SEM algorithm, which complete the corresponding simulation of Z and which is now well know 

as Gibbs sampling. 

The Gibbs sampler is the most commonly used approach in Bayesian mixture estimation 

[17] [12]. In fact, a solution to the computational problem is to take advantage of the miss-

ing data introduced in the previous section, that is to associate with each observation Xi a 

missing multinomial variable Zi ~ M ( 1; .Zi1 , ... , Zi!vl). Recall that Z = { Z1 , ... , ZN} and 

denote by 7r(PIZ, X) the density of the distribution of P given Z and X. This distribution is 

in fact independent of X, 1T(PIZ, X) = 7r(PIZ) [18]. The standard Gibbs sampler for mixture 

models is based on the successive simulation of Z, P and ç [12] [18]: 

1. Initialization 

2. Step t: For t=l, ... 

170 



( ) G Zcti M( . z' ct-1J z' ct-1J) a enerate i ~ 1, il , ... , iM 

(b) Generate P from n(PlzCtl) 

(c) Generate ç from n(çlZ(tl, X) 

We start by the distribution n(PIZ, X) and we have: 

n(PIZ) ex n(P)n(ZIP) (11) 

We determine now n(P) and n(ZIP)- We know that the vector Pis defined on the simplex 

{ (Pi, ... , PM) : 1 Pj < 1}, then a natural choice, as a prior, for this vector is the Dirichlet 

distribution [18]: 
f("°'M ·) M 

n(P) = ,;:j=l 'TJJ II P/J-1 
Tij=l f(TJj) j=l 

(12) 

where rJ = (TJ1 , ... ,TJM) is the parameter vector of the Dirichlet distribution. Moreover, we 

have: 

N N N M M 

n(ZIP) II n(ZilP) = II P?1 
.• . Pfr = IIII Ptj = II P? (13) 

i=l i=l i=l j=l j=l 

n(PIZ) 

(14) 

where Vis a Dirichlet distribution with parameters (TJ1 + n 1, ... , 'TJM + nM ). We note that the 

prior and the posterior distributions, n(P) and n(PIZ), are both Dirichlet. In this case we say 

that the Dirichlet distribution is a conjugate prior for the mixture proportions. 

For a mixture of Beta distributions, it is therefore possible to associate with each Çj = ( O'.j, /3j) 

a prior 7rj ( Çj). The Çj = ( O'.j, /3j) parameters of the Beta can be understood by considering the 

following alternative representation: 

(15) 

(16) 
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and then equation ( 1) can be written as follows: 

(17) 

Based on this representation, we use a prior previously proposed by Robert and Rousseau [19]: 

where 5, p and t,, are hyperparameters. There surely a fair amount of arbitrariness with this 

choice, but it fits our goals. Indeed, this choice is designed to avoid the (sj, mj) = (2, 0.5). In 

this last case, we obtain (aj, f3J) = (1, 1) and then the Beta density will be proportional to 1 

all the time ( constant histograms). In addition, by this choice we exclude the small values of 

O'.j and PJ (aj < 1 or PJ < 1) which are not of interest (See Figure 3). More details about this 

prior are given in [19]. Having this prior, 1r(sj, mj), the posterior distribution is then: 
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Figure 3: Examples of histograms generated by small values of aj and PJ· (a) aj = 0.5 and 

PJ = 4. (b) aj = 5 and PJ = 0.4. (c) aj = 0.5 and PJ = 0.6 

1r((sj, mJ)IZ, X) ex 1r(sj, mj) IJ p(Xilsj, mj) (19) 
Z,j=l 
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2.3 Algorithm 

Having all the posterior probabilities in hand, the steps of the Gibbs sampler are: 

1. lnitialization 

2. Step t: For t=l, ... 

() G Z (tl M(l·z'(t-1) z'(t-1)) a enerate i rv , il , · · · , iM 

(b) Compute n;t) = I:;':1 llz(t)=j 
'1 

(c) Generate p(t) from Eq. 14 

(d) Generate (sj, mj)(t) (j = 1, ... , M) from Eq. 19 using the Metropolis-Hastings (M-H) 

algorithm2 . 

The M-H algorithm [11] offers a solution to the problem of simulating from the posterior 

distribution. Starting from point (s;0l, m]°l), the corresponding Markov chain explores the 

surface of the posterior distribution. At iteration t, the steps of the M-H algorithm can be 

described as follows: 

f ( (t) (t)) ( ~ ~ ) 1 ( (t) (t)) ( (t-1) (t-1)) 3. I r-<uthen sj ,mj = Sj,mj ese sj ,mj = sj ,mj 

The major problem in this algorithm is the need to choose the proposal distribution q. The most 

generic proposal is the random walk Metropolis-Hastings algorithm where each unconstrained 

parameter is the mean of the proposal distribution for the new value. As s1 > 0, we have chosen 

the following proposal: 

(20) 

where J:,N(log(s?- 1
)), a 2 ) refers to the log-normal distribution with mean log(s?- 1

)) and vari-

ance a2 . Note that equation (20) is equivalent to: 

( ~ ) ( (t-1)) log sj = log sj + Ej (21) 
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where Ej ~ N(O, a 2). However, for constrained parameters, this proposal is not efficient [20]. 

This is the case for the parameter mj (since mj belongs to the simplex [ü, l]). To resolve this 

difficulty, we first transform mj, j = l, ... , M tom;= mj/(l - mj) and then use the following 

proposal: 

(22) 

with these proposals the random walk M-H algorithm is composed of the following steps: 

3 If r < u then (s(t) m*(t)) = (s- m*) else (s(t) m*(t)) = (it-i) m*(t-i)) 
• J l J Jl J J l J J l J 

where 

1r((sj, m;)IZ, X) ex: (1 - exp(-o((sj - 2)2 + (T(m;) - 0.5)2)))exp( s;T(m;)(~r:._ T(m;)) - lis}/2)) 

X ( r(sj) rj ( II X)8JT(mj)( II (1 - X))Sj(l-T(mj)) 
r(sjT(m;))f(sj(l - T(m;))) Zij=l i Zij=l z 

X J(m;) 

where T(m;) = emj /(1 + emj) and J(m;) 

transformation T(m;). 

emj /(1 + em1) 2 represents the Jacobian of the 

For the initialization, we have used the Fuzzy C-means [21] and the method of moments (MM) 

[22]. In fact, the method of moments gives really good initial estimates because of the compact 

support of the Beta distribution. Thus, our initialization method can be summed up as follows: 

Initialization Algorithm 

1. Apply the Fuzzy C-means to obtain the elements, variance and mean of each component. 

2. Apply the MM for each component j to obtain the vector of parameters fr 

3. Assign the data to clusters, assuming that the current model is correct. 

4. Update the Pj using this equation: 

p. _ N umber of elements in class j 
J- N (23) 
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5. If the current model and the new model are sufficiently close to each other, terminate, 

else go to 2. 

3 Experimental Results 

06 
p(s'j , mj ( 

0.4 

0.2 

0 

1 soq 

Figure 4: Representation of the prior distribution for (o, p, "') = (3, 0.1, 0.00001) . 

In this section, we validate the Beta mixture using contextual and non-contextual evalua-

tions to test the performance of our method. In these applications our specific choice for the 

hyperparameters is (o, p, "') = (3, 0.1, 0.00001), which corresponds to Figure 4. This choice is 

designed to give the importance to the most realistic values of (Œj, /3j). For the M-H algorithm 

we have chosen Œ2 = 0.01. The non-contextual evaluation concerns the estimation of artificial 

histograms and present a case where the maximum likelihood estimation of the Beta mixture 

does not work. The goal of the non-contextual evaluation is to show that the estimates pro-

duced by our algorithm are accurate. The contextual evaluation is based on pattern recognition 

and image processing applications. The goal of the contextual evaluation is to compare the 

modeling capabilities of the Beta and Gaussian mixtures. 
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3.1 Artificial Histograms 

We begin with the non-contextual evaluation. For this purpose, we generate artificial histograms 

from artificial Beta mixture models using this equation: 

(24) 

where i = 1 ... N, N is the number of data used to generate the histogram. After that, we 

estimated the parameters of these artificial histograms. Figures 5, 6, 7 and 8 are examples of 

these histograms. The first histogram (see Figure 5) presents a Beta mixture of two components. 

This histogram seems easy to estimate, yet we have got problems with the ML method. The 

values of parameters become very high, the value of the likelihood fonction has gone to 0 

and then the execution of other iterations was impossible. Table 1 presents the real and 

the estimated parameters of this histogram (when we use Bayesian estimation). The second 

histogram presents a Beta mixture of three well separated components. The third and fourth 

histograms present overlapped Beta components. The real and estimated parameters of these 

histograms are specified in table 2. 
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Figure 5: First artificial histogram. 
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Figure 6: Second artificial histogram. 
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Figure 7: Third artificial histogram. 

In the contextual applications, we validate the Beta mixture by pattern recognition and image 

processing applications. In the pattern recognition application, our method was used to model 
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Figure 8: Fourth artificial histogram. 

Mode 1 

Mode 2 

Real parameters Estimated parameters 

P(l)=0.50 

m1 = 0.50 

P(2)=0.50 

S2 = 160 

m2 = 0.60 

P(l)=0.49 

S1 = 169.06 

m1 = 0.49 

P(2)=0.51 

S2 =160.28 

m2 =0.59 

Table 1: Estimation of the parameters of the first artificial histogram. 

the class-conditional densities in 2 standard pattern recognition data sets. The first data set 

describes an enzymatic activity distribution in the blood among a group of 245 unrelated 

individuals and the second one an acidity index distribution for 155 lakes. For these two data 

sets, a mixture of 2 distributions is identified [23]. Figures 9 and 10 show the real and the 

estimated histograms, using both Beta and Gaussian mixtures, for the Enzyme and Acidity 

data sets, respectively. In both cases, it's clear that Beta and Gaussian mixtures fit the data. 

The final results of the estimations are given in tables 3 and 4. In order to rate the ability of 
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Beta and Gaussian mixtures to fit the data, we used the Bayesian information criteria (BIC) 3 

of Schwarz [24]. In fact, choosing a relevant model consists both of choosing its form f (Beta 

or Gaussian in our case) and the number of components NI. By using a Bayesian approach, a 

way of selecting a model is to choose the one of highest posterior probability. U nder regularity 

conditions, a classical way to approximate the posterior probability is to use BIC [25] [26]: 

A N(M) 
BIC = logp(XIJ, M, 8 M) - -2-log(N) (25) 

The first tennis the familiar log-likelihood of the data given the model, computed at the value 

ê M that maximizes this term. N ( M) is the number of parameters needed to specify a M -

component mixture. Many simulation experiments have shown that the BIC approximation 

works well in practice (see for instance [27][25]). The values of the BIC criteria for both Beta 

and Gaussian mixture, for different values of M, are given in tables 5 and 6, respectively. Ac-

cording to these tables, the optimal number of components to fit the data, for both Gaussian 

and Beta mixtures, is NI = 2. In this case, we can note that the BIC value when we use Beta 

mixture is higher than that for Gaussian mixture. 

4 

2 

0 0,5 1,5 
X 

2 

Beta mixture 

('..> Gaussian mixture 

2,5 3 

Figure 9: Real and estimated histograms for the Enzyme data set. 

For the image processing application, we use the Bayesian approach to estimate the parameters 

of unimodal and multimodal SAR images histograms. In fact, many civil and military applica-

tions use SAR images, such as target detection, geological cartography, and oil spill and ship 
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Figure 10: Real and estimated histograms for the acidity data set. 

detection. The parameters estimated can then be used in segmentation, features extraction, 

pattern recognition, classification, etc. The use of the Beta mixture is motivated by the fact 

that the histograms of SAR images are always asymmetric. Besicles, the data to be tested are 

defined in the compact support [0,255] which defines the different gray levels. The goal of this 

application is to compare the modeling capabilities of the Beta and Gaussian mixture, too. 

The comparison is based on BIC. Figures 11, 12 and 13 present some of these images with the 

real and the estimated histograms. The estimated parameters and the BIC values when we use 

both Beta and Gaussian mixtures are given in tables 7, 8 and 9. 

4 Conclusion 

This paper has established efficient Bayesian estimation of the parameters of a finite Beta 

mixture and provided a workable algorithm based on the Gibbs sampling. Our algorithm appear 

powerful to deal with the problems concerning the maximum likelihood approach. In fact, the 

estimation is based on simulation form the posterior distributions of Beta mixture model. These 

posteriors are given and justified through contextual and non-contextual evaluations. The non-

contextual evaluation is based on artificial histograms. We have presented an example where 

the Bayesian estimation give good results while the ML method fails. The contextual evaluation 
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Figure 11: (a) ERS SAR image of dimension 436 X 374. (b) Comparison between image 

histogram and Beta distribution. (b) Comparison between image histogram and Gaussian 

distribution. 
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Figure 12: (a) RADARSAT SAR image of dimension 1000 X 1000. (b) Comparison between 

image histogram and Beta mixture. ( c) Comparison between image histogram and Gaussian 

mixture. @Canadian Space Agency 1997 

model the class-conditional densities of well-known pattern recognition data sets and estimate 

the parameters of SAR images histograms. The difficulty of this model arises when the number 

of components M is unknown. The setting is, however, familiar, in that several solutions for this 

problem can be used. The two most prominent being Richardson and Green's [28] reversible 

jump MCMC algorithm and Stephens' [29] birth-and-death process algorithm. Note that other 

purely numerical approaches can be used to estimate the parameters of the finite Beta mixture. 
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Figure 13: (a) RADARSAT SAR image of dimension 512 X 512. (b) Comparison between 

image histogram and Beta mixture. ( c) Comparison between image histogram and Gaussian 

mixture. @Canadian Space Agency 1997 

However, we think that a desirable approach can combine both perspectives (Bayesian and 

numeric). Future work, will be devoted to the extension of this Bayesian approach to handle 

multivariate problems (finite Dirichlet mixture). 
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Notes 

1. As an anonymous referee has noted, a Beta distribution would arise naturally in a Bayesian 

setting as the posterior distribution for the rate parameter of Bernoulli trials. A mixture 

of Beta distributions would naturally arise if each trial in the data set could be controlled 

by one of M rates, with the rate chosen according to the mixing proportions. Thus one 

interesting area in which our model could be useful would be in such Bernoulli trials 
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where mixture of Beta are used as a prior. However, in this paper we consider the Beta 

as the parent distribution. 

2. The use of a Metropolis-Hastings step rather than an accept-reject algorithm was sug-

gested by an anonymous referee. 

3. The use of the BIC criteria to rate the ability of Beta and Gaussian mixtures to fit the 

data was suggested by an anonymous referee. 
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Real parameters Estimated parameters 

Mode 1 P(l)=0.30 P(l)=0.31 

81 = 20 81 = 19.86 

m1 = 0.50 m1 = 0.50 

Mode 2 P(2)=0.30 P(2)=0.30 
Histogram 2 

82 = 12 82 = 11.94 

m2 = 0.83 m2 =0.82 

Mode 3 P(3)=0.40 P(3)=0.39 

83 = 12 83 = 11.97 

m3 = 0.16 m3 = 0.16 

Real parameters Estimated parameters 

Mode 1 P(l)=0.50 P(l)=0.49 

81 = 14 81 = 13.97 

Histogram 3 m1 = 0.28 m1 = 0.29 

Mode 2 P(2)=0.50 P(2)=0.51 

82 = 20 82 = 19.84 

m2 = 0.50 m2 =0.50 

Real parameters Estimated parameters 

Mode 1 P(l)=0.75 P(l)=0.74 

81 = 10 81 = 10.08 

m1 = 0.20 m1 = 0.19 

Mode 2 P(2)=0.15 P(2)=0.15 
Histogram 4 

m2 = 40 m 2 = 39.91 

82 = 0.50 82 =0.49 

Mode 3 P(3)=0.10 P(3)=0.11 

83 = 10 83 = 9.95 

m3 = 0.80 m3 =0.81 

Table 2: Estimation of the parameters of the second, third and fourth artificial histograms. 
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Parameters 

Mode 1 

Mode 2 

Beta Mixture 

0.61 76.61 0.05 

0.39 10.39 0.48 

Gaussian Mixture 

0.60 0.18 0.005 

0.40 1.25 0.26 

Table 3: Estimation of the parameters of the Beta and Gaussian mixtures for the Enzyme data 

set. 

Parameters 

Mode 1 

Mode 2 

Beta Mixture 

0.58 123.56 0.54 

0.42 34.56 0.78 

Gaussian Mixture 

cr2 
J 

0.59 4.33 0.13 

0.41 6.24 0.27 

Table 4: Estimation of the parameters of the Beta and Gaussian mixtures for the Acidity data 

set. 

M 1 2 3 4 5 

Enzyme -37.05 -9.31 -16.15 -26.09 -39.45 

Acidity -35.97 -11.08 -15.37 -25.19 -40.13 

Table 5: BIC criteria values for several values of M when we consider the Beta mixture. 

M 1 2 3 4 5 

Enzyme -37.11 -10.69 -18.31 -26.22 -41.05 

Acidity -39.62 -11.14 -17.89 -25.97 -42.07 

Table 6: BIC criteria values for several values of M when we consider the Gaussian mixture. 
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Parameters 

Mode 1 

BIC 

Beta Mixture 

1 10.67 0.59 

-11.05 

Gaussian Mixture 

1 102.42 39.54 

-11.83 

Table 7: Estimation of the parameters of the Beta and Gaussian mixtures for the histogram in 

Fig. 11. 

Beta Mixture Gaussian Mixture 

Parameters pj Sj mj pj µj 0"2 
J 

Mode 1 0.27 565.33 0.01 0.13 2.27 0.86 

Mode 2 0.73 86.41 0.04 0.87 6.91 7.35 

BIC -31.87 -32.54 

Table 8: Estimation of the parameters of the Beta and Gaussian mixtures for the histogram in 

Fig. 12. 

Beta Mixture Gaussian Mixture 

Parameters pj Sj mj pj µj 0"2 
J 

Mode 1 0.22 139.95 0.07 0.17 16.27 4.59 

Mode 2 0.78 30.91 0.21 0.83 50.53 20.47 

BIC -29.13 -29.79 

Table 9: Estimation of the parameters of the Beta and Gaussian mixtures for the histogram in 

Fig. 13. 
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Conclusion et perspectives 

Dans cette thèse, nous nous sommes intéressés au problème de sélection et d'estimation 
des mélanges basés sur la famille de Dirichlet-Liouville. On aura certainement compris 
que ces mélanges finis sont à l'intersection de nombreuses applications dans des domaines 
variés et de non moins nombreuses questions théoriques. Les mélanges de lois que nous 
avons étudiés permettent la modélisation de différents types de données ( continues ou 
discrètes). Contrairement aux approches classiques qui prennent la normalité des données 
comme une hypothèse, non justifiée dans la plupart des cas, nous avons essayé de montrer 
que d'autres distributions peuvent être plus adéquates. Notre étude nous a ramenés à des 
problèmes très intéressants tels que l'estimation des paramètres des mélanges de lois, la 
sélection du nombre de classes, la modélisation des données de grande dimension, la mise 
à jour des modèles d'apprentissage et l'utilisation de l'inférence bayésienne. La résolution 

de ces problèmes est basée sur des théories intéressantes qui peuvent être d'une grande 

utilité pratique. Cette synergie application/théorie se révèle être une source prolifique 
de propositions et d'idées pour les chercheurs. Il est donc naturel que nous envisagions 
de garder cet axe de recherche parmi les futures thématiques qui seront développées. À 
travers les travaux de cette thèse, nous avons fait des contributions significatives dans 

la modélisation des données basée sur les mélanges finis de lois. Nous pensons qu'il 
reste encore beaucoup de travails à faire. En effet, chaque chapitre de cette thèse peut 

avoir des perspectives et des extensions. Pour l'estimation des paramètres, par exemple, 

nous avons proposé quelques algorithmes déterministes et une approche Bayésienne. Un 
travail futur peut être la proposition d'un algorithme hybride Déterministe/Bayésien 

pour améliorer les estimations et détecter les données aberrantes lors de la modélisation. 

Quelques axes majeurs de recherche future qui nous intéressent en particulier concernent 
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l'utilisation des processus de Dirichlet pour l'estimation et la mise à jour des paramètres 
des mélanges de Dirichlet, l'utilisation de la Dirichlet généralisée comme loi a priori pour 
la distribution multinomiale ce qui permettrait sûrement une meilleure modélisation des 
données discrètes et l'introduction de ces mélanges pour résoudre d'autres problèmes 
( estimation du mouvement, constance de la couleur, super résolution, classification des 
documents, ... ). 
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