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Summary

This thesis is a publication thesis. It presents several of our contributions to the problem

of image histogram density estimation. This thesis is divided into three parts.

In the first part, we propose two algorithms for estimating the pdf of an image his-

togram with a mixture model. Both algorithms are designed to estimate the number of

modes in a multi-modal histogram and the parameters of each component of the mixture.

The algorithms are categorized under two different approaches.

The second part of this thesis concerns the generation of test data, and particular

emphasis on the generation of artificial histograms. Valid test histograms are essential in

the development of mixture pdf estimation algorithms. For this purpose, we first give a

formal definition for the concept of overlap between two adjacent components mixtures,

and then propose two different algorithms for controlling this overlap.

Finally, in the third part of this thesis we present two real applications dealing with

target detection and segmentation in SAR (Synthetic Aperture Radar) images. In the

first application, we propose an algorithm for the segmentation of small vehicle targets,

and in the second we propose an algorithm for ship target detection in SAR images.

Six research papers are included in this thesis. Three of them have been published in

refereed journals (the Journal of Neural, Parallel and Scientific Computation, the Inter-

national Journal of Pattern Recognition and Image Analysis and the Canadian Journal of

Remote Sensing), two have been submitted to refereed journals (the International Jour-

nal of Pattern Recognition and Image Analysis and the International Journal of Remote

Sensing), and one is an article published in an international conference (the International

Conference on Signal Processing, Application and Technology (ICSPAT'2000)).
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Resume

Cette these est une these a publication. Elle presente certaines de nos contributions

a Pestimation de densites des histogrammes d'images. Cette these est divisee en trois

parties.

Dans la premiere partie, nous proposons deux algorithmes pour 1'estimation de la

fonction de densite de probabilite des histogrammes d'images par Ie modele de melange

de lois. Les deux algorithmes sont congus pour estimer et Ie nombre de modes dans un

histogramme multi-modal et les parametres du melange qui approche Ie mieux cet histo-

gramme. Ces deux algorithmes appartiennent a deux categories differentes d'algorithmes.

Finalement, nous presentons dans la troisieme partie de cette these deux applications

reelles sur la detection et la segmentation des cibles dans les images SAR. Nous proposons

dans la premiere application un algorithme pour la segmentation des petites cibles de type

vehicule. Dans la deuxieme application, nous proposons un algorithme pour la detection

des bateaux.

Six articles de recherches sont inclus dans cette these. Trois out ete publies dans des

journaux avec comite de lecture (the Journal of Neural, Parallel and Scientific Compu-

tation, the International Journal of Pattern Recognition and Image Analysis and the

Canadian Journal of Remote Sensing), deux ont ete soumis a des journaux avec comite

de lecture (the International Journal of Pattern Recognition and Image Analysis and the

International Journal of Remote Sensing) et un article publie dans une conference interna-

tionale (the International Conference on Signal Processing, Application and Technology

(ICSPAT2000)).
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Introduction

Dans cette these, nous rapportons notre travail effectue ces dernieres annees dans

Ie domaine de la reconnaissance de formes statistiques. Nos contributions concernent

revaluation de fonction de densite de probabilite (pdf), la generation de donnees de tests

ainsi que la detection/segmentation de petites cibles. Specifiquement, nous avons etudie

1'utilisation des modeles de melanges de lois pour Pestimation de la pdfdes histogrammes

d'images dans un cadre d'apprentissage non supervise. Nous proposons trois differents al-

gorithmes pour Pestimation de la pdf. Deux utilisent Ie modele de melange de Gaussiennes

et Ie dernier, etend Ie modele de Parzen pour 1'estimation de la densite non parametrique.

Cette these etudie egalement les problemes de validation des algorithmes pour 1'estima-

tion des pdf et du groupement des donnees (clustering). En particulier, nous proposons

deux algorithmes pour generer des donnees de tests valides et employons ces donnees

pour comparer et valider nos algorithmes a ceux equivalents de la litterature. Enfin,

nous developpons deux nouveaux algorithmes pour des applications de comprehension

d'images radar, un pour la detection de bateaux et Ie second pour la segmentation des

petites cibles de type vehicule.

Les techniques de reconnaissance des formes sont congues pour incorporer 1'art de

la prise de decision aux ordinateurs. Ceci inclut un nombre important d applications

pratiques telles que 1'analyse d'images, la reconnaissance de la parole, 1'exploitation de

donnees, la detection de defaut dans les machines, Ie diagnostic medical, I5 analyse fi-

nanciere et beaucoup d'autres applications [10, 42, 56, 41, 9]. Traditionnellement, les

methodes de reconnaissance de formes sont groupees en deux categories : les methodes

1. Pour plus de lisibilite et mains de lourdeur de texte, on exprime dans cette these Ie terme en anglais
"mixture" par Ie terme en frangais "melange" et non "melange de distributions".



structurelles et les methodes statistiques . Les methodes structurelles sont basees sur les

structures de donnees symb cliques pour la reconnaissance des formes. Ces structures de

donnees permettent la description des relations entre les composants elementaires des

formes, et la reconnaissance est accomplie en comparant la representation symbolique

a un certain nombre de modeles predefinis d'objets. Dans les methodes statistiques, les

decisions sont prises en tenant compte de 1'etat statistique des donnees, ou les bornes

entre les regions representant les classes des formes sont trouvees par inference statistique.

Dans cette these, nous nous focalisons sur la reconnaissance des formes statistiques.

Dans la plupart des cas, la reconnaissance de formes statistique est liee a la prise de

decision impliquant la classification d'un point d'entree x dans une des classes possibles

Cj, j = l..,M. Le choix de la classification est regi par les proprietes statistiques de x

en relation avec les classes possibles Cj. Une des formulations les plus repandues est la

classification bayesienne, qui formellement reduit au minimum la probabilite de 1'erreur

de classification. Le nom bayesien est lie a Putilisation du theoreme de Bayes (Thomas

Bayes 1702-1761).

La classification bayesienne peut etre coiiQue comme suit: supposons que nous avons

une source d'information qui produit aleatoirement deux classes de donnees, C\ et ^2,

avec des probabilites respectives p(C^) et p{C'i). Un nouveau point x est classifie dans

C\ si et seulement si p(C-^\x) > p(C^ re), ou p(Ci\x) est la probabilite conditionnelle de la

classe est Q etant donne 1'observation de x. En utilisant Ie theoreme de Bayes, on peut

calculer cette probabilite comme suit:

^ ^ PWP(C.)
Jw = —p(x)~

o Ie cote gauche de Eq.l denote la probabilite a posteriori, une quantite d'interet central

puisqu'elle permet de prendre des decisions optimales concernant la classe d'appartenance

du nouveau point x. p(x \Ci) est la probabilite de classe conditionnelle de x, P(Q) est la

probabilite a priori de la classe C^ et p(a;) est la probabilite de x, qui est simplement

un facteur de normalisation pour assurer que la probabilite a posteriori somme a 1'unite.

Nous voudrions id juste souligner 1'importance de 1'evaluation de densite de probabilite

dans Ie domaine de la reconnaissance des formes statistiques. En efFet, certains auteurs

out argumente que Ie domaine de recherche principal dans la reconnaissance de formes



statistique est lie a Pestimation de la densite de probabilite dans un espace a d dimensions

[42].

1 Estimation de la densite de probabilite

Dans la litterature, on trouve trois principales approches pour 1'estimation des pdf

[10]: les approches parametriques, non parametriques et semi-parametriques (modele de

melange ou en anglais mixture models). Chacune de ces approches a ses avantages et ses

inconvenients. Dans cette section, nous presentons brievement ces approches ainsi que

les principales methodes pour estimer les parametres de leurs pdf.

1.1 Estimation de la densite parametrique

La methode parametrique est 1'approche la plus simple pour Pestimation de la den-

site de probabilite. Avec cette methode, un ensemble de donnees est rapproche par une

densite p(x) qui a une forme fonctionnelle specifique et est generalement une distribution

statistique regie par un certain nombre de parametres reglables. Bien qu'il y ait beau-

coup de differentes formes, la plus simple et la plus largement utilisee est la distribution

normale (Gaussienne), qui a un certain nombre de proprietes analytiques et statistiques

tres commodes. Les principaux algorithmes de la litterature relatifs a la reconnaissance

des formes statistique sont developpes pour la densite normale et beaucoup de resultats

utiles sont obtenus explicitement avec elle. La densite normale multidimensionnelles (d

dimensions) est donnee par:

G(x) = W-d'W2exp{-^(x - ^-\x - ^)} (2)

ou ^ un vecteur de dimension ri, est la moyenne de la distribution, S une matrice de

taille d x d est la variance-covariance de la distribution, S est Pinverse de E et |S|

son determinant. Les parametres a estimer pour ce modele sont la moyenne fi ainsi

que la matrice de variance-covariance S. Le modele parametrique ofFre une estimation

globale des donnees observees, mais n'inclut pas leurs details. Ceci constitue Ie principal

inconvenient de ce modele.



1.2 L 'estimation de la densite non parametrique et la pdf de

Parzen

Le modele non parametrique utilise tout 1'ensemble de donnee pour estimer les pa-

rametres. Dans 1'estimation de densite non parametrique, la densite est estimee loca-

lement par un nombre restreint d'echantillons voisins. Le terme non parametrique est

employe pour decrire les fonctions de densites de probabilites pour lesquelles la forme

n'est pas definie a 1'avance, mais plutot est determinee par les donnees elles-memes.

Dans la litterature, on trouve deux approches de base qui peuvent etre adoptees dans

des problemes pratiques d'estimation de la densite non parametrique, k nearest neighbors

(les k plus proches voisins) et Papproche kernel-based [44, 16, 45]. Dans [68], il y a une

discussion detaillee sur Putilisation de chaque methode. Dans cette these, nous utilisons

une variante de 1'approche kernel-based appelee 1'estimateur de la pdfa base des fenetres

de Parzen. Parzen [16] a propose une methode elegante pour estimer une fonction de

densite de probabilite d'un vecteur aleatoire X = x\..^Xn. La pdf de Parzen utilise une

fonction de poids W{d) comme noyau de base, superposee sur chaque point de donnee

[14]. La distribution Gaussienne est largement utilisee comme fonction de poids. De ce

fait, la pdfde Parzen est Ie resultat de la combinaison lineaire de N Gaussiennes (N etant

la taille de X), chacune de largeur a, superposee sur chaque point des donnees observees

Xi (i = l..,n), et est donnee par:

1 ^
PW = ^^G(x,x^) (3)

fc=l

Dans Ie cas des donnees a une dimension telles que les histogrammes d'images a niveaux

de gris, G(x^Xk,o~) est donne par:

1 O"-^,)2
G(x,Xk,(r) = ^=-e~~^~ (4)

"27TO-

ou (7 est un scalaire a determiner. La valeur de a est Ie parametre central regissant la

pdf et est etroitement lie a son degre de lissage. Un bon choix de a mene a une bonne

estimation de la pdf. Cependant, Ie calcul de a est un probleme non resolu et constitue

une des importantes difHcultes associees a 1'approche kernel-based pour Pestimation de

la densite non parametrique. La complexite de la pdf de Parzen constitue cependant un



autre probleme, puisqu'elle exige que tous les points d'entree soient stockes en memoire,

et qu une Gaussienne est calculee pour chaque noyau. Dans cette these, nous examinons

ces deux problemes. Des solutions sont presentees au chapitre I et au chapitre III.

1.3 Modeles de melanges

La troisieme methode d'estimation de densite est Ie modele semi-parametrique, generalement

connu sous Ie nom de modele de melange, qui a recemment attire beaucoup d'attentions

dans la communaute de reseaux neuraux. Les melanges de distributions, en particulier

les melanges de distributions normales (Gaussiennes), out ete largement utilisees comme

des modeles de base dans une large variete de situations pratiques o on croit que les

donnees observees resultent de deux ou plusieurs populations melangees avec differentes

proportions [15, 24].

Dans cette these, nous nous concentrons sur Putilisation de distributions (Gaussienne)

normales. Quand on croit qu'un point de donnee x est genere a partir de M distributions

distinctes, sa fonction de densite de probabilite peut etre approchee par un melange de

M distributions normales, et donnee par:

M
P(x^)= > ^jGj(x,Oj) (5)2-^

J=l

^Mou K,j (avec les restrictions KJ > 0 pour j = l..,M et 5^=i ^j = 1) sont les parametres de

melange qui quantifient 1'importance de chaque distribution dans Ie melange; Oj = (^,Sj)

denote les parametres de la jemme distribution G?j, comprenant Ie vecteur moyenne /A et

la matrice de variance-covariance S; Gj est la jemme distribution normale du mlange,

donnee par Eq. 2. 7 = (0, K,) decrit totalement p{x^). Comme discute par Bishop

[10], les modeles de melanges combinent les avantages des methodes parametriques et

non parametriques pour Pestimations des pdf. En efFet, en mettant Ie nombre M de

composants dans Ie melange egal a I'unite (M =1), Ie modele de melange comme defini

dans Eq. 5 devient Ie modele parametrique donne dans Eq. 2. Parailleurs, si Ie nombre M

de composants est egale au nombre N de points formant la donnee observee, Ie modele

de melange devient Ie modele non parametrique donne par Eq. 3. Notez que dans ce cas,

les matrices de variance-covariance de chacune des N composantes sont mis a une meme



valeur et 1 estimation du vecteur moyenne devient seulement Ie vecteur d'observation. Les

principales investigations de cette these concernent 1'utilisation des modeles de melanges

de lois normales pour estimer la pdf des histogrammes d'images.

1.4 I/estimation des parametres des modeles

Le modele non parametrique difFere des autres modeles du fait qu'il n'est pas base

sur une forme specifique de la densite. Cette difference apparait dans Ie nombre de pa-

rametres impliques dans Ie modele. Pour la pdfdu modele de Parzen, il y a seulement un

parametre inconnu, a savoir Ie parametre de lissage S. Pour les modeles parametriques

et de melanges, Ie nombre de parametres a etre estimes dependent de la densite formant

les modeles. Dans Ie cas de la densite normale, les parametres sont Ie vecteur moyenne

IJL et la matrice de variance- covariance S, regroupes dans 0 = (/^,S). Pour un melange de

M densites normales, les parametres sont Oj et les parametres de mixage /^j, groupes a

leur tour dans 7j = (Oj^Kj) pour j = l..,M.

Pour 1'approche non parametrique, Ie probleme de choisir une valeur appropriee de S

a ete Ie sujet de beaucoup de recherches [42] [50], mais il n'a pas encore ete completement

resolu. Une approche formelle particuliere au choix de E a ete presentee par Duin [69],

o Eq. 3 est consideree comme une forme parametrique specifique de la fonction de den-

site p(rz;,S), pour laquelle Ie parametre S est inconnu. En appliquant la technique du

maximum de vraisemblance pour 1'evaluation de S, la solution tend vers zero et Ie noyau

Gaussien s'approche d'une fonction de delta. Cela aboutit a une representation bruitee

de la pdf [42 . D'autres chercheurs comme Kraaijveld [52] ont examine des approches

experiment ales. De telles approches dependent des donnees en main. Dans cette these,

nous developpons une approche experimentale pour evaluer o- d'une pdf Parzen dans Ie

cadre de Pestimation des histogrammes d'images (donnee a une dimension). L'approche

est basee sur la technique de cross validation et Putilisation d'un reseau neuronal proba-

biliste (PNN: Probabilistic Neural Network).

Pour Pestimation de la prf/parametrique, il y a deux principales approches du probleme

d'estimation des parametres, connus par Ie maximum de vraisemblance et les methodes

d'inference Bayesienne. Bien que ces deux approches menent souvent a des resultats



semblables, elles sont basees sur des concepts difFerents. La methode de maximum de

vraisemblance cherche les valeurs des parametres qui maximisent la probabilite conjointe

des points du vecteur d'observation. Par contre, les techniques d'inference bayesienne

sont basees sur la description des parametres par une distribution de probabilite. A la

difference de la methode du maximum de vraisemblance, Pinference bayesienne n'im-

plique pas d'initialiser les parametres a des valeurs initiales specifiques. Le maximum de

vraisemblance est la methode plus largement utilisee puisqu'elle offre une convergence

rapide grace a une implantation iterative.

Considerons la pdf donnee par Eq. 5, et considerons un vecteur aleatoire continu X

connu avec ses TV realisations, X = (x^.^x^). Si les realisations sont tirees d'une maniere

independante, alors la probabilite conjointe de tout Pensemble de donnees X est donnee

par:

N

p{x^x^...,XN,Q) = ]~[p(^€)) = ^(rci,rc2,...^,©) (6)
k=l

ou L est la vraisemblance de G pour les donnees observees X. G comprend les parametres

qui controlent p (x). Pour des convenances analytiques, nous utilisons souvent Ie loga-

rithme de la fonction de vraisemblance. Le logarithme de la fonction de vraisemblance

d'un modele de melange, comme celui presente dans Eq. 5 est donne par:

N M
logL(xi,xs,...,XN,Q) =^^KiG(xk, Oj) (7)

k=l j=l

Le probleme d'estimer les parametres d'un modele de melange est difficile, comme on peut

voir a partir de la methode des moments proposee par Pearson en 1894 [47], qui exige une

equation polynomiale du neuvieme degre pour Ie cas de deux distributions unidimension-

nelles avec des ecarts types difFerents. Apres cela, beaucoup de methodes sophistiquees,

a base des moments, ont ete proposees: [1] (variances egales), [43] (probabilites a priori

egales), [31] (pour estimer les composants d'un melange de Gaussiennes unidimension-

nelle en utilisant la methode de Pony). Cependant, beaucoup de chercheurs out montre

que la methode des moments est inferieure a celle du maximum de vraisemblance [72, 34].

L'approche du maximum de vraisemblance est tres efficace pour estimer les pa-

rametres d'un melanges fini de lois. Les melanges finis sont les modeles dont on connait

7



Ie nombre de composants d'avance ou dans lequel on suppose que les donnees observees

resultent d'un melange d'un nombre initial connu de populations ou des groupes avec

diverses proportions. La methode du maximum de vraisemblance s'applique seulement

aux melanges finis, puisqu'elle n'evalue pas Ie nombre de composants d un melange. En

1977, Dempster [5] a propose un algorithme iteratif, appele 1'algorithme EM (Expecta-

tion Maximization), pour calculer les parametres d'un melange fini via la methode du

maximum de vraisemblance. Depuis lors, 1'attrait des distributions Gaussiennes dans les

melanges est en grande partie attribuable a 1'applicabilite de 1'algorithme EM. Dans [64]

est presentee en detail 1'utilisation de la methode du maximum de vraisemblance pour

Pestimation des parametres d'un melange fini. Le probleme de 1'applicabilite de la solu-

tion du maximum de vraisemblance reste sa convergence. En effet, la procedure iterative

mettant en oeuvre la methode du maximum de vraisemblance a besoin de valeurs initiales

pour les parametres du mlange. On a propose beaucoup de methodes pour initialiser les

parametres des melanges [24]. La methode la plus largement utilisee est 1'algorithme

K-moyennes [10, 42]. C'est une procedure non supervisee qui divise un ensemble de N

points de donnees en M groupes [35]. L'algorithme K-moyennes suivi par la methode du

maximum de vraisemblance constitue Papproche classique pour evaluer les parametres

d'un melange fmi.

Dans beaucoup d'applications utilisant des melanges, Ie nombre M de composants

a etre utilise est inconnu. La seule information disponible, prise generalement comme

une hypothese, est que les donnees observees resultent d'entites difFerentes avec des pro-

portions difFerentes. La structure classique pour evaluer les melanges finis n'est malheu-

reusement pas applicable dans ce cas, puisqu'elle exige que I5 on connaisse d'avance Ie

nombre M de composants du mlange. Le domaine du Cluster Analysis peut aider dans

revaluation de M.

1.5 Cluster analysis

Cluster analysis essaye de resoudre Ie probleme suivant, comme discute par Everitt

[6]:
etant donne un echantillon de N objets ou individus, dont chacun est mesure sur



p variables, concevez un arrangement de classification pour grouper les objets dans g

classes. Le nombre de classes et les caracteristiques des classes d etre determines.

Cluster analysis a commence tres tot dans la litterature. Le nombre important d'ap-

plications exigeant Ie groupement de donnees en clusters a mene a une quasi-explosion

des algorithmes et des techniques de groupement. On a propose plus de 100 differentes

methodes pour grouper les donnees (voir [54, 48, 67, 6, 25, 66] pour des revues detaillees).

Beaucoup d'applications relatives a la reconnaissance de formes statistiques utilisent des

techniques de cluster analysis pour pregrouper les donnees, ou pour calculer Ie nombre de

classes (groupes, cluster) formant la donnee. Jain et Dubes [4] out denote ce probleme par

cluster validation. Un exemple de ces applications est la segmentation automatique des

images, o aucune information a priori sur Pimage n'est disponible. Dans ce cas, grouper

les donnees permet Ie calcul du nombre d'objects/regions (classes, groupes, cluster) de

P image.

II y a dans la litterature deux categories d'algorithmes pour estimer Ie nombre de grou-

pements dans un ensemble de donnees: les methodes directes et les methodes de selection

de modeles (model selection). Les exemples des methodes directes sont ces algorithmes

qui exploitent explicitement certaines proprietes geometriques des donnees en employant

les outils graphiques ou 1'inspection visuelle. Ce type de methodes est souvent base sur

des principes ad hoc et leur execution depend surtout des donnees de I5 application. Nous

pouvons citer Festimation du nombre de composants par Pintermediaire des points d'in-

flexion des histogrammes [24] [13]; voir egalement [28] [62] pour d'autres methodes pro-

posees. Dans les methodes de selection de modele, les donnees sont approchees par K-max

differents modeles, ou K^nax est une grange valeur, arbitraire et positive. Chaque modele

est parametre par Ie nombre de classes employees pour approcher les donnees. Le nombre

k de classes (k = l..,kmax) est considere dans ce cas-ci comme Ie parametre de complexite

de chaque modele. En fin de compte, Ie modele qui approche mieux les donnees est choisi

parmi les Kmax- En pratique, differents types de modeles out ete employes, comme les

champs aleatoires de Markov [65], les RBF (Radial Basis Functions) [3] ainsi que beau-

coup d'autres. Voir aussi [37] et [38]. Les modeles de melanges sont largement utiliss pour

ce but [32, 40, 8, 51, 30]. Dans Ie cas du mlange, chaque modele d'ordre k represente un

melange de k composants.
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Beaucoup d'auteurs out adopte 1'approche de selection de modeles a base des modeles

de melanges et out commence a travailler sur Ie developpement de criteres pour Ie choix du

modele qui approche Ie mieux des donnees. Beaucoup de criteres out ete proposes, comme

Ie AIC (Akaike Information Criterion) [29], Ie MDL (Minimum Description Length) [36],

Ie PC (Partition Coefficient) [39], 1'ICOMP [30] et Ie MML (Minimum Message Lenght)

[11]. La plupart de ces criteres se composent de deux parties. La premiere partie concerne

Ie "taux du bon ajustement" (goodness of fit), habituellement evalue par la fonction de

vraisemblance. La deuxieme partie met en application une penalite qui utilise une expres-

sion qui depend essentiellement du nombre de composants k du mlange. Une expression

generale pour un critere IC(k) (k = l..,kmax) est donnee par:

IC(k)=-aL^g(k) (8)

o a est positif, Lk est la fonction de vraisemblance du modele d'ordre /c, et g(k) est

une fonction croissante avec k. Le meilleur modele est celui qui minimise IC(k) (o Ie

maximise, pour certains criteres), a savoir:

k = argminkIC(k) (9)

Dans cette these, nous employons les deux methodes directes de selection de modeles

pour estimer la pdf des histogrammes d'images. Dans la section suivante, nous presentons

1'histogramme d'images et comment les methodes d'estimation out ete employees pour

estimer sa pdf .

2 I/estimation de la pdfd^un histogramme cTune image

Notre interet concerne Futilisation des methodes d'estimation de probabilite, parti-

culierement les modeles de melanges pour estimer la pdf des histogrammes d images.

Beaucoup d'applications d'imageries emploient 1'histogramme, tel que la segmentation

basee sur Ie calcul d'un seuil a partir de Phistogramme (threshold-based image segmen-

tation) [57], les bases de donnees d'images [58], reconnaissance automatique de cibles,

etc. En eflfet, Phistogramme resume la teneur en niveaux de gris d'une image. L'histo-

gramme d'une image a niveau de gris peut etre represente par une fonction, h(x\ x G Glpf
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representant les frequences des niveaux de gris de 1'image, o Gin = {0,1, ...,N — 1} cor-

respond aux niveaux de gris de 1'image, et h(x) donne Ie nombre de pixels ayant un

niveau de gris x. Les pixels appartenant a un objet/region homogene d'une image out

vraisemblablement des niveaux tres proches, et apparaissent dans 1'histogramme comme

un "mode". Quand une image donnee contient plus d'un objet/region avec difFerentes

distributions radiometriques, chacune d'elles apparaitra comme un mode dans 1'histo-

gramme; ce type d'histogramme est appele histogramme "multi-modal". II existe une

representation normalisee de h(x), denotee par hz(x) tel que h% (x) = ^w (x G GIN)-
2-^i=Q "^,

Comme S^Lo ^(z) = 1 et ^z(z) > 0; hz(x) peut etre consideree comme une pdf et
etre rapprochee par une des methodes d'estimation de pdf introduites dans les sections

precedentes.

Notre hypothese dans cette these est que chaque mode de 1'histogramme correspond

a une distribution Gaussienne. C'est acceptable dans un grand nombre d'applications

pratiques. Le probleme surgit quand une image contient plus d'un objet/region, parti-

culierement quand ces objets/regions out des moyennes de niveaux de gris etroites et

peuvent se recouvrir pour donner un seul mode. Dans ce cas-la, comment peut-on appro-

cher chaque objet/region separement? Nous montrerons que Ie modele de melange est la

methode appropriee pour approcher ce type d'histogramme.

A cette fin, la fonction normalisee de Phistogramme hz (x), peut etre approchee par

une pdf de melange donnee par:

M
E
J=l

p(x^)=y^jG,(x^) (10)

K,j sont les parametres de mixage calcules comme rapport entre Ie nombre de pixels

appartenant au jemme mode de Fhistogramme et de tout Ie nombre de pixels. Gj est la

jemme distribution du mlange donnee par Eq. 4. Dans Ie cas non supervise, ni Ie nombre

de modes (objets/regions) dans Fhistogramme ni les parametres de chaque mode ne sont

connus; notre premiere contribution propose de les calculer.

Dans cette these nous proposons deux algorithmes pour estimer Ie nombre de modes

dans les histogrammes d'images ainsi que les parametres du melange qui approchent

1'histogramme. Les algorithmes sont difFerents bien que les deux emploitent la methode
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commune d'estimation de la pdf d'un modele de melange, a savoir 1'algorithme de K-

moyennes suivi du maximum de vraisemblance. Le premier algorithme est classifie comme

methode directe, et Ie second comme methode de selection de modeles. En premier lieu,

nous etudions PefFet du nombre k de composants initiaux a utiliser dans 1'algorithme

K-moyennes sur Pexactitude des parametres du mlange qui estiment un histogramme de

M modes. Le but de cette etude experimentale est de comprendre Ie comportement de

Palgorithme K-moyennes et les conditions pour son usage en initialisant les composants

du mlange. Les details de Petude sont donnes dans [21]. Nous avons decouvert empiri-

quement Pexistence d'une relation entre k et M. k doit etre plus grand que M, au mains

k > M + 4. Cette relation sert d'hypothese de base sur laquelle les deux algorithmes sont

developpes. En fait, elle suggere d'appliquer 1'algorithme K-moyennes avec un grand

nombre de groupements initiaux et puis d'eliminer les faux groupements qui n'ont au-

cun mode equivalent dans 1'histogramme. Ce mecanisme s'appelle "EFC" (Elimination

of False Clusters).

Le premier algorithme est classifie comme methode directe, puisqu'il depend seule-

ment des caracteristiques des histogrammes d'images. En premier lieu, Palgorithme K-

moyennes est applique avec un grand nombre de composants initiaux. Puis, on elimine les

faux composants sur la base du taux de symetrie autour de leurs centres. L'algorithme

est decrit dans la premiere partie du chapitre I de cette these et a ete publie dans Ie

Journal of Neural, Parallel and Scientific Computation [21]. Get algorithme a ete

evalue et compare a un algorithme equivalent de litterature, a savoir un algorithme base

sur la methode de selection de modeles a base du critere AIC [29]. Les resultats de la

comparaison sont presentes dans la deuxieme partie du chapitre II de cette these et out

ete publics dans Ie Journal of Pattern Recognition & Image Analysis [19].

Bien que 1'algorithme EFC rivalise favorablement avec ses contreparties basees sur Ie

critere de AIC, Petude de comparaison indique que Falgorithme EFC a quelques imper-

fections. D'abord, I'algorithme est sensible au bruit. Pour resoudre ce probleme, 1'histo-

gramme est lisse avant d'etre approche par un modele de melange. Nous proposons un

algorithme de lissage base sur 1'estimation de pdf non parametrique de 1'histogramme,

et de Putilisation des Reseau Neuronaux Probabiliste (PNN: Probabilistic Neural Net-

work). Les details de 1'algorithme sont donnes au chapitre III de cette these. Une deuxieme
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imperfection concerne Papplicabilite de I'algorithme EFC. En effet, comme defini, 1'al-

gorithme EFC peut etre applique seulement aux donnees unidimensionnelles tel que les

histogrammes d images. C est essentiellement du a son mecanisme d elimination des faux

groupements qui depend essentiellement de la symetrie de la Gaussienne.

Le deuxieme algorithme estime la pdf d'un histogramme en utilisant la methode de

selection de modeles. Afin d'exploiter la relation entre k et M, nous avons ameliore les

arrangements des meethodes classiques de selection de modeles. L'idee de calculer Kmax

modeles concurrentiels est conservee, tandis que la methode pour Ie calcul des parametres

du modele de melange d'ordre k, k = l..,kmax a ete changee. L'algorithme K-moyennes

est d'abord applique avec Kmax composants. Les Kmax moyennes des composants sont

estimees avec une bonne precision puisque Kmax est grand. Puis, nous employons cette

initialisation des parametres du mlange pour tous les Kmax modeles concurrentiels, ce qui

est different de Fapproche classique. Dans ce nouvel arrangement, proceder a partir d'un

modele d'ordre A; a un modele d'ordre k — 1 exige Pelimination d'un composant. A cette

fin, nous proposons une mesure basee sur 1'erreur quadratique pour calculer la plausibilite

de Pexistence d'un vrai mode dans Ie melange estime. Pour chaque modele concurrentiel,

nous calculons alors une erreur qui augmente avec Ie nombre de composants formant Ie

melange. Le modele qui a 1'erreur minimum est selectionne. Les details de I'algorithme

sont presentes dans la deuxieme partie du Chapitre I de cette these. Get algorithme est

robuste contre les bruits grace a la mesure de la plausibilite, qui est basee sur Ie calcul

d'une symetrie en utilisant les surfaces. L'utilisation de 1'erreur quadratique pour calculer

les surfaces permet Pextension de Palgorithme actuel aux donnees multidimensionnelles.

L'algorithme a ete applique a une vraie application, comme decrit au chapitre III de cette

these. Au chapitre I, nous presentons une version courte de ce travail qui a ete publie dans

International Conference on Signal Processing, Application and Technology

(ICSPAT?2001) [20].

3 Generation des histogrammes artificiels

Le developpement des algorithmes d'estimation des pdf d'histogrammes presentes ci-

dessus a capture notre interet pour la generation des histogrammes artificiels. D'abord,
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plusieurs aspects de ces algorithmes tels que la relation entre M et A;, out requis des

etudes experiment ales sur de grands ensembles d'histogrammes artificiels. En second lieu,

les algorithmes finaux out du etre valides et compares aux algorithmes equivalents dans

la litterature. Ceci a egalement requis 1'utilisation de grands ensembles d'histogrammes

artificiels. La caracteristique principale requise pour ces histogrammes artificiels est leur

validite, puisqu'ils sont consideres comme des verites de terrain. Un exemple de ce que

nous voulons dire par "valide" ("truthed") est la possibilite de generer automatiquement

des histogrammes en s'assurant qu'un histogramme genere se compose de M de modes.

Ce n'est malheureusement pas facile, puisqu'un melange de M de Gaussiennes implique

(3M — 1) parametres, et en raison de la possibilite de recouvrement des composants

du mlange, plusieurs modes peuvent fusionner et ne donner qu'un seul mode. Ainsi,

la generation d'histogrammes valides exige Ie controle de tout les parametres. Ceci est

mentionne dans cette these en tant que "controle du recouvrement des composants d'un

melange".

Les chercheurs emploient generalement des donnees communes pour valider leurs al-

gorithmes et comparer leurs performances. Nous pouvons citer Pimage "Lena" pour Ie

traitement d'image, la donnee "iris" pour la reconnaissance de formes, etc. Cependant, Ie

domaine dans lequel Putilisation des donnees artificielles pour des buts de comparaison

et de validation ont ete largement etudiees est Ie cluster analysis. En effet, la nature

ad hoc de pratiquement toutes les methodes de pregroupement (clustering) rend difBcile

d'obtenir les preuves analytiques des proprietes de ces procedures. Aussi, Ie probleme

d'evaluer ces algorithmes a ete approche d'un point de vue de validation. Beaucoup de

travail a ete effectue sur la comparaison et 1'evaluation des algorithmes de pregroupement

[66, 7, 23, 71, 25, 53, 26]. Dans ces etudes, Ie chercheur peut employer des donnees

(simulees) artificielles possedant des structures connues pour evaluer les algorithmes.

Differentes mesures d'accord de "clustering" (clustering agreement) [71, 33, 49] et des

algorithmes de generation de donnees artificielles ont ete proposes [46^ 25, 12, 6, 67, 27].

La grande majorite des methodes de generation emploie Ie modele de melange de Gaus-

siennes. A notre connaissance, cependant, il n'y a aucune solution formelle au probleme

du recouvrement des composants du mlange, et les algorithmes proposes emploient des
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methodes ad hoc pour s'assurer que les composants ne se recouvrent pas. Nos contribu-

tions principales a ce domaine sont la proposition d'une definition formelle du phenomene

de recouvrement des composants d'un melange ainsi que Ie developpement de deux al-

gorithmes qui generent automatiquement des melanges de densites normales unidimen-

sionnelles avec un controle du recouvrement entre composants.

Notre hypothese est que Ie processus du recouvrement afFecte seulement deux com-

posants adjacents du mlange. Alors, nous definissons formellement Ie "taux de recouvre-

ment" de deux composants adjacents. L'idee derriere cette definition prend son inspiration

du domaine de detection de contours [70]. Le but est de trouver les conditions sur les

parametres des deux composants requis pour produire un melange avec un taux donne

de recouvrement entre eux. Ici, nous proposons deux algorithmes. Le premier emploie

les largeurs (variances des Gaussiennes) des composants en tant que parametre central

a determine! afin de controler Ie taux de recouvrement. Pour un melange de M com-

posants, les moyennes ainsi que les parametres de melange sont d'abord generes; alors

nous calculons les largeurs pour obtenir un taux donne de recouvrement entre les com-

posants. L'algorithme resultat a ete publie dans IASTED, International Conference

on Artificial Intelligence and Soft Computing (ASC 2001) 17]. Get algorithme

comporte des relations complexes rendant ainsi Ie controle du taux de recouvrement

difficile. En efFet, 1'algorithme permet seulement de s'assurer que les composants ne fu-

sionnent pas. Dans la deuxieme partie du Chapitre II, nous presentons une application

de cet algorithme, o il a ete utilise pour generer des histogrammes artificiels necessaires

a la comparaison de Palgorithme EFC a celui du AIC 19 . Le deuxieme algorithme em-

ploie les moyennes des composants au lieu de leur largeur pour Ie controle du taux de

recouvrement. Get algorithme a ete soumis au Journal of Pattern Recognition and

Image Analysis. II est presente dans la premiere partie du chapitre II.

4 Applications

La troisieme partie de cette these decrit deux applications reelles: la segmentation

d'images SAR de cibles de type vehicule et la detection de bateaux. La premiere appli-

cation presente un algorithme pour la segmentation des cibles de type vehicule dans les
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images SAR, en utilisant notre algorithme de selection de modeles pour estimer la pdf

d'histogrammes d'images. La deuxieme application concerne la detection des cibles de

type bateaux dans les images SAR et a ete developpee avec la collaboration de Q. Jiang

[60]. Dans ce travail, nous employons 1'algorithme de PNN, presente au Chapitre I de

cette these, pour estimer la pdf non parametrique de Phistogramme d'une image.

4.1 Segmentation des cibles vehicules dans des images SAR

Cette application fait partie d'un projet industriel sur la reconnaissance et 1'in-

terpretation des cibles dans les images SAR, conduites en commun avec "Lockheed

Martin Canada". Dans cette these, nous presentons seulement la premiere partie du

pro jet, qui traite de la segmentation des cibles. Les images utilisees dans cette applica-

tion contiennent trois regions principales: la cible, son ombre et Ie fond. Le but de la

segmentation est de detecter chaque region separement, en assignant a chaque pixel de

Pimage une region (classe). Nous avons adopte Fapproche basee sur Ie calcul de seuils,

qui est un methode tres populaire pour sa simplicite dans Ie domaine de la segmentation

d'images. Ie principe et qu'on doit approcher un histogramme d'une image avec une pdf

de melange, ainsi representer Idealement chaque mode de Phistogramme par un compo-

sant du mlange [57]. Une fois les parametres du mlange estimes, les seuils les separant

sont calcules, et les regions de 1'image sont separees. a cette fin, nous appliquons notre

algorithme de selection de modeles pour estimer les parametres du mlange. Afin d'aug-

menter Pefficacite de notre algorithme, nous avons conu un pre traitement de 1'image de

depart a base d'un filtre morphologique. Le pre traitement rend I'histogramme de 1'image

proche d'un melange de densites normales. Ceci aide notre algorithme a detecter chaque

region de Fimage par un mode dans 1'histogramme. Nous proposons egalement une nou-

velle methode pour calculer les seuils entre les modes estimes de 1'histogramme. Cette

methode emploie une approximation de la Gaussienne, et les procedures impliquees sont

simples et precises comparees aux algorithmes dans la litterature. Le papier presente dans

la premiere partie du chapitre III de cette these a ete soumis au International Journal

of Remote Sensing.
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4.2 Detection des cibles bateaux dans les images SAR

Comme mentionne precedemment, 1'algorithme EFC presente au Chapitre I de cette

these exige Ie lissage de 1'histogramme de 1'image avant qu'il soit traite. a cette fin, nous

avons propose un methode pour Ie lissage de Phistogramme basee sur la calcul de la pdf

non parametrique de Parzen. Get algorithme est denote par PNN, puisqu'il emploie un

reseau neuronal probabiliste pour calculer la pdf de Parzen.

Le modele de Parzen comme presente au debut de cette introduction engendre Ie

probleme de calcul de la largeur des noyaux. Nous proposons done un algorithme qui

calcule experiment alement cette largeur. La solution est presentee en deux sections. Dans

la premiere section, nous employons la technique de cros-validation pour formuler Ie

probleme du calcul de la largeur dans un cadre de controle de regulation. On propose a

cet efFet une erreur speciale de penalite afin de choisir la meilleure largeur a partir d'un

ensemble de valeurs possibles. La solution basee sur la regulation exige Ie calcul de la

pdf pour chaque valeur de la largeur candidate. Ceci exige a son tour Ie calcul d'une

Gaussienne (exponentiel) pour chaque point de donnee, qui coute en temps de calcul.

La deuxieme section de la solution traite de la faon dont Ie calcul de la regulation est

implante. Pour ce but, nous employons Ie reseau neuronal probabiliste (PNN) comme

architecture de base pour Ie calcul de la pdf. L'efficacite du PNN reside dans Ie fait

que les Gaussiennes peuvent etre precalculees, en utilisant un ensemble de tables (look-

up tables). Ceci reduit de maniere significative Ie temps de calcul. L'article decrivant

1'algorithme a ete public dans Vision Interface (VF2000) [18].

Aussi bien d'etre utile en lissant les histogrammes d'images, cet algorithme a ete

employe dans une vraie application de comprehension d'images SAR, a savoir la detection

des bateaux. Beaucoup de systemes automatiques d'identification de cible emploient la

technique CFAR (Constant False Alarm Rate) pour la detection de cibles. La technique

CFAR est basee sur Ie calcul d'un seuil a partir de 1'histogramme d'image afin de laisser

Ie taux des fausses alarmes constant. Ceci exige 1'approximation de 1'histogramme par

une pdf. Differentes methodes dans la litterature utilisent la K-distribution [22] et la

distribution Gamma [59] pour estimer la pd/parametrique de 1'histogramme. L'utilisation

des resultats de Palgorithme de PNN donne une meilleure exactitude de calcul et 11 est

plus rapide compare a revaluation de la pdf parametrique utilisee dans la litterature. Ce
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travail a ete effectue en collaboration avec Q. Jiang [60] et a ete publie conjointement

dans Ie journal canadien de la teledetection [61].

5 Organisation de cette these

Le chapitre I de cette these presente nos contributions a 1'estimation de la pdf d'his-

togrammes d'images en utilisant un modele de melange. II est divise en deux parties. La

premiere partie presente une approche directe (algorithme EFC) pour estimer Ie nombre

de modes ainsi que les parametres du mlange d'une pdr/d'un histogramme d'une image,

tandis que la deuxieme partie decrit un methode basee sur la selection de modeles. Le

chapitre II presente la generation de donnees valides. Dans la premiere partie et au sujet

des definitions formelles du taux de recouvrement, nous proposons deux differents algo-

rithmes pour generer des donnees valides; la deuxieme partie decrit 1'utilisation de telles

donnees pour comparer Palgorithme EFC a celui du AIC. Enfin, Ie dernier chapitre decrit

deux applications reelles. La premiere application emploie notre algorithme de selection

de modeles, propose au chapitre I, pour la segmentation des cibles de type vehicule dans

les images SAR. La deuxieme application traite de la detection des cibles de type bateaux

dans les images SAR en utilisant 1'algorithme de PNN. Nos conclusions et perspectives

pour de futures recherches sont donnees a la fin de la these.
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Chapitre 1

Estimation de la pdf des

histogrammes d images en utilisant

les methodes directes et EFC

L utilisation du modele de melange pour estimer la fonction de densite de probabilite

(pdf) des histogrammes d'images a attire un grand interet pour la communaute de traite-

ment d'images [2, 63, 55 . C'est du a la capacite des modeles de melanges de representer

chaque mode de Phistogramme individuellement par une distribution simple (composant)

du melange. Cependant, un probleme qui reste non resolu avec cette approche concerne

Ie calcul du nombre de modes dans de tels histogrammes. Les histogrammes d'image sont

"multi-modaux", avec chaque mode representant un objet/region dans 1'image. Dans ce

chapitre nous proposons deux difFerentes methodes pour estimer la pdfd^un histogramme

d'une image en utilisant un modele de melange. Elles out ete specifiquement conQues pour

determiner automatiquement Ie nombre de modes dans Phistogramme.

Dans Ie premier papier, dont Ie titre est Estimation of ]V[ulti-Modal Histogram's

pdf Using a Mixture Model, nous proposons une approche directe a 1'estimation de

la prf/d'un histogramme d'une image. Les approches directes sont celles qui sont basees

sur des criteres ad hoc . Nous developpons un algorithme en combinant 1'algorithme K-

moyennes et la methode du maximum de vraisemblance. Afin de determiner Ie nombre

de modes dans 1'histogramme, nous etudions Peffet du nombre k de groupements initiaux
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dans Palgorithme K-moyennes sur Pexactitude des parametres estimes par Ie melange.

L etude prouve qu une relation existe entre k et Ie nombre exact M de modes dans

Phistogramme. Afin d'utiliser ce resultat, nous proposons de nouveaux mecanismes et

mesures. En outre, nous adaptons Palgorithme du PNN pour lisser les histogrammes

bruites. Le principe de 1'algorithme PNN est presente en detail dans la deuxieme partie

du chapitre III. Le papier presente dans ce chapitre a ete public dans Ie Journal of

Neural, Parallel and Scientific Computation [21].

Dans Ie deuxieme papier presente dans ce chapitre, dont Ie titre est A New Model

Selection Scheme for Histogram's pdf Estimation, nous proposons une differente

approche pour Pestimation de la pdf des histogrammes d'images. L'approche peut etre

classee dans la categorie des methodes de selection de modeles model selection^ puisque

nous estimons les parametres du melange pour differents nombres de composants et

choisissons finalement Ie nombre de composants qui approche mieux Fhistogramme. Nous

avons ameliore 1'approche classique en nous servant de la relation entre k et M. A cette

fin, nous proposons de nouvelles mesures pour Ie taux du bon ajustement (goodness of

fit). Ce travail a ete public dans IASTED, International Conference on Artificial

Intelligence and Soft Computing (ASC 2001) [17].
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ABSTRACT: A general model for estimating the pdfofa gray-level image histogram
is reported. The histogram's pdf'is approached by a mixture ofGaussian distributions.
The originality of this work lies in the determination of the number of components in
the mixture, which is considered a<s a parameter of the model and is determined using a
novel algorithm. For this purpose, the model is divided into three parts. Firsfc, we use
the k-means algorithm to set the initial values for the parameters of each component
in the mixture. Our contributions are the determination of an appropriate number of
clusters in the k-means algorithm and a novel algorithm for eliminating false clusters.
Finally, the values of tlie parameters are refined using the EM algorithm. The model
has been validated on both artificial and real image histograms.

<
1. INTRODUCTION

Estimation of a histogram's Probability Density Function {pdf) is one of the fun-
damental operations involved in image processing. It is also a difficult operation.
A histogram is usually composed of several modes, each of which corresponds to a
class of objects. Often, segmenting an image means separating the modes in the
histogram. One of the major difHculties in estimating a histogram's pdf'is that there
may be several overlapping modes in tlie histogram (see Figure 1). The existence of
such overlapping modes makes it impossible to use popular parametric forms of pdf
to estimate each mode in an isolation. The mixture model is the appropriate one for
approaching histograms with overlapping modes.

Mixture models, particularly Gaussian mixture models, have recently attracted
wide-spread attention in the neural network community. They have shown better
data classification capacities than many conventional neural network models such
as layered networks trained with the Gradient Back-Propagation algorithm. The
appeal of Gaussian distribution in the mixture is attributable to a large extent to
the applicability of the EM (Expectation Maximization) algorithm (Dempster 77).
However, two conditions must be satisfied in order to optimize the use of the EM
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algorithm. First, a rough esfcimatiion of the number of modes in tlie mixture must be
available in advance, and second, accurate initial values for the parameters of each
component in the mixture must be known in order to start up the EM algorithm.

Gaussian mixture models can be considered as forms of the Radial Basis Function
problem (Bishop 95), where each basis function is a Gaussian. Thus, the number of
basis functions (the number of components in the mixture) can be computed using
methods based on the MDL (Minimum Description Length) (Tenmoto'96), combined
with pruning techniques (Leonardis 98). On the other hand, determination of the
number of components in the mixture can be treated as a model selection problem
using cross-validation techniques (S tone 94) and Bayesian methods (MacKay 92).
Moreover, Zhang (Zhang 1990) considered determination of the number of compo-
nents in mixture models as a cluster validation problem and developed a formal way
to estimate this number using the AIC criterion (Akaike 1973). The main argument
against these algorithms is tlieir computational complexity. In this paper we are in-
terested in direct methods based on "processed data knowledge" (histograms). One
such method seeks to estimate the number of components in a mixture by computing
the number of inflection points in the histogram (Malachlan 88) (Ziou 93). Estima-
tion using such an approach, liowever, is subject to distortion due to noise in the
histogram.' In this paper, we propose a new algorithm based on a direct approach
(processed data knowledge).

The proposed algorithm estimates the number of components in the mixture and
the initial values for the parameters of each component before running the EM algo-
rithm. We have developed a general model composed of three steps. First, tlie model,
pre-processes input data using tlie k-means algorithm (Mac Queen 67). Tlie k-means
algorithm performs unsupervised learning in order to find centers of clusters which
reflect the distribution of the data points. Our contribution here is the determination
of an appropriate number of initial clusters in the k-means algorithm so that all the
modes can be accurately located for a large class of histograins. Then, in the second
step, we propose an algorithm, based on the Gaussian characteristic/s, for eliminating
false clusters. The final step involves parameter refinement using the EM algorithm.
The first two steps result in accurate initialization of the mixture parameters, which
helps keep the EM algorithm from falling into local minima.

The rest of this paper is organized as follows. Section 2 deals witli an overview
of our model. Section 3 is devoted to solutions to the problems of determining the
number of initial clusters and eliminating false clusters. Section 4 deals with the use
of the EM algorithm. The experimental results yielded when our moclcl is applied to
artificial and real histograms are presented in Section 5. Finally, section 6 presents
our conclusion.

2. GRAY-LEVEL IMAGE HISTOGRAM
AS A pdf

A gray-level image histogram can be represented by a function, h(x), x € Gl^ of the
gray-level frequencies of the imago, where Gl^ = {0,1, ...,N - 1} corresponds to the
gray levels of the image. When a given image contains more than one object/region,
each of them will appear as a mode on the histogram of the image (see Figure 1).
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This type of liistogram is called "multi-modal". However, when objects/regions in
the image heve close gray-level averages, they may overlap to give a single mode.
Our liypothesis is that each mode corresponds to a Gaussian distribution. This is
acceptable in a large number of practical applications.

c')

Figure 1: a) An artificial histogram generated from a true mixture of three Gaussians. b)
& b') An optical image and its histogram. c) & c') A typical radar image and its histogram

Let us consider a multi-modal histogram h{x) with M modes. Each mode is charac-
terized by a vector of parameters denoted by 9 (since the distribution is Gaussian,
we have 0 = (fi, or), where // and cr, are respectively, the mean and the width of the
Gaussian). There exists a normalized representation of h(x), denoted by hz(x) such
that h,(k) = ^W^ (k € GIN). Since E£o' M») = 1 and h,{i} > 0, h,(x) can be

2-/i=o A(*)
approached by a pdf denoted by p(x).
Tlie reason for considering the histogram as a pdf is the possibility to use standard
pdf estimation methods. Indeed, since the histogram possesses M modes, each of
which corresponds by the above liypothesis to a Gaussian distribution, p(x) can be
approached by a mixture model so that:

M
p{x/0)=^p,G,{x/e,) (1)

J=l

with the restrictions Pj > 0 and E^ii-Py = 1 (j = 1,...,M). ^ are the mixing
parameters. 6 denotes the vector of parameters 0j and 9j the parameter of the jth

distribution. Gj is the jth distribution of the mixture given by G{x) = /1 _,e 2<J .
We use the notation p{x/0) to emphasize the dependence of p(x) on 6.

The literature abounds with work on the use of mixture models, particularly the
Gaussian mixture which is well suited to approximate a wide class of continuous
probability densities. The use of Gaussians is favored due to the applicability of
the EM algorithm, which maximizes a likelihood function. The technique used to
maximize the likelihood function is based on the choice of 6 most likely to give rise
to the observed data. For analytical convenience, this is equivalent to minimizing
the log-likelihood function, the minimization of the log-likelihood leads to the EM
algorithm (Dempster 77).

There are a number of difficulties that must be overcome when using" mixture
models for pdf estimation. The two major difficulties concern the determination
of M, the number of components to use in tlie mixture, and the initial values for
the parameters. The standard model as defined in equation (1) does not include
procedures to estimate M, but in contrast requires a fixed value of M. The estimation '
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of the number of components in a mixture is an important problem which has not
been completely resolved (MacLachlan 1988). The EM algorithm requires accurate
initial values for the parameters, otherwise severe problems arise due to singularities
and local minima in tlie log-likelihood function.

In this paper, we focus on the determination of both the number of modes in tlie
histogram and accurate initial values for each component's parameters in order to
optimize the use of the EM algorithm. '

3. AN OVERVIEW OF OUR MODEL

Figure 2 shows a block diagram of tlie model comprised of three major steps. Our
contribution resides in the first two steps, which constitute of a robust procedure for
initializing the mixture parameters.

Input

Salting of mlirtw*
ptnmtttf

•nirnn.i llgoflthm

Hlttogram amoolhlng

PNN algorithm

->
Elimination of

fair clualer*
-^

Refln»m«nt of th*
••thhatnd paranrtT*

E-M algorithm

Output

panmnten

Figuro 2: A block diagram of the proposed modol

In the first step, an initial estimation of the mixture parameters is done using the
k-means algorithm. This algorithm computes the center of each Gaussian in the
mixture. In order to approximate each mode by at least one Gaussian, the clustering
algorithm is applied with a number of clusters K greater than M the number of modes
in the image histogram. Determination of an appropriate number of clusters is dealt
with in the following subsections. The next step mainly concerns the elimination of
false clusters that might result from the k-means algorithm. We propose a proce-
dure utilising the Gaussian pdf function. Before proceeding with the elimination, a
smoothing operation is performed on the histogram using a PNN (Probabilistic Neu-
ral Network or equivalently Parzen Window) (Parzen 62). While this operation is not
essential in all cases, it greatly increases the robustness of our model against noise
(especially when applied to radar images). Finding the optimal smoothing parameter
for the PNN is another interesting question that we have studied (Jiang 1998); we will
summarize our basic approach in this paper. Finally, the EM algorithm is applied to
the estimated parameters.

3.1. The number of clusters in k-means algorithm

Unsupervised learning and clustering methods offer useful pre-proccssing techniques
for solving classification problems. These techniques can also be used to estimate tlie
means of components in mixture models. Indeed, clustering methods make k possible
to find the set of centers which most accurately reflect the distribution of the data
points. The k-means algorithm is one of suitable algorithm for this purpose (Moody
89). However, use of the k-means algorithm requires setting of K, the initial number
of clusters. K should be, set accorfling to some a priori knowledge about t.lie data
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to be processed. In the case of image histograms, this knowledge basically concerns
a rough estimate of M, the number of modes. The question is: how to clioose the
number of initial clusters such that the k-means algorithm accurately finds the center
of each mode.

To our knowledge,, a formal answer to this question is not available in the literature.
Thus, to initialize an appropriate number of clusters, we have designed the following,
experimental procedure: First, for each of the possible numbers of modes M = 1, ..., 5,
we randomly generate a set of 10000 artificial histograms containing M modes. The
aim of this experiment is to find, for all the histograms with a given number of modes,
the average value of the initial number of clusters, K, for which the k-means algorithm
finds the true center of each mode. For this purpose, we propose an error function
to measure the quality of the set of clusters computed. This is an average of the
distances between each of tlie true centers p,j (which are known in this experiment)
and the nearest center y(ftj) computed by the k-means algorithm:

1 ^,
err = -h E 11^- - yW>

7=1
(2)

Figure 3: Average error E{err), a,u indicator of the performance of the k-means algorithm,
as a function of M and K. E(err) is calculated over 10000 histograms. A subset of 15000
points has been generated according to each histogram with different values of K, the
number of clusters.

Figure 3 sliows a very interesting relationship between the number of clusters, K,
the number of modes, M, and the precision of the approximation. The average
error E(err) in this figure is calculated over the 10000 random histograms for each
combination of M and K. We note that it is very small when K is chosen to be at
least M + 4. This itself is an important result concerning the k-means algorithm.
We further note that the choices M + 2 or M 4- 3 are also good candidates for K.
Consequently, when applied to real images, it is not necessary to impose a very strict
condition on the accuracy of the estimation of M. For example, if according to some
prior knowledge we know that M < 4, then K = 6 is a very good choice in most
cases.

3.2. Elimination of false clusters

The clustering algorithm was initialized a priori with a number of clusters greater
than the number of modes in the histogram to ensure that the center of each mode
would be located. However, the price paid for this insurance is the presence of false
clusters along with the true ones. These false clusters must be eliminated, keeping
only true clusters.
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In general, false cluster elimination could be approached using regulation-based
methods. For example, we can introduce a penalty term in the likelihood function
to be optimized (Ormoneit 93). In this paper, false cluster elimination has been
approached in a more direct way. The procedure is based on the symmetry property
of the Gaussian. Indeed, a cluster is true if its center separates a mode, on a certain
interval, into two equal parts.

The elimination procedure proposed here depends on two parameters, ft and 7. f3
is related to the relative level of the histogram at which the symmetry is measured.
It specifies the percentage of the histogram height h{yj) for any cluster center yj. In
practice, /? can be as large as 0.975 and as small as 0.5. A large value of (3 such as
0.975 means that the symmetry is measured almost at the top, while a small value
such as 0.5 means that the symnietry is measured in the middle. The parameter ft is
closely related to the concept of "limit" introduced in (Ziou 93).

The parameter 7 also plays an important role in our procedure. 7 is used as a
threshold on the acceptable deviation between the true center and the closest center
of the cluster computed by the k-means algorithm. If the deviation, theoretically
written as \\p.j — yj\\ is greater or equal to 7, then yj is rejected. In real applications,
/2j are unknown. Thanks to the fact that a true center divides a mode into two
symmetric parts, an equivalent test can be performed without knowing the position
of the true center. If horizontal line is plotted at the level f3h(yj) (see Figure 4), it
is sufficient to measure the absolute value of the difference between the horizontal
distance from the point {yj,Ph{yj)) to the first intersection point with the histogram
at left (denoted by Pieft), and fc^e distance from the point (yj,0h(yj)) to the first
intersection point with the histogram at right (denoted by Fright)-

Figure 4: The principle of the deviation 7

Now we want to know the reasonable values for 7. To answer this question, we Iiave
designed an experiment using the same set of data used in Figure 3. The goal is to
measure the deviation between the true center and the closest center found by the
k-means algorithm, for each combination of M and K. To do this, we have adopted
a tolerant (rather than conservative) approach. To be more precise, we measure the
maximum deviation. The result of this approach is the largest, possible value for 7.
Table 1 illustrates the result obtained for each combination of K and M. Table 1 is
useful for assigning values to 7. Note that if the number of modes M is unknown,
one can take the maximum value of 7 corresponding to the number of clusters used.
The algorithm for false cluster elimination is given as follows:
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M/7<
1
2
3
4
5

1
8

2
12
20

3
8

11
16

T
7
9
11
13

5
6
8
9
10
11

6

7
8
9
9

7

7
8
8

8

7
7

9

6

Table 1: Values of 7 in relation with M and K

• Choose a cluster yj to test.

• Find the two distances die/t and dright on the line 6 = 0h(yj) from (i/j, l3h(yj))
to the nearest intersection points on both sides, i.e. P^e/t and bright-

• If \\dleft — <i'right\\ < 7> keep the cluster, else eliminate the cluster.

To conclude tlie initialization, we use tlie following known formula to set the values
of the variance aj and tlie mixing parameter Pj such that:

^=^En.^ns
N.J xeSj

p,=^U3~7i

where Sj is the jth data set obtained by application of the nearest neighbor classifier,
Nj is the total number of points classified in <Sj, and N is the total number of points.

The first two steps of our model, namely the k-means algorithm and false cluster
elimination, allow us to initialize all the parameters of the mixture. Following this
initialization, the EM algorithm can be applied to refine the values estimated for the
parameters of each component.

<>

4. EXPERIMENTAL RESULTS

In this section, we show tlie results of our model for the three histograms illustrated
in Figure 1. For each histogram, we show the results of the k-means algorithm
and false cluster elimination, the initial parameter values used as input to the EM
algorithm, and the final parameter values output by it. The k-means algorithm was
applied over 10000 iterations. Results are presented in Tables 3, 4 and 5.

4.1. Artificial histograms

The artificial histogram in Figure l.a is generated from a true mixture of Gaussians.
Table 2 illustrates its parameters.

This histogram represents a case that is typically difficult for all algorithms'. Indeed,
it contains a large mode next to a small one. The large mode will tend to monopolize
more than one cluster of the k-means algorithm. Moreover, the histogram contains
fcwo overlapping modes, which introduces a difficulty for the elimination of false clus-
ters. For this example, the value of 0 should be closer to one in order to detect the
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Modes
1
2
3

Means
20
60
180

variances
20
10
70

Mixing parameters
0.3
0.3

0.4

Table 2: Parameters of the artificial histogram '

small mode. Indeed, since there is an important overlap between the first two modes,
the test for symmetry should be done above the separation level of the two modes. We
have tested our model with K = 5,6,7 for two different values of f3, namely ft = 0.97
and /3 = 0.975

For the case of K = 5, our model accurately finds each parameter of the mixture
for bofch values of /3. Table 3 summarizes the estimated parameter values. First of
all, we can see that the k-means algorithm ("k-means" column in Table 3) finds the
centers of the modes. The false cluster elimination procedure ( "before EM" column
in Table 3) suppresses all false clusters (clusters represented by a dash). Finally,
using the initial values of the parameters obtained from the first two steps, the EM
algorithm can easily find tlie final values of the parameters.

Cluster
1
2
3
4
5

k-means

^
19.5
64.4
115.9
174.1
222.9

before EM
^

19.5
64.4

174.1

ai
10.7
18.4

39.0

-5:
0.23
0.44

0.33

after EM
P-3

19.9
60.4

179.1

aj
20.0
9.1

69.8

_PL.
0.29
0.30

0.41

Table 3: Result of our model on the artificial histogram, K = 5 and ft = 0.97.

For the case of K = 6, our model accurately finds each parameter of the mixture for
/? = 0.97. The final estimated parameters resemble those of the case with K = 5
and f3 = 0.97 (see Table 4). However, when /? =0.975, one real cluster is suppressed
by the elimination procedure. Table 4 summarizes the estimated parameter values.
The k-means algorithm finds the centers of the modes, unfortunately, the elimination
procedure suppresses the first real mode /A = 17.13 (first dash in the "before EM"
column of Table 4).

For the case of K = 7, our model accurately finds each parameter of the mixture for
ft = 0.975 (the table is not given). The final estimated parameters resemble those of
the case with K = 5 and ft = 0.97 (see Table 3). However, when /? = 0.97, two false
clusters, namely p, = 165.12 and ^ = 210.77 (clusters 5 and 7), cannot be suppressed
by the elimination procedure (see Table 5).

Figure 5 gives a graphic comparison of the original and reconstructed histograms for
the cases illustrated in Tables 3, 4, 5.
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Cluster
1
2
3
4
5
6

k-means

P-j
17.13
55.32
94.79
147.81
186.97
215.97

before E]V
P-j

55.32

186.97

-SL

20.53

90.41

-5-

0.41

0.59

after EM
P-3

49.96

182.76

_0j_

22.56

73.63

3L
0.61

Q.39

Table 4: Results of our model on the artificial histogram, K = 6 and ft = 0.975.

Cluster
1
2
3

.4

5
6
7

k-means

ftj
18.71
45.25
63.61
112:18
165.12
185.92
210.77

before E^
JtL

18.71

63.61

165.12
185.92
210.77

^
9.43

18.84

11.54
33.87
15.12

~s_
0.21

0.33

0.11
0.24
0.12

^
17.33

54.18

145.76
182.82
221.30

ifter EM
a3

15.04

11.54

10.03
46.06
17.70

-PL
0.26

0.34

0.004
0.38

0.00028

Table 5: Results of our model on the artificial histogram , K = 7 and ft = 0.97.

J
""1

b) c)

Figure 5: Reconstruct.ion of the estimated histograms. a) K = 5, ft = 0.97, MSE =
0.0025, b) K=6, 13 = 0.975, MSE = 0.013, c) K= 7, /? = 0.97, M5E = 0.0096

4.2. Estimation of the pdf of real image histograms

A major difference between artificial and real histograms is the presence of noise
in real histograms. The false cluster elimination step in our model is sensitive to
noise. Thus, in order to increase its robustness against noise, a smoothing operation
is performed. Note that the k-mcans algorithm is not sensitive to noise.

There are many classical algorithms that can be used to perform a smoothing op-
eration. Indeed, since noise corresponds to high frequency signals, Fourier transform
analysis of the histogram can be used to suppress high frequencies (noise). Another
simple method is to use low-pass filtering. We have chosen the PNN to perform
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the smoothing operation because it is easy to tune it for the trade-off between noise
suppression and mode conservation. Moreover, the PNN is an algorithm that can be
used to compute non-parametric pdf. Indeed, the PNN is now used as a pdf est'imabor
in an application involving ship detection (Jiang 98).

The PNN is an algorithm which computes the Parzen window pdf (Parzen 1962).
It is a kernel-based non-parametric estimation method and is particularly appropriate
when the data are intensive, as in our case. The resulting pdf is a mixture of kernels
superposed on each input point, weighted by the normalized original histogram hz{x}
(x = 0,---,JV — 1). When Gaussians are used as kernel windows, the resulting
PNN-pdf will depend on the width a of the Gaussians. a in this case controls the
smoothness of the resulting PNN-pdf, denoted by hs{x) (smoothed histogram) which
is given by:

h^x) == ^h,(z)^G(i,a){x) (3)
t"=0

where hz(x) (x = 0,..., N — 1) is the normalized histogram, and G(i, ir) is a Gaussian.

4.2.1. Estimation of a

There are no formal ways for choosing a: the choice depends on the application in
question. In our case, /i., should satisfy two major conditions. First, hy should be an
accurate estimate of h^. Second, h, should be smooth. We have developed a selection
criterion for setting the value of a in order to satisfy these two conditions, namely
the value which leads to the minimum value of the error Ep given by:

Ep=Ey+^h,.

Here Eq is the quadratic error Eg = \/S^=ol(^2(z) ~ ^(z))2- ^2 an(^ ^ respect.ively,
are the original and estimated histograms. Tlie second term of Ep introduces a penalty
term that punishes any estimated histogram which tends to oscillate., A/i, is the sum
of absolute value of the differences between two consecutive values of /i, and is given
by A/i, = Z^=i1 ||^.s(^) — h/,(n — 1)||. r/ expresses the penalty rate.
For a specific database of SAR images, we can estimate a statistically optimal value
of a. The experiment was performed on a database of 200 radar images. For each
image, the best value of a which minimizes Ep was computed.

Figure 6.a illustrates the mean error M(Ep) calculated over the 200 images for'
each value of a. The minimum mean error was obtained for a = 2.5. Figure 6.b shows,
for any given value of (T, N(a) the number of images that give rise to the minimum
error. Figure 6.b provides information about the distribution of the number of images
versus the best choice of a. In our experiments, the concentration of this distribution
was around a == 2.5.

4.3. Radar image histograms
.*

As an application to real histograms, our model was used to estimate the pdf of the
radar image histogram illustrated in Figure l.c. Such an application has a direct
interest for radar image segmentation (El Zaart 1998). Indeed, mixture parameters
are used in algorithms which directly give the thresholds required for segmentation.
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a) b)

Figure 6: Results of the experiment for estimating the best value of the width a to perform
a smoothing. The experiment was performed for a = 0.5 to 9.5 with a step of 0.5 and rj = 1.
a) Mean error, b) Number of images tliat give rise to the minimum error.

The value of ft was set to 0.97, since the presence of overlapping modes meant the
test of symmetry should be done at a high level. It is clear that for small values of /3,
the small mode would be suppressed. The histogram in Figure l.c was smoothed with.
a width value a = 2.5. The k-means algorithm was applied with number of clusters
K = 5. The Results of eacli step of the model are illustrated in Table 6. Figure 7
shows the reconstructed histogram.

Cluster
1
2
3
4
5

k-means

^
53.73
96.48
124.35
165.63
208.39

before EN
J1L

53.73

124.35

_SL
17.40

40.12

~s_
0.21

0.79

after EM

J^_
50.51

130.29

^
19.72

43.06

JRL
0.2

0.72

Table 6: Result; of our model on fclie histogram in Figure l.b, K = 5

J< = 5 or K == 6 might be good choices for most radar images. Our experiments on
quite a number of radar images actually confirm these choices. Figure 7 also shows
that there are significant differences between the form of a mode in a radar image
histogram and the form of a Gaussian pdf. Indeed, a mode in a radar image histogram
is not symmetric, particularly if the number of looks is small. Such a mode is best
approximated by an asymmetric pdf function such as the Gamma function or the
A-function. Thus, the Gaussian mixture can only provide an approximation of the
radar image histogram. Nevertheless, this may be sufficient for many segmentation
problems (El Zaart 1998). Extension of the present model to improve the mixture of
Gamma distribution is a direction for future investigation.

4.4. Optical image histograms

This section deals with the application of our model fco the histogram of the optical
image illustrated in Figure l.b. Such an application serves to segment the image
in order to separate objects from the background. The modes in the histogram of
Figure l.b. are relatively well separated. Thus, in this case ft can be set to both 0.6
and 0.9. The k-means algorithm is applied with number of clusters K = 9. Table
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Figure 7: Radar image histogram estimation, a) Smoothing the histogram using the PNN
approach with a = 2.5, M SB = 0.00026. b) Estimation of parameters by our model with
K =5 and ft = 0.97, M SB = 0.0011.

7 summarizes the results obtained in each step, with 0 = 0.9. The hisfcogram was
smoothed with <T -= 1.5. Figure 8 shows the rnconstructed histogram.

Cluster
1
2
3
4
5
6
7
8
9

k-means

tl3
15.7
43.2
58.1
94.4
114.5
168.9
189.9
209.0
238.5

before EM
P'j

15.7

58.1

114.5

189.9
209.0

-az-

6.02

14.19

15.13

6.98
3.58

-5-
0.0051

0.1811

0.0032

0.4697
0.3409

after EM
P-3

18.25

57.64

110.13

188.22
208.41

-SL
0.71

3.03

3.16

3.93
3.11

s0.005

0.181

0.0119

0.4620
0.3401

Table 7: Result of our model on the histogram in Figure l.b, K = 9 and (3 = 0.9

Our m6del could nofc detect the small modes located in the middle of the hislogram.
However, it was perfectly able to separate the large modes in order to facilitate the
extraction of parainehor.s r<*quircrl for SRgmcnfcation.

Figure 8: On optical image liistogram estimation, a) Smoothing the histogram using the
PNN approach with a == 1.5, M SB = 0.00011. b) Estimation of parameters using our
model with k =9, ft = 0.9, MSE = 0.00089.
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5. EVALUATION OF THE ALGORITHM

In Section 4, we tested our algorithm on both artificial and real histograms. The
results are encouraging, however they cannot reflect a general evaluation of the algo-
rithm itself. Thus, it is necessary to evaluate our model on several histograms. In
this section, we will perform two of evaluations. The first evaluation concerns the
capability of our model to find the exact number of modes in the hijstogram, inde-
pendent of the EM algorithm. This will give us an idea of the capacity of our model
to serve as an estimator of the number of modes in a multi-modal histogram. The
second evaluation, highlights particularly the effect of false cluster elimination on the
performance of our model.

5.1. Experimental data

For both evalnatiions, wo us? a procwlurc similar to the experiment; in Scct.ion 3.1.
However, the generated data (artificial histograms) have to saUsfy cert.ain uonditions.
The aim of these conditions is to ensure that the basic hypothesis that the distribution
of each mode is a Gaussian is satisfied. .Thus, the generated modes should not totally
overlap, in order to maintain the Gaussian distribution behavior. The conditions are
given in (Aitnouri 99).

5.2. Estimation of the number of modes

This evaluation aims to determine the preprocessing capability of our model to find
the exact number of modes in the histogram. For this purpose, it is sufficient to
use only the k-means algorithm followed by the false cluster elimination procedure,
without computing the final values of the parameters. This experiment is different
from that in Figure 3. Indeed, Figure 3 deals only with the quality of the centers
estimated by the K-means algorithm in relation with the number of initial clusters.
The results of this evaluation are presented in Tables 8 and 9 for a number of com-
binations of M and K. Table 8 shows the percentage of cases in which the exact
number of modes is found. We are also interested in cases where our model makes an
error of one mode. Table 9 shows tho percentage of cases in which our model finds
an number of modes fchafc is different of one from the exact number of modes.

MJK
1
2
3
4
5

1 2
100

3
91.
49.

3
9

^
54.
55.
42.

7
2
7

5
45.2
57.1
46.9
26.7

6

46
51.
31.
21.

.6

.6

.4

~7

39.
43.
29.

6
5
3

8

40.
32.

5
4

9

19.5

Table 8: Percentage of cases in which our model finds the exact number of modes with
P = 0.96, in relation with M and K

A number of remarks can be made regarding the two tables. First, it appears that the
performance of our model decreases with the number of modes. This is reasonable
because when the number of modes is large, the chance of having overlapping modes is
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higher. We believe the number of bins in the histogram (or equivalently the number of
gray-levels) affects the results because it influences the "separability" of the randomly
generated modes. In all of our experiments, the histogram has 256 bins.
Secondly, from Table 8, we can see that M + 3 is a good choice for K, although
M 4- 2 and M 4- 4 are not too bad. This agrees fairly well with the results presented
in Section 3.1.
Thirdly, although the best performance on detection of the exact numiber of modes
(for M = 2,3, 4) is around 50%, it; should be noted that when an error of one mode
is allowed, the percentage rises beyond 80% for many M/K combinations. Moreover,
note that the situation in which our model detects one extra mode, constitutes 73%
of cases in Table 9.

Both the 50% for exact detection and the 80% for detection witli a possible error
of one mode are encouraging if we consider the fact that our approach is based on
the k-means algorifclim wliicli is not designed to automatically determine the number
of modes. Note that, the detected clusters correspond to fche true modes of the liis-
tograms, since their parameters, particularly the centers, are well estimated and their
quality was dealt with in section 3.1.

^I/K
1
2
3
4
5

1 2
0

3
8.7

50.1

4
35.3
43.5
45.1

5
45.8
39.4
40.9
34.3

6

31.8
41.5
36.2
21.1

7

43.1
38

15.7

8

41.1
20.3

9

27.2

Table 9: Percentage of cases where our model finds t lie real number of modes plus or minus
one mode with 0 = 0.95 in relation with M and K

5.3. Evaluation of the model <<,

Our model improves the EM algorithm, however it would be imfair to compare di-
rectly our model witli the EM algorithm (with any pre-processing) since the latter
requires initial values for tlie parameters. For this reason, we make use of tlie k-means
algorithm to set the initial values before the application of the EM algorithm. Con-
sequently, the comparison will reflect basiclly the effect of false cluster elimination.
Figure 9.a and Figure 9.b show the results of the comparison for a sample of 10000
liisfcograms. For each histogram, we applied botli methods, and for oacli nictihod we
computed the MSE between original and estimated histograms. Then we graphed
the number of histograms having a given error as a frequency plot. This allows us
to identify the error around which each model is concentrated. We remark that the
error around whicli our model is concentrated is significantly less than for the classical
method. This shows the robustness and the accuracy of the false cluster oliininatiQn
procedure.

6. CONCLUSION

The proposed model significantly reduces the need for human intervention in initial-
izing the parameters in mixture models. Strictly speaking, it requires only that the
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Figure 9: Frequencies of estimated histograms resulting with a given error x 4.10- . a)
Histograms estimated with our model (Average Mean Square Error: AMSE = 0.0132),
b) Histograms estimated with classical method (Average Mean Square Error: AMSE =
0.0308).

parameter (3 be specified in order to adjust the model's sensitivity to small modes
luing beside a large mode. This is clearly a parameter that depends on the appli-
cation in question. This new model offers a promising alternative to systems based
on histogram processing, siiicR ih is an automatic procedure that rRpresents a whole
image signature (histogram) with only a few parameters. The model is robust w.r.t.
the estimate of the number of modes M and the presence of noise. A wrong estimate
lias only a slight effect on the performance of the k-means algorithm, mainly in terms
of execution time. The elimination step suppresses most false centers, which greatly
facilitates the task of the EM algorithm in the last step.

There are a number of interesting alternatives to the choices made in this model.
For example, we could use a more advanced data clustering algorithm such as fuzzy k-
means rather t,he k-mcans algoritlim. Tlie k-meaus algorithm lias been chosen mainly
for its simplicity. Another example is the tolerant choice of the parameter 7 for testing
the symmetry of a model (Section 3.2). Other choices (conservative, or statistical
average) are equally valid. The smoothing operation could also be performed using
many other techniques. Although all these alternatives offer interesting directions for
further works, the most urgent step is to extend the model to a mixture of Gammas,
in order to deal with many images whose histograms are not mixtures of Gaussians.

The results obtained suggest that it is possible to make an efficient use of fche
k-rneans algorithm to initialize the number of modes in a mixture model. Finally
we mention that further investigation is needed to make the model easier to use.
In particular, there should be some way to set the value of f3 in order to avoid the
manual choice now required. The relation between M and K also needs to be further
clarified. In fact, although K =M +3 seems to be a very good choice, the formula is
not necessarily applicable since M may be unknown in practice. How does the model
behave when only an estimate of M is available?
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Abstract

A new algorithm for estimating grey-level image his-
togram's pdf is presented. The histogram's pdf is ap-
preached by a mixture of uni-variate normal densities.
The algorithm described in this paper does not assume
that the number of modes in the histogram is known
in advance. Rather, it is considered as an unknown
parameter and is determined by the algorithm. The
algorithm results from combination of a model selec-
tion method and a direct method. New measures of
similarity between real modes in a histogram and the
estimated mixture components have been proposed to
guide the selection process. The advantage of the algo-
rithm over conventional model selection methods, is the
maximal exploitation of the k-means algorithm. The
algorithm has been evaluated and compared to equiv-
alent algorithms of the literature, and has given good
results.

1.0 Introduction

One of the most useful and yet the simplest tools in
digital image processing is the grey-level image his-
togram. A histogram summarizes the grey-level con-
tent of an image. It allows implementation of very fast
image processing algorithms. However, in many real
applications, we need to estimate the histogram's pdf.
A major difficulty in performing the pdf estimation is
that there may exist several overlapping modes in the
histogram. The use of mixture models is needed in or-
der to approach such a pdf. Indeed, a mixture model
is composed of several components, each of which may
correspond to a mode in the histogram. The applica-
bility of mixture models relies, to a large extent, on
the technique of maximization of a likelihood function.
However, the use of mixture models encounters a num-
ber of dif&culties, among them the choice of the number
of components in the mixture. This problem is known
as "cluster validation" [1].
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Determining the number of components in a mixture
of distributions is a difficult problem, since separation
between clusters is generally fuzzy. In the literature,
there are two different types of methods for cluster val-
idation: model selection methods and direct methods.
Model selection approaches are based on the explo-
ration of different number of components until they find
the best one that fits the observed data. For each mix-
ture of K components, initial separation of the input
data in different clusters is performed using a cluster-
ing algorithm (in most cases the k-means algorithm).
Then, the effectiveness of the model of order K is mea-
sured using an information criteria {1C) [2] [3] [4] [5] [6].
The best model is for which a peak, a valley or a knee
appears in the 1C error plot as K varies [7] .
Direct methods, on the other hand, are those algo-
rithms that explicitly exploit certain geometric proper-
ties by using graphical tools or visual inspection. These
algorithms are often based on ad-hoc principles and
their performance depends on the application data in
hand. We can cite estimation of the number of com-
ponents via the inflexion points of the histogram [8].
We have also proposed a direct method recently [9].
The method, named EFC (Elimination of False Clus-
ters), makes use of symmetry information to estimate
the number of modes versus components in gray-level
image histograms.

In this paper, we propose a novel algorithm for esti-
mating a histogram's pdf, inspired from both the model
selection and the direct approaches. Indeed, the new
algorithm basically utilizes model selection scheme for
exploration of numbers of components. This increases
chances to find the exact number of components. How-
ever, the difference between the new method and a
model selection method lies in the transition between
the model orders. Indeed, conventional approaches
suggest random suppression of one cluster when mov-
ing from order K to order K — 1. Actually, assignment
of clusters in the model of a given order is done by
running the k-means algorithm. In the new approach,
the suppression is no longer random, but is subject to



formal measures. Indeed, we associate to each esti-
mated component a weight measuring the "goodness
of fit". Thus, the component to be suppressed is se-
lected according to its weight when moving from order
K to order K — 1. We also introduce an error function
allowing the choice of the model which best fits the
observed data. The measures introduced in this paper
are based on the EFG procedure.

2.0 Image Histogram as a pdf

A gray-level image histogram is a function, h{x), x G
Gl^i and represents the gray-level frequencies of the
image, where GIN = {0,1,.. -,N — 1} corresponds to
the gray levels of the image. When a given image con-
tains several objects/regions with different gray levels,
each of them may appear as a mode on the histogram of
the image. Such a histogram is called multi-modal".
However, when objects/regions in the image have close
gray-level averages, they may overlap to give a sin-
gle mode. A mode in a histogram may have different
forms. We make the hypothesis that each mode corre-
spends to a Gaussian distribution.
Let us consider a multi-modal histogram h(x) [x G
GIN) with M modes. There exists a normalized repre-
sentation of h{x), denoted by hz{x) such that hz(k} =

h(k) ^7V--1
^^'^^ ^k c GIN^- since Ei=o±^(t) == iand
2^.=o rt{'t)

hz{i) :> 0, hz(x) can be approached by a pdf denoted
by p{x~). By hypothesis, each of the M modes corre-
spends to a Gaussian distribution, consequently, p{x)
can be approached by a mixture model so that:

M
P(2;»7) =5^' ^•(2;. ^')

J'=l

(1)

where /j(.) is the jth normal distribution with param-
eter 6j = {p,j, aj) representing respectively the mean
and the width (standard deviation) of the jth com-
ponent; KJ {j = 1,..,M) are the mixing parameters,
with restrictions that KJ > 0 for j = 1,..,M and
Y^j^Kj = 1; and 7j ==: (6j, Kj) totally describe
p(a;,7). In the following, we use the notation T{x,^j)
to describe the jth component of the mixture. The
estimation of the histogram's pdf amounts to the esti-
mation of the mixture parameters 7j.

3.0 Related Works

Most of the algorithms in the literature dealing with
the estimation of mixture parameters are based on the
maximum likelihood (ML) technique. The technique
used to maximize the likelihood function aims to find
a solution denoted by 7, most likely to give rise to the

observed data. However, due to the structural com-
plexity of mixture models, most of the ML procedures
are numerical and iterative, resulting in only locally
optimal estimates. The accuracy of the final estimate
7 depends heavily on the initial values of 7. Particu-
larly, the way in which the number of components M. is
chosen in the mixture. This problem is known as clus-
ter validation [1]. Algorithms dealing with the cluster
validation problem can be classified into two broad cat-
egories: direct methods and model selection methods.

3.1 Model selection methods
The philosophy of these techniques is quite simple.
Rather than asking how many clusters are really there,
we ask which model, parameterized by K, the number
of clusters, best fits the data. However, one should al-
ways try to find the minimum number of components
describing a pdf, to avoid over-fitting" the observed
data. In the case of mixture models, we can generate
K max models, where K 'max is given by the user. The
selection of the best model can be seen as a "model
selection problem, since there are Kmax competing
models. To choose among them, researchers have de-
veloped a number of information criteria {1C). These
include Akaike's information criterion (AIC) [2], the
partition coefficient (PC) [3], the ICOMP [4], the min-
imum description length (MDL) [5] and the minimum
message length (MML) [6]. Most of them are composed
of two parts. The first part concerns the "goodness
of fit", usually computed using the ML. The second
part deals with penalization, which employs an expres-
sion that essentially depends on the number of com-
ponents. A general expression of a criterion IC{K}
{K = 1, .., Kmax) is given by:

IC{K)=-aLK+gW (2)

where a is a scalar, LK is the log likelihood of the
model of order K, and g{.) is an increasing function
depending on K. The best model is the one that min-
imizes 1C \K), namely K = argminKlC{K}. A brief
comparison of the criteria cited above is presented in
[10].

3.2 Direct methods and the EFC algorithm
Examples of direct approaches are those algorithms
that explicitly exploit certain geometrical properties
of the observed data by using graphical tools or vi-
sual inspection. These algorithms are often based on
ad-hoc principles and their performance depends on
the application data in hand. Recently, we have pro-
posed a direct method, called EFC (Elimination of
False Clusters) [9], which is dedicated to univariate nor-
mal densities. In particular, it estimates the number



of modes versus components in gray-level image his-
tograms. The EFC algorithm is basically divided into
two steps. In the first step, initial estimation of the
mixture parameters is done using the k-means algo-
rithm. In order to approximate each mode by at least
one Gaussian, the k-means algorithm is used with a
number of clusters K greater than M, the number of
modes in the image histogram. The next step mainly
concerns the EFC procedure for suppressing false clus-
ters that may result from the k-means algorithm. Basi-
cally, it takes advantage of the Gaussian pdf function.
The EFC allows the suppression of many false clusters.
Thus, it remains only clusters that have correspondent
modes in the histogram. Their number summarizes the
number of modes.

3.3 Discussions
In [11] we have presented a comparison between the
EFC algorithm and an AIC based model selection al-
gorithm. Both of them has its advantages and draw-
backs. Indeed, for the EFC algorithm, the speed is a
big advantage since both the k-means and ML are per-
formed only one time. Another, and more important,
advantage is the quality of the final estimates, espe-
daily the means which are very well estimated. This
is due essentially to the application of the k-means al-
gorithm with a very large K. It has shown in [9] that
the means of the M clusters observed data are very
well estimated by the k-means algorithm if it is ap-
plied with initial number of clusters K > M + 4. This
is the basic principle upon which the EFG algorithm is
defined. However, the drawback of the EFG algorithm
is that it does not explore systematically other models
with different order value. In this sense, the AIC based
algorithm has the advantage of being more robust by
exploring a range of order value K. However, the fi-
nal estimates are not as accurate as those of the EFC.
This is due to the fact that the initialization of the pa-
rameters of the model of order K have been obtained
using the k-means with K initial clusters. This results
in poor estimates of the cluster's means [9].

4.0 An EFC Based Model Selection
Algorithm

Let us consider a M. clusters data, for which we de-
cide to use an 1C criterion to estimate both the num-
ber of clusters and mixture parameters; and suppose
that the 1C method finds the exact number of clus-
ters. Let us now examine the quality of the estimated
parameters. For the model of order K = M, classical
model selection scheme suggests to partition the input
data in K = M clusters using the k- means algorithm.
This procedure allows to estimate the means of clus-

ters. Then, the ML procedure will produce the final
estimates. It is shown however in [9] that best initial-
izations can be obtained using at least K = M + 4
initial clusters in the k-means. Unfortunately, classical
model selection scheme do not integrate such possibil-
ity. To improve the situation, we develop an algorithm
that exploits the k-means. In other words, we first ap-
ply the k-means algorithm with a large number of ini-
tial clusters, and the resulting estimated means will be
kept all along the process of searching the best model.
Indeed, we use at the beginning the k-means algorithm
with Kmax initial clusters. We choose for this pur-
pose a large value of Kmax in order to ensure that the
real centers of clusters are well estimated. We keep
in mind however that the estimated cluster means //,,
j == 1, ..,Kmax, need not to be re-estimated. For the
model of order Kmax 5 we can classify the resulting clus-
ters and compute the remaining parameters, namely a
and K. Then, the ML procedure will produce final es-
timates. Now, when moving to the model Kmax — 1;
we do not re-use the k-means, but just eliminate one
of the K max estimated means. The idea of eliminating
one estimated mean applies to moving from the model
of order Kmax — 1 to that of order Kmax — 2, and so
on.

In order to choose the cluster to be eliminated, we
introduce a new local" criterion based on a com-
bination of dissymmetry and goodness of fit of each
estimated component. The criterion is denoted by
UCW{jY{j = 1,..,^) (Component's Weight). The
component with the maximal CW is considered to be
the less similar to any real cluster, thus needs to be
eliminated.
In order to measure the effectiveness of an order
K model, an error function, denoted by "M-E'(i^)"
(IVIodel Effectiveness) is computed as a sum of CW{j).
ME(K} plays similar role as an 1C. At the end, the
best model is the one that minimizes ME. In this pa-
per, we simply make use of CW to define the model
effectiveness of an order K model, M^E{K) as:

K
ME{K} = ^ CW{k)

fc==l

(3)

4.1 CW principle
The first part of CW measures the dissymmetry of each
component of the resulting mixture in relation with a
real cluster. The measure of dissymmetry proposed
here generalizes the same notion used in the EFC algo-
rithm. Although it is developed for univariate normal
densities, it can be easily adapted for multi-variate nor-
mal densities. The second part of CW is an error func-
tion measuring the " goodness of fit" of estimated pdf



around the particular mode. For a given component

r,, j = i,., K, CW{j) is given by:

CW{J}=\I{LS,-RS,Y+OS, (4)

where LS, RS and 06' are given in Eq. 5. LS{j) and
RS{j) are respectively the left and right surfaces of
the normalized histogram centered around p,j. Their
difference quantifies a local symmetry rate around jUj.
OS is the surface of the overlap between the original
and estimated histograms around p,j.

os =

^=Et,-A.ln(^W)
RS=^+xtTl^h^)

/ESax^(i)-p(i))2
(5)

^—/t=^

where In designs the logarithm. Here, /i^(.) is the orig-
inal normalized histogram and p(.) is the estimated pdf
of the order K model. A depends on the rate of com-
ponent overlap. For a small value of A, the symmetry
is computed at the high of the bell-shape of the Gaus-
sian. Indeed, when A = 1, the symmetry is computed
in the bound [p, — o-, /A + cr]. This decreases dissymme-
try effects introduced by components overlap. We have
used A == 1 in all our experiments. CW = 0 if the jth
component perfectly fits the original histogram, and in
general CW > 0 . The logarithm has been used to
linearize the surfaces. The component with the largest
CW is considered to be the less representative, and
hence eliminated.

5.0 Evaluation of the Algorithm

In this section, we will first test the effectiveness of the
proposed algorithm by applying it to an artificial his-
togram. We then discuss the quality of the estimated
parameters. Concerning the capability of the algorithm
to estimate the exact number of components, we will
use experiments described in [11]. This allows us to
evaluate the algorithm and compare it with an AIC
based model selection algorithm. The comparison will
be done over a large set of artificial histograms, gen-
erated using the non-overlap algorithm introduced in
[12].

5.1 Test on one histogram
Figure l.a shows a six modes artificial histogram gen-
erated from a true mixture of uni-variate normal den-
sities, using the algorithm described in [12]. We have
added a Gaussian white noise of width o-n = 2. We have
superposed in the same plot the estimated histogram.
The latter has been obtained using our algorithm with
K max = 20. K max = 20 is an arbitrary choice. In

fact, any Kmax satisfying Kmax > 10(= 6+4) in this
case gives similar results. Table 1 summarizes both the
original and estimated parameters.

A /9\ Ay\ '

Figure 1: a. Original and estimated histograms, b. the
M.E plot in relation with K.

We see from Table 1 that the mixture parameters are
well estimated, especially the means p, which have been
obtained using the k-means with K = 20 initial clus-
ters. Figure l.a shows the almost perfect superposition
of both input and estimated histograms. Note that the
input histogram contains a significant level of noise.
No smoothing is performed, which proves the robust-
ness of the algorithm. Figure l.b shows the plot of the
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Table 1: Original and estimated parameters

error M.E in relation with the model order K. Here,
the choice K = 6 is logical, since it is the global min-
imum of ME. This is more effective than some 1C
based model selection algorithms in which the model
order is chosen to be the "knee" or the "elbow" in the
error plot [7].

5.2 Test on a set of histograms
Although the algorithm performs well in the example
described above, it is necessary to examine its effec-
tiveness in more general situations. For this purpose,
we use the same experiments described in [11]. This
allows to compare the algorithm with an AIG based
model selection algorithm.
The experiment uses three different sets of 1000 vec-
tors each, generated by the algorithm described in [11].



The first set, denoted CVSi, contains histograms with
one mode. The second set, CVSy, contains histograms
having two modes. The third set, CVSs contains his-
tograms having three modes. The algorithm is applied
with K, =10.

Table 2 summarizes the average ability of the algorithm
to estimate the exact number of components in the non-
noisy sets.

NCE
T
2
3
4
5
6
7

cv~s^~
-AIC~

-54-

42
2
2
0
0
0

TA"

83
13
3
1
0
0
0

non-noisy

cvs^
-AIC-

15
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10
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0

'PA'

6
75
9
6
3
1
0

CVS-2
'AIC'

0
13
51
28
6
2
0

TA-
T
5
74
16
4
1
0

Table 2: NCE=Number of clusters estimated in the
non-noisy sets; PA= Proposed algorithm

First of all, it is clear from table 2 that our algorithm
performs better that the AIC. The performances are
almost 30% better than the AIC for all the three sets.
Our algorithm finds the exact number of components
in an average of 77% of cases, which is a good result for
clustering algorithms. Note that AIC results presented
in this paper were taken from [11].

6.0 Conclusion

We have described in this paper a fully automatic algo-
rithm for estimating grey-level image histogram's pdf.
This algorithm takes the advantage of classical meth-
ods for the cluster validation problem, and it is capable
of high speed processing as well as accurate results. It
also takes the advantage of direct methods in its explo-
ration of the components for fitting the observed data.
Its biggest advantage over conventional model selection
methods is the maximal exploration of the k-means al-
gorithm. The proposed algorithm is fast since it uses
the k-means algorithm only once at the beginning of
the estimation process.

The algorithm as described in this paper can be ex-
tended to process mixtures of multi-variate normal
densities. In fact, the general scheme can be re-used as
it is. The measure of dissymmetry used in the defini-
tion of CW is a key concept to be generalized. We are
currently working on this issue.
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Chapitre 2

Generation cThistogrammes

artificiels

Ce chapitre traite des algorithmes pour generer des donnees valides et leur utilisa-

tion pour comparer et evaluer les algorithmes d'estimation de pdf et des algorithmes de

groupements (clustering). Nous presentons deux papiers. Le premier papier decrit deux

algorithmes pour generer des densites normales unidimensionnelles avec un recouvre-

ment des composants controle. Les deux algorithmes emploient respectivement la largeur

et la moyenne de chaque composant pour controler Ie recouvrement. Le deuxieme papier

presente une comparaison de 1'algorithme EFC avec un algorithme de selection de modeles

base sur Ie AIC. Une comparaison objective etait possible grace aux donnees valides ob-

tenues en employant Palgorithme qui genere des histogrammes avec un recouvrement des

composants controle.

Le controle du taux de recouvrement des composants dans un melange de densites

normales est important pour produire des donnees valides, necessaires pour valider les

algorithmes d'estimation de pdf et de regroupements. Dans Ie premier papier de ce cha-

pitre, ayant pour titre Controlling Mixture Component Overlap for Clustering

Algorithms Evaluation, nous proposons deux approches differentes pour controler Ie

recouvrement des composants. Tout d'abord, nous proposons une definition formelle du

concept de recouvrement. Cela inclut Ie recouvrement maximal au-dela duquel deux com-

posants sont consideres comme fusionnes, un recouvrement minimal au-dela duquel deux
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composants sont consideres totalement separes et un taux de recouvrement, qui definit

un recouvrement partiel tombant entre Ie maximum et Ie minimum. Le premier algo-

rithme, qui est inspire d'un travail effectue dans Ie domaine de detection de contour,

emploie la largeur de chaque composant pour controler Ie recouvrement. Cela aboutit a

un algorithme robuste, particulierement pour produire des melanges ayant des recouvre-

ments moins que Ie maximum. Pour controler Ie minimum et Ie taux de recouvrement,

Ie deuxieme algorithme emploie les moyennes des composants comme parametres de

controle. Le premier algorithme de cette etude a ete public dans Ie IASTED, Interna-

tional Conference on Artificial Intelligence and Soft Computing (ASC 2001)

[17]. La version longue de ce papier, presentee dans ce chapitre a ete soumise a Journal

of Pattern Recognition and Image Analysis.

Le deuxieme papier de ce chapitre, ayant comme titre On the Comparaison of

Clustering Techniques for Histogramme pdf Estimation, presente une comparai-

son de Falgorithme EFC avec un algorithme de selection de modeles base sur Ie AIC.

La comparaison concerne essentiellement la capacite de chaque algorithme a evaluer Ie

nombre exact de modes dans un ensemble d'histogrammes artificiels. Get ensemble a ete

genere avec Palgorithme qui emploie les largeurs pour controler Ie recouvrement des com-

posants. La comparaison revele que 1'EFC est meilleur sur des histogrammes lisses (non

bruites), toutefois, la performance du EFC diminue avec P augment ation du bruit. Ce-

pendant, quand Ie PNN est employe pour lisser Phistogramme, la performance de 1'EFC

est tout a fait constante independamment du niveau du bruit. De plus, les parametres

du melange estimes par 1'EFC sont plus precis que ceux evalues par 1'AIC. Ce papier a

ete publie dans Journal of Pattern Recognition and Image Analysis [19].
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Abstract

This paper presents two algorithms for generating artificial mixtures of univariate
normal densities with controlled component overlap. Such mixtures are used basi-
cally as test benchmarks for the evaluation of clustering algorithms. Although the
algorithms are different, they are based on the same definition. Both algorithms use
formal methods to ensure the generation of "non totally overlapped" mixtures, in
contrast to algorithms in the literature which generally use ad-hoc methods. For this
purpose, the overlap is assumed to affect only two adjacent components of the mixture.
Three configurations are defined: the "maximum overlap" beyond which two compo-
nents are considered to be totally merged, the "minimum overlap" beyond which two
components are considered "non-overlapped", and the "rate of overlap" , denoted by A
(0 < X < 1), which defines a given overlap between the maximum and the minimum.
Both algorithms presented in this paper are then designed to generate mixtures that
control over these overlap configurations. The first algorithm uses the width of compo-
nents to control the overlap, while the second uses the mean. The first algorithm allows
a better control over the boundaries of the generated mixture, but involves complex
relations. It has been used to generate unidimensional mixtures to approximate image
histograms. The second algorithm involves less complex relations, and allows to control
over the rate of overlap. The reason for controlling the rate of overlap is to generate
artificial mixtures constituting a given degree of difficulty. Indeed, the greater the rate
of overlap, the more complex the mixture. Both algorithms allow the generation of
mixtures with any number of components.

1 Introduction

Due to the ad-hoc nature of virtually all clustering methods, it is difficult to obtain analytical

proofs of the properties of these procedures. Some researchers have approached the problem
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using a "Monte-Carlo" framework. An important advantage of this approach is that it is

possible to use artificial data with known structures. Indeed, most of the work done in the

domain of cluster analysis has advocated the use of constructed (simulated) test data to

evaluate clustering algorithms [17] [19] [1]. The use of simulated data makes it possible to
evaluate a clustering solution using such similarity-dissimilarity measures as Rand statistics

[21] or Kappa statistics [14], since the true structure of the cluster is available. An important

part of the validation study thus comes down to how to generate simulated data, and more

precisely how to generate simulated data possessing the intrinsic structures for evaluating

the clustering method.

Several definitions of cluster structures have been proposed. One approach uses the

concept of an ultra-metric space as a basis for the generation of cluster structures [15] [12].

The authors argue that such structures are essential for evaluating hierarchical clustering

routines, since they usually invoke ultra-metric inequality. It would be expected that such

routines should be able to recover these kinds of structure. Bromly [5] use Thumbestone's

box problem data set. Everitt [1 provides several two-dimensional plots for selected bi-

variate normal mixtures which possess strong visual appeal. The most popular method is

based upon the use of mixture models, especially mixtures of normal densities, as generic

models for simulated data [16]. These models are suitable since many works are adopting a

mixture approach as a basis for the design of clustering algorithms [2] [10].

The mixture model satisfies some intuitive definitions of cluster structures. One such

definition, offered by Cormack 19], basically involves two criteria. A cluster should exhibit

the properties of internal cohesion and external isolation. These properties were defined by

]\/[illigan [12] as follows: "External isolation requires that entities in one cluster should be

separated from entities in another cluster by fairly empty areas of space. Internal cohesion

requires that entities within a same cluster should be similar to each other, at least within the

local metric". Internal cohesion is an inherent characteristic of mixture models, since for a

given cluster, data are generated from the same distribution. External isolation concerns the

rate of overlap of components of the mixture. Indeed, the greater the component overlap,

the smaller the external isolation. However, Everitt [1] argues that clusters with total iso-

lation are natural clusters, and therefore not useful in evaluating the capacity of clustering

algorithms to separate clusters.

A number of different schemes for generating artificial mixtures have been proposed.

Blashfield [18] and Edelbrock [3] used unconstrained multi-variate normal mixtures with
fairly complex covariance structures. Milligan and Issac proved in [12] that the generation

processes used in [18] and [3] lead to data with overlapping clusters. Other researchers

such as Kuiper and Fisher [II], and Bayne et al. [4] used multi-variate normal clusters

with simple covariance structure and directly manipulated variables such as the separation
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between clusters. In 1985, Milligan [13 developed a nine-steps algorithm for generating

artificial mixtures , whose main assumption is that the generated data do not overlap in

the first dimensional sub-space. Verification of this assumption was mainly performed using

non-automatic techniques such as visual inspection. In this paper we propose two different

automatic algorithms for controlling mixture component overlap in the first dimensional

sub-space.

In [7], we introduced the idea of controlling the overlap of two adjacent components of a

mixture ofunivariate normal densities. First, we gave a definition of the concept of "overlap"

and then derived an algorithm that automatically controls it. The algorithm, named "OLR"

was used to generate artificial univariate mixtures to evaluate and compare some clustering

methods in image histogram pdf estimation [9]. A short paper on the OLR algorithm has

been published in [8]. Control of overlap in the OLR algorithm was done using the widths

(standard deviation) of the components. The idea of using widths is linked to the definition

of overlap which originates in the edge detection domain [20]. In this paper, we make use of

the basic idea of the OLR algorithm to propose extended definitions of the overlap.

Indeed, we will define three different configurations related to component overlap. For

this, we suppose that the overlap affects only two adjacent components of the mixture. First,

we define a "maximum overlap" beyond which two components are stated to be "totally

overlapped . Second, we define the minimum overlap beyond which two components are

considered non-overlapped". Finally, we will define the "rate of overlap", which is an

overlap configuration between the maximum and the minimum. After introducing these

definitions, we describe two algorithms that control them. The first algorithm uses the

widths of components and the second algorithm uses the means of components. The two

algorithms are structurally identical.

The rest of the paper is organised as follows. The use of mixture models for generating

cluster data and the definitions of the concepts of overlap are presented in Section 2. Section

3 describes the use of widths to control overlap, while section 4 deals with the use of means

to control overlap. Finally, some results and discussion are presented in Section 5.

2 Mixture models as generic models for cluster testing

Mixture models are being used by many researchers as a generic model for clustering test

data because they form the basis of many cluster analysis algorithms [18] [21] [3] [11] [9]. Here,
we focus on mixtures of univariate normal densities (Gaussian), which are widely used in
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the literature. A mixture of M univariate normal densities is given by:

M
p(x, 7) =yKj G<j(^ ^') (1)/ ^

i=l

Mwith the restrictions Kj > 0 for j = 1,..,M and ^^i Kj = 1- ^j = (/zj;crj) denotes the

parameters of the jth distribution Gj respectively the mean ^ij and the standard deviation

(or width aj). Gj is the jth univariate normal distribution of the mixture, given by G (re, 0) =
,2

I— exp~ 2<r2 . ^ = (^^ Kj).^ totally describes p(rc, 7). We will use the notations Ti(x) =

Ki Gi(x,0i) to describe the ith component of the mixture, and Sa, = ~&^.e~ ^° describe
\TYO'^

the height of the % Gaussian where it deviates by o-i from its center, where a^ is the width

of r,(x).

2.1 Related work

As mentioned above, many researchers are interested in how to generate artificial test data,

especially non-overlapped cluster data. One of the most appealing methods is proposed

by Milligan [13]. It provides a clear formalisation of the problem. Indeed, in his nine-

step algorithm for generating multi-variate mixtures, the second step describes only how to

generate non-overlapped univariate normal densities. The method is described by the author

as follows:

After that the number of clusters is set, a random ordering of the clusters is first deter-

mined. The boundary length of the cluster is selected randomly from a uniform distribution

of 10 to ^.0 units. The selected length is used to specify the standard deviation of the clus-

ter. The length is defined to be three standard deviations for the cluster on the dimension.

The midpoint of the length represents the mean. The cluster boundaries will be separated by

random quantities:

/ (S, + S,)
where Si is the standard deviation for cluster i, and f is a uniform random variable with a

range of .25 to .75.

Although the algorithm is simple, it generates only data sets of 2, 3, 4 or 5 distinct

non-overlap clusters. These are natural clusters with simple structures, and all algorithms

evaluated with such test data are likely to recover the true structure of the data without

difficulty.

2.2 Why control the overlap of mixture components?

The problem we are faced with when we want to generate a large set of test mixture is

to ensure that the components of a mixture are not totally overlapped. As an example
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of what we mean by overlap, suppose we generate a three-component mixture. Due to

component overlap, only two components may be visible in the mixture. The example in

Figure 1 illustrates this phenomenon. The mixture in Figure 1. a is actually composed of

three components, despite the fact that only two components are visible. The components

of the mixture in Figure l.a are totally overlapped, the components of the mixture in Figure

l.b are partially overlapped, however the components of the mixture in Figure l.c are non-

overlapped.
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Figure 1: An artificial three-component mixture of univariate Gaussians of three Gaussians.

a. 71 = (60,31,0.3), 72 - (140,32,0.3), 73 = (210,25,0.4); b. 71 = (60,31,0.3), 72 =
(140,22,0.3), 73 - (210,25,0.4); c. 71 = (60,9,0.3), 72 = (140,7,0.3), 73 = (210,8,0.4).

It is however unfair and biased to evaluate an algorithm using mixtures such as the one

in Figure l.a. For this reason, controlling the overlap of mixture components is important

and necessary.

2.3 The overlap principle

To control the overlap process, a formal definition of this concept is needed. In this paper,

we propose a definition which is new to the best of our knowledge. The definition we propose

is visually appealing and originates in the edge-detection domain. Tabbone [20] studied the

presence of a false edge between the steps of a staircase edge. The problem in [20] is treated

as a mixture of two Gaussians with equal widths a, since an edge is supposed to behave

as a one-dimensional Gaussian [6]. For the case where /^i = ^ ,the Gaussians have the

same height F(/2i) = F(^2), it has been proven in [20] that a false edge appears if and only
if 2o- < /2d, where ^ = ,^2 — /^i (/^i < ,^2) is the distance between the means of the two

Gaussians (edge positions). Figure 2 shows three configurations involving the presence or

absence of false edges. In Figure 2.a, Tabbone's condition is verified (2o- = p,^) and there

is no minimum (false edge) between the two components. In Figure 2.b, a false edge exists

since we have 2a < ^. Figure 2.c shows the case where 2a > /^, leading to the merging of
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the two edges into one.
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Figure 2: Tabbone's condition for the presence of false edges. a. Two edges with KI = K,^ and

2cr = /^ (71 = (100,25,0.5) and 72 = (150,25,0.5)). b. Two edges with ^ = ^ and 2cr < /^
(71 = (100,20,0.5) and 72 = (150,20,0.5)). c. Two edges with ^ = ^ and 2a > ^
(71 = (100,31, 0.5) and 72 = (150, 31, 0.5)).

There exists a close relation between the problem of false edges and the problem of

controlling the overlap of two Gaussian components. In order to utilize Tabbone's results,

let us introduce a new definition of component overlap.

We will suppose that the overlap affects only two adjacent components of a mixture,

denoted by Fi(x) and F2(^), with the restrictions o-i = as = a and /^i = /<2. The components

have a maximum overlap if and only if 0-1+0-2 = ^d- This means that the intersection point

Xmt of the two components is such that Fi(rCmt) = ^2(xint) = S^ = S^- The components

are non-overlapped if and only if o-i + 0-2 < ^. This means that the intersection point Xint

of the two components is such that Ti(xint) = ^2(xint) < ^i = S^. The components are

totally overlapped if and only if 0-1+0-2 > f^d- This means that the intersection point Xint of

the two components is such that Fi^mt) = ^^(xint) > Sa^ = S^- These configurations are

represented respectively by Figures 2.a, 2.b and 2.c.

For the general case where the parameters of the components are not equal, a\ -^ 0-2 and

/^i ?z- ,^25 we propose a new definition of the overlap of two adjacent components of a mixture

as a generalisation of Tabbone s condition. The general condition is given by:

^i(xmt) < minSa^S,0-2 (2)
where Xint is the intersection point of the two components and mina, b denotes to the mini-

mum of a and b.

Figure 3 shows three different configurations related to the condition of Eq. 2. Figure

3. a illustrates the case where Ti(xint) > minS^, S^ • In this case the two components are

totally merged. This case is not considered in this paper. Figure 3.b shows the case where

^i(xint) = rninSa^, ^o-a 5 while 3.c illustrates the case where Ti(xint) < minS^^ S^.'0-2-
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Figure 3: Illustration of overlap, a. Total overlap, b. Maximum overlap and c. Partial overlap

Thus, controlling the overlap amounts to the generation of component parameters that

satisfy the condition of Eq. 2.

2.4 Maximum overlap

It follows from Eq. 2 and from Tabbone's condition that the maximum overlap is defined as

follows:

Definition 1: Two adjacent Gaussian components of a mixture, Fi(rc) and T''2(x), have

a maximum overlap if the condition ^\{xint) = minS^, S^ is satisfied, where Xint is the

intersection point of the two components Ti(x) and r^x).

Figure 4 illustrates the maximum overlap for the two cases, S^ > 60-2 referred to case 1

and Sai < 5o-2 referred to case2.
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Figure 4: Illustration of the maximum overlap for the two cases. A. casel 5o-i > 60-2, b. case2

>0-1 ^ '-3 0-2

Actually, this condition defines a maximum beyond which two components are totally

overlapped. The algorithms developed here are designed to generate mixtures with compo-
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nent overlap less than this maximum.

2.5 Minimum overlap

As was done previously for the maximum overlap, in this section we define the minimum

overlap of two adjacent components of a mixture. The problem is quite different from that

of the maximum since the separation of two components is possible for a large number of

configurations, as shown in Figure 5. It is therefore necessary to define a unique minimum

overlap configuration.
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Figure 5: Examples illustrating two possible minimum overlaps

In this paper, we define the minimum overlap as the intersection of the two mixture

components at four standard deviations from the respective means. Thus, the minimum

overlap is defined as follows:

Definition 2: Two adjacent Gaussian components of a mixture r-t{x) and T'2(x), have a

minimum overlap if their intersection point Xint is symmetrically distant by four (4) standard

deviations from the centers of both components.

Formally, the condition for minimum overlap can be summarized as follows when ^i < ^:

Xint = P'i + 4ai
Xint =1^2— 4o"2

(3)

2.6 Rate of overlap

In order to perform quantitative evaluations and comparisons of clustering algorithms, one

should evaluate the capacity of these algorithms to separate overlapped clusters. For this

purpose we need to quantify cluster overlap versus the complexity of a cluster. In this paper

we define a "rate of overlap", based on the definition of maximum overlap introduced above.
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The rate of overlap proposed in this paper is visually very appealing, as shown in Figure 10

and Figure 14.

Definition 3: We define the rate of overlap, denoted by A, of two adjacent Gaussian com-

ponents of a mixture Ti(x) and ^2(x), to be the ratio of the height of the intersection point
Xmt of the two components, over the height of the intersection point of the two components

with maximum overlap.

A = 43^ (4)
'0 max

T-i(xint) is the height at which the intersection point of components with overlap A is localized.

Sa^ax = minSa^, 5^2 is the height of the intersection point of components with maximum

overlap. It follows from Eq. 4 that 0 < A < 1.

Now, using these definitions, we propose two different algorithms for controlling compo-

nent overlap. The algorithms are structurally similar, since both begin random generation

of the first component, and then control the parameters of the second component in order

to avoid total overlap. However, they differ in terms of the component parameters used for

control. The first algorithm uses the width of the component, while the second algorithm

uses the mean of the component. The following section describes the use of the width to

control component overlap.

3 Controlling overlap using the widths of components

As mentioned above, we first randomly generate the parameters of the first component,

namely the mean ^i, the width o-i and the mixing parameter /^i. Then, we randomly

generate the mean and the mixing parameter of the second component, ,^2 and ^2. Finally,

we compute the width of the second component o--^. We will first compute the width which

gives maximum overlap of the components, denoted by o-max, and move to the computation

of the width o-min that gives the minimum overlap. Finally, we will introduce the rate of

overlap.

3.1 Maximum overlap

Consider the overlap of two adjacent components Ti(x) and F^x) with o-i ^ 0-2 and /^i 7^ ,^2.

Let us denote by S^ = Fi(/^ — o-i) [i = 1,2) the height at which the width o-i is located

for a given component Fi(x), and by Xint the intersection point of the two components.

Definition 1 states that in order to have less than maximum overlap, the intersection point

of the two components must be below both width heights Sa^ and S^- In other words, by

Definition 1,

Fl {Xint) = ?2 (^mt) < minSa^, 5^. (5)
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Definition 4:For a pair of adjacent components Ti(x, p,i, o-i) andTfi(x^ IJihi crh)j w'lth Th(p'h) >

Ti(^i) (Sa-i < Sa^). We define a notion of apparent width, denoted by a, as the distance

\(ifi~ x\, where x is given so that Th{x) = ^i(p>l — c^i)-

Since the general case refers to components with unequal parameters, we distinguish two

cases, namely Sa^ > Sa^ (casel), and Sa^ < S^ (case2). Figure 6 illustrates the principle of

apparent width for both cases.
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Figure 6: Apparent width, a. when Fi(^i) > T^t^), b. when Fi(^i) < F2(/^2)

Using Definition 4, the condition of Definition 1 can be described as follows:

(Jh + (TI < P-d (6)
where a^ is the apparent width of the higher component, o-i is the width of the lower compo-

nent, and p,d is the distance between the two means. It is self-evident that if the components

have the same widths and the same heights (o-i = 0-2, and /^i = ,^2), Eq. 6 collapses into

the condition of Tabbone [20], since ah= a = a'i. However, proving the general condition is

a very complex problem. For each of the above cases, we can compute a^ as a function of

7i, 72- Then, by introducing the expression of a/i in the condition of Definition 1, we can

solve the resulting relation in order to obtain the bound on Omax • Here we give development

for casel, however case2 is developed in appendix A.

We proceed by equalizing the two components at height S^ as follows:

FlQ^l + 0-1) = F2(^2 + CTmax)

Substituting the resulting expression for o-i in Eq. 6 gives:

(7)

A \/\Il(B (Tmax) + 0-maa; < P'd (8)
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where A and B are given by A = V2ai, B = le . By solving Eq. 8 for Oma.'x.i we can obtain
K20-1

a condition on the upper bound of 0-2 as a function of the remaining known parameters. It

is difficult to obtain an analytical solution for (Jmax from Eq. 8 because of the non-linearity

of the Gaussian expression. Thus, a simplification of Eq. 8 has been obtained through an

approximation of the Gaussian expression.

3.1.1 Approximation of the Gaussian

Consider a family of lines A; = {A^, A^, A^, ..., A;p}, where A^^ (z = I,..,?) is a tangent

line to the point x^ = p, — ia. If we approximate a Gaussian by the series of lines A^ we

obtain a piece-wise linear approximation denoted by g(x), given by:

g^=z^e-^\x-^+^a)V27ra2 " " v" ^ ' 7.1 ,"^ (9)
x G [/2—% a, /^— (%—!) cr], % > 1

The development of this approximation for the right-hand part of the Gaussian is given in

Appendix B. A better approximation can be obtained if we change the bounds for each line

segment. The limit points of the bounds will be the intersection between two successive

segments, namely A^, A^+i. Indeed, A^ and A;(^I) intersect at a given point 2;^(^o- =

^ - f{i)a and /(%) (/(%) < z < /(%+ 1)) given by:

fW=
(t2 + 1) e-¥ - ((z + I)2 + 1) e-w?

-.-^ /„• , 1\ „_ (l+x)2z e~T — [i -\-1) e~~2~

In this case, the new bounds will be given by a: <E [jU — f(i) a, 11 — f(i — 1) o-],

Figure 7 shows the approximations for p = 3.

> 1.

0 50 100 150
Grey levels

Figure 7: Approximation of a Gaussian with p = 3 and M^SE = 7.48742e~06

This approximation is very robust since it does not depend on any parameters of the

approximated Gaussian. The approximation error is given in Eq. 10 and its development is

presented in Appendix C.

1
S^p)=^^e-^[f(i-l)-f(i)][

l==l

,f(i)+f(z-l) i2+l. (10)
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3.1.2 Simplified general condition

With this new approximation, the computation of the apparent width a can be computed

on the tangent lines A^ (i = 1, ..,p), which gives (for casel):

^2+1 ^a,e-^-l\
al = (—— - '~^.1"_ —)al

% IK'-^O'max

Here, the new approximation of the apparent widths depends on i. Introducing Eq. 11

in the general condition of Eq. 6, after simplification we obtain:

<o. + (^ + 1) - W^mo. - ^e-i('2-l><7? < 0 (12)
KI

The discriminant 6-^ of the quadratic form of Eq. 12 is positive for all i > 0. Thus, a general

solution in this case is given by:

-(ai(%2+l)-%^)+v^i
<7max = ^>—

The worst case in relation with % arises when the intersection point of the two components is

Close tO Sa^ax^ Le- xint is taken to be on Ai. Thus, o-max is the solution of Eq. 13 for i = 1.

By the same reasoning, we find the general condition for case 2:

y + i)^c2-1^ - Vs,
(Jlmax = ~~ ^~

and ai > R(i) ^d, where 0-2 = (l-±l + K\a^ax e~2( ^maa;) and ^2 is the discriminant of the^e4(^
K20-1

quadratic form given by:

^ - ^ + l)e-^2-l)a^ + (^ - ^e-i(i2-1)^.
Ki\ Ki^

Note that 8-z is positive if di > R(i) ^ and R(i) == ——- — ^2_n —:• Even for this case,
(z2+l)2Kie-?''l"-l^+4Kit

we take x^nt to be on Ai, and thus a max is the solution of Eq. 14 for i = 1.

The solutions of Eq. 13 and Eq. 14 provide a limit value of 0-2. Figure 8 shows a four

component mixture generated with maximum overlap.

3.2 Minimum overlap

As presented in Definition 2, the minimum overlap involves the condition:

/U2 - ^i = 4(ai + 02) (15)

ffmin can be deduced from Eq. 15, and is given by:

_^d- 4ai
^mm =
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50 100 150 200 250 300

Figure 8: An example of a four-component mixture generated with maximum overlap, 71

(92,22.89,0.11), 72 = (125,9.13,0.05), 73 = (158,20.63,0.45), 74 = (190,9.42,0.39).

Note that there is a condition on o-i in Eq. 16: o-i should be greater than ^-. For the

case of mixtures of two components, this condition is satisfied since o-i can be randomly

generated within the interval ]0, pf[. However, for mixtures of more than two components,

the condition may not be satisfied.

Figure 9 shows an example of a mixture of four (4) components generated with the

condition of Eq. 16.

0.025

0.02

0.015

0.01

0.005

100 150 200

Figure 9: An example of a mixture of four components generated using using minimum overlap.

Let us now describe how to control the rate of overlap.
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3.3 Rate of overlap

(Jmax and 0 'mini as presented in the previous sections, can be considered as the boundaries

on the width a^ of the second component. Actually, 02 can be picked randomly within

this interval in order to ensure that components are not totally overlapped. However, it

is interesting to control the rate of overlap between the two components, examined in this

section. Definition 3 presents the rate of overlap of two components of a mixture. Given

A, the rate of overlap, such that 0 < A < 1, Definition 3 states that:

\= ^l(Xint)

Figure 10 illustrates the principle of the rate of overlap, using the component width to control

it. From the condition of Definition 3, we need to find the width of the second component

50 100 150 200 250 300

Figure 10: Rate of overlap principle with the use of width for control

<72 that results in the rate of overlap A. For this purpose, first we compute the intersection

point Xint from the first component and then substitute it into the expression for the second

component. Let us replace Ti(xint) in the condition of Definition 3 by its expression, given
(a!mt-^l)'

byri(^)=^e -^
Xinf, given by:

. After some transformations, we find the intersection point

Xint = ^1 + f]\0\ (17)
with rji = \1 -c2log(\Sa^Sa^) (i = 1,..,2), where S^^ and S^ are known and given

by Sa, = ,/S^.e-l • The condition of Definition 3 can also be established for the second
^

component as follows:
^2{Xint)\= ^
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Substituting the expression of Xint given by Eq. 17 in the expression for the second component

in the condition of Definition 3, after simplification, we obtain:

77i0-i - 772^2 = P'd (18)

It is complex to obtain an analytic solution for 0-2 from Eq. 18 due to the non-linearity of r]i

(i = 1, 2). We tried to reduce the complexity of Eq. 18 by using the approximation of the

Gaussian introduced previously. However, we were faced with another problem concerning

the choice of the segment indices in the approximation. Unlike the computation of o-max,

where the intersection is located in the first segment, here we need to compute the segment

indices, which is a very difficult task. The complexity of the rate of overlap solution, as well

as the minimum overlap, led us to use a parameter other than width to control the overlap

of two Gaussian components. In the next section we describe the use of the component

mean. Nevertheless, generating mixtures with less than the maximum component overlap is

an efficient method, which has already been used [9].

The method described in this section, namely using the width to control component

overlap has the merit of generating bounded mixtures with different numbers of components.

Indeed, the algorithm starts by randomly generating the means and mixing parameters of

all components of the mixture. This allows us to establish, at the beginning, a given interval

within which the means are generated. This algorithm has been used successfully to generate

artificial image histograms for the comparison of clustering methods in an image histogram

pdf estimation [9]. Actually, image histograms are generally within the interval [0,255]. In

[9], only the maximum overlap was considered, and mixtures were generated with less than

the maximum component overlap. Figure 11 shows an example of a mixture of four (4)

components generated using the width to control the maximum overlap. We can see from

Figure 11 that there are different rates of overlap between the adjacent components of the

mixture.

0.045

0.04

0.035

0.03

0.025

0.02

0.015

0.01

0.005

0

-istogx'ajn.

50 100 150 200 250 300

Figure 11: A histogram generated using the width to control the maximum overlap
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The algorithm used to generate the mixture in Figure 11 is given bellow:

3.4 Algorithm

In this section, we summarize the algorithm for the generation of mixtures of univariate

normal densities with component overlap controlled using the widths of components.

Stepl Generate a random value of M (the number of components).

Step2 For j = 1,.., M, randomly generate p,j and Kj and p,j < /^+i, Kj > 0, ^^i ^j = 1.
Step3 For j = 1, randomly generate o-i such that o-i < (^2 — /^i).

Step4 For j = 2,.., M, generate the width of the ith component as follows:

- if o-i < R(l) /2d, compute ajmax according to Eq. 13

- else compute (Tjmax according to Eq. 14.

Step5 Randomly generate aj from the bound }0,crjmax\-

The use of width to control component overlap results in a concise methodology for

generating univariate mixtures, despite the fact that neither the minimum nor the rate of

overlap are used. Use of only the maximum overlap yielded an algorithm that was used in

[9] to generate artificial histograms, since the width method involved complex expressions.

This formalization allows us to define a good approximation of the Gaussian, which can be

used in many different problems related to the Gaussian distribution. Use of the width to

control component overlap should not be abandoned; however controlling the rate of overlap

requires the use of another parameter of the Gaussian. Let us now describe the control of

overlap using the component means.

4 Controlling the overlap using component means

In this section we describe the control of component overlap using the means. We proceed

in the same manner as for control using widths. We suppose that the overlap affects only

two adjacent components of the mixture. We randomly generate the widths and the mixing

parameters of both components, as well as the mean of the first component. Then we

compute the mean of the second component for a given overlap. We compute the mean

resulting in the maximum overlap, denoted by p^rnax, described by Definition 1, the mean

resulting in the minimum overlap, denoted by p,rnin as described by Definition 2, and the

mean resulting in the rate of overlap A, as described by Definition 3.
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4.1 Maximum overlap

The mean p^rnax resulting in the maximum overlap can be directly computed from the con-

dition of Definition 1. Due to symmetry, we will give the development for casel, while the

solutions for case 2 will be directly deduced at the end of the present section. For casel, the

condition of Definition 1 becomes:

^(Xint) = ^2 (19)

First, we look for the intersection point of the two adjacent components. Replacing

^i(xint) 1oy its equivalent in Eq. 19 gives:

(^int-P-l)

e~^~ = S^ (20)
/27TC7i

After simplification, we obtain:

Xint = P-l + ^?10-1 (21)

where 771 > 1 is given by: 771 = \/2log(!^^-e1/2). The square root and the logarithm exist
K20-1

since we are developing case 1, thus M^2- > 1.5 *-""" K20-1

Now, we replace the value of the intersection point in the second component using the

relation:

^(Xint) = S^ (22)

Replacing both sides of Eq. 22 by their equivalents, the condition becomes:

(23)

After some transformations,

K2

27T(72

we obtain:

.^int-^V
2(7j

w~112

27T(72

P'max = Xint + 0-2 (24)

which is a logical result, and x^t is given by Eq. 21.

Figure 12 shows an example using the conditions of Eq. 21 and Eq. 24. Indeed, Figure

12 illustrates a four-component mixture, all involving maximum overlap. Now, let us define

the minimum overlap.

4.2 Minimum overlap

For the minimum overlap, ^min can easily be obtained from the condition of Definition 2.

From Eq. 15, p,min can be obtained as:

^min = ^1 + 4(0-1 + a2) (25)
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0.03

100 150 200

Figure 12: Example illustrating maximum overlap of a four-component mixture with parameters

71 = (29,8,0.325), 72 = (43.33,5,0.275), 73 = (76.88,23,0.225) and 74 =^ (122.32,20, 0.175)

0.06

50 100 150 200

Figure 13: Example illustrating minimum overlap of a four-components mixture with the mean
using as control.



CONTROLLING COMPONENT OVERLAP IN MIXTURES FOR THE EVALUATION OF CLUSTERING ALGORITHMS 19

There is non condition on the computation of the minimum means /^mm m Eq. 25 unlike

the computation of a^mn when using widths to control overlap. Figure 13 shows an example

of a four-components mixture generated with the condition of Eq. 25. Now, since the

minimum and maximum overlap are defined, let us define the rate of overlap of two adjacent

components of a mixture.

4.3 Rate of overlap

^rnax and ^min, as presented in the previous sections, can be considered as the boundaries

for the mean of the second component ^2- Actually, ^ can be picked randomly within

this interval in order to ensure that components are not totally overlapped. Definition 3

presents the rate of overlap of two components of a mixture. Given A, the rate of overlap

such that 0 <Ao < 1, Definition 3 states that:

I\ (x^
'O'max

=AO

Figure 14 illustrates the principle of the rate of overlap , using component mean to control

it.

0.03

0,025

0,02

0.015

0.01

0.005

Cl
C2 (max)

C2 (rate=r) -••••••••••• -

'0 max

'0 max -

0 50 100 150 200 250 300

Figure 14: Rate of overlap principle

The light dashed line in Figure 14 represents the second component for maximum overlap.

Thus, the intersection point is at height Sa^^. To yield a rate of overlap of value A, the

second component must intersect with the first at a point x^t whose height is \S^^ . Now,

to find the mean of the second component, we proceed by the same reasoning as for maximum

overlap. Thus, first, we look for the intersection point x^t of the two components, satisfying
the condition of Definition 3.
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,-1/2

Fi(^t) = A"^ (26)
r2

where the right side of Eq. 26 is the height which the intersection point is located. After

simplification, we obtain:

Xint = /^i + mcri (27)

where 771 > 1 is given by 771 = ^2log(^a^ e1/2). The square root and the logarithm exist
since we are developing casel; thus M^2- > 1.

Now, we replace the value of the intersection point in the second component. The con-

dition becomes:
^ -^^ \w-1'2

2o-^ _

'27T(72 V27TCT2

After some transformation, we obtain:

(28)

^2 = 2;mt + ??20-2 (29)

where 772 is given by 772 = V^l — 2^A and x^t given by Eq. 27. If the rate of overlap A = 1,

this implies that 772 = I? i-e. we are in presence of maximum overlap, and Eq. 29 collapses

into Eq. 24. However, A must be not null in Eq. 29. Thus, when we need minimum overlap,

we use Eq. 25 instead. Eq. 25 offers a lower limit for means in Eq. 29.

Due to symmetry, ,^2 for case 2 can easily be obtained and is given by:

Xint = ^1 + ??10'1
/U2 = ^m* + ?72 (72

where 771 = ^/2log(^-e1/2) > 1, and 772 = YI - 2log\ > 1.

4.4 Algorithm

In this section, we summarize the algorithm for the generation of mixtures of univariate

normal densities with component overlap controlled using the means of components.

Stepl: Set the algorithm parameters; set the number of components M of the mixture, set

the rate of overlap A.

Step2: Randomly generate both the standard deviations and the mixing parameters of com-

ponents of the mixture; in order to make the generated mixtures bounded, one should define

a minimum and a maximum value of the standard deviations, respectively a MAX and a M IN i

as well as a minimum value for the mixing parameters, i^rnin- The mixing parameters sum

to unity.

Step3: Randomly generate the mean of the first component /^i; here ^i is generated within
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the interval ]0, 3ai].

Step4: For % = 2,.., M, generate the mean of the ith component /^ as follows:

- if A = 0, compute ^ from Eq.25

- else compute ^ from Eq.29; here one should first test whether of casel or case2 is valid

by testing the quantity ^2
K20-1

In our experiments, we used OMIN = 1; o 'MAX = g^- and /^mm = 0.01, where Q was set

around Q = 100.

4.5 Results and application to the case of multi-dimensional mix-
tures

In this section we present some results arising from the use of component means to generate

univariate mixtures with controlled component overlap. In addition to the logical applicabil-

ity to the case of univariate mixtures, we show in this section that the algorithm described

in the previous section can also be used in the case of multi-variate mixtures. Indeed, it can

actually be used as the second step of Milligan's algorithm for generating multi-variate clus-

ters using mixtures [13]. The advantage of our algorithm lies in the possibility of controlling

the rate of overlap, which is not possible with Milligan's algorithm. Figures 15.a and 15.b,

16.a and 16.b, 17.a and 17.b, 18.a and 18.b and 19.a and 19.b show different plots of mix-

tures generated by our algorithm. Figures 15.a, 16.a, 17.a, 18.a and 19.a show respectively

a four-component mixtures with rates of overlap of A = 1,.A = 0.75, A = 0.5, A = 0.25 and

A = 0 respectively. We see from these figures that the rate of overlap is constant, in contrast

to the case of mixtures generated using withs. Figures 15.b, 16.b, 17.b, 18.b and 19.b show

plots of two-dimensional clusters of 200 points. The one-dimensional mixtures were taken

from the examples of Figures 15.a, 16.a, 17.a, 18.a and 19.a. In order to make the effect

of the rate of overlap more appealing, we have set the parameters of the second dimension,

especially the means to be equal.

It is also possible to generate mixtures with defined rates of overlap between each pair

of components. For an M-component mixture, we can set M — 1 different rates of overlap,

so that the ith one defines the rate of overlap of the ith and (% + l)th components. This is

different from the examples with constant rate of overlap between all pairs of components.

Having a variable rate of overlap can increase our control of the generated mixtures. Figure

20 shows two examples with different rates of overlap.
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a.

0 20 40 60 100 120 140

b.

Figure 15: four-component mixture with rate = 1, a. one-dimensional mixture, b. two-dimensional
mixture
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b.

Figure 16: four-component mixture with rate
dimensional mixture

0.75, a. one-dimensional mixture, b. two-
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Figure 17: four-component mixture with and rate = 0.5, a. one-dimensional mixture, b. two-
dimensional mixture
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Figure 18: four-component mixture with rate

dimensional mixture
0.25, a. one-dimensional mixture, b. two-
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a.

100 120 140 160 180

b.

Figure 19: four-component mixture with rate = 0, a. one- dimensional mixture, b. two-dimensional

mixture

0.06

b.

Figure 20: Examples with different rates of overlap, a. AI = 0.9, X-z = 0.5, \s = 0.1, A4 = 0.65; b.
Ai = 0.07, \2 = 0.87, As = 0.3, A4 = 0.7.
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5 Conclusion

The algorithms presented in this paper propose a formal methodology for generating mixtures

of univariate normal densities with controlled component overlap, which to our knowledge

constitutes an innovative contribution. The general structure of these algorithms allows the

generation of mixtures with practically any number of components. The range of applica-

bility of these algorithms is very large.

Indeed, as well as being applicable to the generation of mixtures to approximate image

histograms, the algorithm using components width to control overlap can also be applied to

any problem related to the generation of mixtures of univariate normal densities as simulates

data. The advantage of the algorithm using the width is the possibility of a strict control

over the bounds of the generated mixture. This helps to generate simulated data as close

as possible to real data. However, controlling the rate of with the use of the width is very

complex. When means rather than widths are used, the problem formalizations are much

simpler. The reason is that the mean of a normal component is in a linear relation with the

x axis. This greatly simplifies all of the solutions for the different concepts of overlap defined

in this paper, namely the maximum, the minimum and the rate of overlap. The Figures

presented clearly illustrated the effectiveness of this algorithm. Despite the fact that the use

of means to control the overlap makes it somewhat complex to control the boundaries of

the generated mixtures, this method has much broader applicability than the use of width,

especially given the possibility of controlling the rate of overlap.
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Appendix A

Let us take the general condition of Eq. 6. Here, we develop the general solution of 0-2 for

case2, namely when Fi(^i) < F2(/^2)- Thus, the apparent width is defined for ^^(x), and

the general condition of Eq. 6 becomes:

O-l + CT2 < ?,d

By equalizing the two components at height S^, we have:

Fi^i+ai) =F2(^2+o-2)

^1 -1 ,^2 -^-
-e-2 = —==—e <r2

27T(7i V27Ta2

mIn(A^) = -^
C72

-1

with A = ^l(7ie~2. After some simplification, we find the apparent width for 0-2 as:
/t2

0-2 = v/2o-2ln(—)-2
r2

Introducing the expression of the apparent width in the general condition of Eq. 6, we

obtain:

V^2^1n(^—) + ai < ^d

which constitutes the condition on 0-2.
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Appendix B

Consider a family of lines A^. = {Ari, A^, Ays, ..., A^p}, where A^ (% = l,..,p) is a

tangent line to the point (xia- = /^ + i a, G(rc^)). Let us now approximate the right part

of the Gaussian by the series of lines /\n (%= 1,..,?), in order to obtain a piece-wise linear

approximation denoted by gr (x). For this purpose, we approximate the part of the Gaussian

in the interval x G [^ + ia, p, + (% + l)cr] with A^, giving:

gr (x) = Arc + B

where A and B depend on the parameters of the Gaussian. A simple solution is to begin by

using the derivative of the Gaussian to determine A. Then, we use the expression of A to

determine B.

The derivative of the Gaussian at the tangent point x = p, + ia is equal to A, namely

^ . . = A. After deriving G[x\ we have:dx x=.p,+icr '^' -^^"^^ ^.^...^Q ^^^,

dG(x) K,
•(x — jji)e~'^

dx v/27ro'3

After replacing x by its value at the tangent point, we have:

A=-i
.-^1K, e-2'

2?T V

Now, by substituting the expression of A in the linear form of G(x) at the tangent point

x = /^ + %a, we have:

.-ll ... ^-uK, e-2l . K e-2

+ ia) = ^— = —i—=== — -: cr{i^ + ia] + B
a V^TT (ji

After some manipulations, we obtain:

K e-2z (i2 + l)o-
71^^ +~^~B=,^(,+^-^)

Thus, the linear form of the Gaussian on the right-hand side will be given by:

9rW=-i^e-^\.-^-^a)
x e LU + % o", /^ + (%+!) a], %> 1
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Appendix C

Approximation error

It is interesting to compute the approximation error in relation with the width a and the

number of segments p used to approximate the Gaussian. For a normalized Gaussian, the

error denoted by E(a,p), is given by:

E(^p)=l-ST(a,p) (31)

where ST is the surface under the approximation curve. Since the Gaussian is symmetric and

the approximation deals with the part of the Gaussian bellow the width height Sa, E(a^p)
will be given by:

E{a,p)=l-2C-st(^ (32)

where Si (<7, p) is the surface of one of the symmetric parts of the approximation (say the

left-hand part), included in the interval [0, /^—a] (for the left-hand part), and C is a constant

given by C = f^ G(x)dx^ which can be solved using a short "erf" function. Let us compute

Si(o-,p) which is given (for the left-hand part of the approximation) by:

.iU-0-

Si{^,p) = / g(x,p,(T)dx (33)
'0

^ ^-f{i-l)a
Si(a,p)=^l g(x,i,a)dx (34)

1)0-

with g(x^p^ a) given by Eq. 9.

The surface Si (a, p) depends on the number of segments p. Thus, for a given p, Si(a,p)

is given by:
\ ^-f(i-l)a

T^lJ^-f^o-

where f(p) = 1E-J—1 and f{0) = 1. In integrating g (re, p, a) and replacing the limits of the

integral, we have:

S^P) = -^yw - D - /W][/(2)+;(t-l) - ^] (35)
/27TZ:

1=1

Si{cr,p) does not depend on the width a. Thus, the error E{a,p) in Eq. 32 does not depend

on a, which gives a robust approximation. Note that E(o-^p) decreases as p increases, ceasing

to decrease when p > 3. Table 1 gives the approximation errors in relation with p. The best

choice of the number of segments in ternms of accuracy of approximation and complexity, is

p=3.
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Error
1 4.03 10-3
2 1.13 10-3
3 7.48 10-6
4 7.01 10-6
4 6.99 10-6

Table 1: The approximation error in relation with the number of segments p

References

[1] B.S. Everitt. Cluster Analysis. Halstead Press, London, 1974.

[2] B.S. Everitt and D.J. Hand. Finite Mixture Distributions. Chapman and Hall, London,

1981.

[3 C. Edelbrock. Comparing the accuracy of hierarchical grouping techniques: the problem

of classifying everybody. Multivariate Behavioral Research, 14(4):367-384, 1979.

[4] C.K. Bayne, J.J Beauchamp, C.L. Begovich and V.E. Kane. Monte Carlo comparisons

of selected clustering procedures. Pattern Recognition^ 12(2):51-62, 1980.

[5] D. B. Bromley. Rank order cluster analysis. British Journal of Mathematical and

Statistical Psychology, 19:105-123, 1966.

[6] D. Ziou. Optimal thresholding for image segmentation. In Proc. 2nd African Conference

on Research in Computer Science, Burkina-Fasso, 1993.

[7] E.M. Aitnouri, F. Dubeau, S. Wang and D. Ziou . Generating test vectors for clustering

algorithms. Technical Report ? 236, DMI, Univ. of Sherbrooke, Sherbrooke, Sep. 1999.

[8] E.M. Aitnouri, F. Dubeau, S. Wang and D. Ziou. Generating test vectors for clus-

tering algorithms. In in (CDROM) of IASTED International Conference on Artificial
Intelligence and Soft Computing (ASC 2001)^ Cancun, Mexico, 2001.

[9] E.M. Aitnouri, S. Wang and D. Ziou . On comparison of clustering techniques for

histogram^dy estimation. Journal of Pattern Recognition & Image Analysis^ 10(2) :206-

217, 2000.

[10] E.M. Aitnouri, S. Wang, D. Ziou, J. Vaillancourt and L. Gagnon. Estimation of a

multi-modal histogram's pdf using a mixture model. Neural, Parallel & Scientific Com-

putation, 7(1):103-118, 1999.



CONTROLLING COMPONENT OVERLAP IN MJXTURES FOR THE EVALUATION OF CLUSTERING ALGORITHMS 30

[11] F.K. Kuiper and L. Fisher. A Monte Carlo comparison of six clustering procedures.

Biometrica, 31(1):86-101, 1975.

[12 G.W Milligan. An examination of the effect of six types of errors perturbation on fifteen

clustering algorithms. Psychometrica, 45(3):325-342, 1980.

[13] G.W Milligan. An algorithm for generating artificial test clusters. Psychometrica,

50(1):123-127, 1985.

14 J. Cohen. A coefHcient of agreement for nominal scales. Journal Educational and

Psychological Measurement, XX(1):37-46, 1960.

[15] K. M. Cunningham and J. C. Ogilvie. Evaluation of hierarchical grouping techniques:

A preliminary study. Computer Journal, 15:209-213, 1972.

[16] M.P Windham and A. Cutler. Information ratios for validating mixture analyses. Amer-

ican Statistical Association, Theory and Methods, 87(420):1188-1192, December 1992.

[17] M.R. Anderberg. Cluster analysis for applications. Academic Press, New York, 1973.

[18] R.K. Blashfield. Mixture model test of cluster analysis: Accuracy of four agglomerative

hierarchical methods. Psychological Bulletin, 83(3):377-388, 1976.

[19] R.M. Cormack. A review of classification. Journal of the Royal Statistics, (Series A),

134(3) :321-367, 1971.

[20] S. Tabbone. Detection multi-echelle de contours subpixel et de conjonctions. PhD thesis,

Institut National Polytechnique de Lorraine, France, 1994.

[21] W. M. Rand. Objective criteria for evaluation of clustering methods. Journal of the

American Statistical Association, 66(336) :846-850, 1971.



IMAGE RECOGNITION, ANALYSIS, UNDERSTANDING,
AND PROCESSING TECHNIQUES

On Comparison of Clustering Techniques
for Histogram PDF Estimation1

E. Aitnouri, S. Wang, and D. Ziou
Department of Mathematics and Computer Science, Faculty of Sciences, University of Sherbrooke,

Sherbrooke, Qc, Canada J1K 2R1
e-mail: faitnouri, wang, ziou}@dmi.usherb.ca

Abstract—This paper discusses the problem of finding the number of component clusters in gray-level image
histograms. These histograms are often modeled using a standard mixture of univariate normal densities. The
problem, however, is that the number of components in the mixture is an unknown variable that must be esti-
mated, together with the means and the variances. Computing the number of components in a mixture usually
requires "unsupervised learning". This problem is denoted as "cluster validation" in the cluster analysis litera-
tore. The aim is to identify sub-populations believed to be present in a population. A wide variety of methods
have been proposed for this purpose. In this paper, we intend to compare two methods, each belonging to a typ-
ical approach. The first, somewhat classical method, is based on criterion optunization. We are particularly
interested in the Akaike's information criterion. The second method is based on a direct approach that makes
use of a cluster's geometric properties. In this paper, we develop an algorithm to generate non-overlapped test
vectors, allowing the generation of a large set of verified vectors that can be used to perform objective evaluation
and comparison.

1. INTRODUCTION

Cluster analysis began to be widely used in many
scientific fields in the 1960s. Although it has been pro-
posed earlier in the century [1, 2], it was only in the
early 1960s that cluster analysis began to attract a great
deal of attention, with the publication of Sokal and
Sneath's [3] revolutionary book on numerical taxon-
omy, and the development of high speed computers,
which made implementation of clustering procedures
possible. Since then, cluster analysis has appeared in
the Uterature of many fields, including not only engi-
neering domains but also biology, zoology, psychology,
etc. More than 100 different schemes for cluster analy-
sis have been proposed. A review of these methods can
be found in [4-9].

Due to the large number of methods, potential users
of cluster analysis face several problems in choosing
the right clustering algorithms for theu' applications.
Indeed, different methods are likely to produce different
results when applied to the same problem. Thus, great
effort has been devoted to the evaluation, and hence, to the
comparison, of clustering methods [5, 9-13]. Different
parametric comparison schemes and similarity mea-
sures have been proposed to determine which algo-
rithm is best suited to a specific application. For numer-
ical comparison, the model commonly used to generate
test data has been the mixture model. Under this model,
the task of cluster analysis is defined as the classifica-
tion of a mixture of populations into its components,

This paper was submitted by the authors in English.

according to the condition that the number of underly-
ing populations and their parameters are unknown.

The use of mixture models to evaluate clustering
methods has resulted in much interesting work. Indeed,
different schemes for generating artificial mixtures of
test data have been proposed [9, 14-16]. However, the
contribution of mixture models to cluster analysis is not
limited only to test purposes; they have become a target
for the design of clustering algorithms. This is due to
the capacity of mixture models, particularly mixtures
of normal densities, to approximate a wide class of con-
tinuous probability densities. Estimation of the param-
eters in a mixture model can be accomplished using the
Expectation Maximization (EM) algorithm [17], which
maximizes the UkeUhood function of the observed data.
This has made the use of mixture models possible in
applications. However, the use of mixture models
encounters a number of problems, among them the
choice of the number of components in the mixture.
This problem is known as cluster validation [18].

Determining the number of components in a mix-
ture of distributions is an important but difficult prob-
lem, since separation between clusters is generally fuzzy.
Many researchers have tried to find mathematicaUy rigor-
ous solutions to the cluster validation problem. For this
purpose, clustering algorithms are divided into two broad
categories: (1) direct approaches, and (2) verificative
approaches L Examples of direct approaches are those
algorithms that explicitly exploit certain geometric prop-
erties by using graphical tools or visual inspection.
These algorithms are often based on ad hoc principles
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The second category includes the criteria for comparing models
[12] and the statistical methods presented in [19].
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and their performance depends on the application data
in hand. We can cite the estimation of the number of com-
ponents via the inflexion points of the histogram [20, 21];
see also [12, 22] for other proposed methods. A direct
method that has been recently proposed—called EFC
(Elimination of False Clusters) [23, 24]—estimates the
number of modes versus components in gray-level
image histograms. Verificative approaches, on the other
hand, are general algorithms which do not depend on
the application data. A range of criteria for selecting the
number of components has been proposed. These
include Akaike's information criterion (AIC) [25], the
partition coefficient (PC) [26], the ICOMP [27], the
minimum description length (MDL) [28] and the mini-
mum message length (MML) [29].

It is easy to understand that methods which take
explicit account of the characteristics of the observed
data have the potential to perform very well since they
are direct algorithms. These methods are attractive
because they are generally simple and fast. In the case
of our research, we are interested in image histograms.
Indeed, many applications such as image segmentation
and image retrieval [30] require collecting information
about the overall distribution of the pixels in the image.
The common approach is to suppose that the histogram
is a mixture of univariate normal densities and to esti-
mate the parameters of each component of the mixture.
Since the number of components is unknown, cluster
validation techniques must be used to estimate it. In this
paper, we propose to compare the EFC algorithm and
an AIC-based algorithm. As pointed out in the previous
paragraph, the two algorithms belong to different cate-
gories. The goal of this comparison is twofold: to eval-
uate the performance of the EFC algorithm using a
well-known and frequently used method; and to pro-
pose a new method for generating test data from a mix-
ture of normal densities. In fact, the EFC algorithm has
given promising results [23]. Nevertheless, though it
may be faster than methods based on the AIC, a fair
comparison of these methods has not yet been done.
For this purpose, in this paper, we develop a new
method for generating mixtures of normal densities.
The generated data, called non-overlapping vectors are
very useful for comparing and evaluating clustering
algorithms on the task of estimating the number of
components in gray-level image histograms. The data
used verify the definition of the term "non-overlap-
ping" proposed in this paper. This means that the com-
ponents are sufficiently separated so that the clustering
algorithm has a chance to distinguish between subpop-
ulations. This is achieved by using a novel algorithm
which controls the degree of overlap between two adja-
cent components. We will use vectors of this type to
compare the EFC algorithm with an AIC-based algo-
rithm. We have chosen for this purpose the basic AIC as
first defined by Akaike in [31].

The rest of the paper is organized as follows. Stan-
dard clustering algorithms and mixture models are
reviewed in Section 2. Section 3 deals with comparison

purposes and experimental results. Finally, the discus-
sion is presented in Section 4.

2. UNSUPERVISED LEARNING
AND STANDARD MDCTURES

Consider that the data can be represented by N ran-
dom vectors denoted by X= x-^, x^, ..., Xp/, and assume
that it arises from a mixture of M normal densities. The
distribution of the data can be approached by a PDF
which takes the following form, for any x e X:

M

p(x,r) = ^K,/,(x,e,), (1)
7=1

where ^(.) is the^'th normal distribution with parameter
Qj = (]lp oj) representing respectively the mean and the
width (standard deviation) of the j'th component; Kj
(/=1, ..., M} are the mixing parameters, with the

M
restriction that Ky > 0 forj = 1,..., M and ^ Ky = 1; and

J=l
Fj = (9y, Kj) (j = 1, ..., M) totally describe p(x, F). In the
following, we use F(x, Tj) to describe the jth compo-
nent of the mixture. Note that }lj and Gj are scalar since we
are dealing with one-dimensional distributions. Such a
representation of X is called a mixture representation [20].

Mixture models have shown better data classifica-
tion capacities than many conventional neural network
models such as layered networks trained with the Back-
Propagation algorithm. They have been used as basic
configurations for radial functions in Radial Basis Net-
works (RBF) [32]. Various procedures have been devel-
oped for determining the parameters of a mixture of
normal densities, often based on the maximum likeli-
hood technique, leading to the EM algorithm [17] and sto-
chasdc sequential estimation [33]. The technique used to
maximize the likelihood function relies on the choice of F
most Ukely to give rise to the observed data. For analytical
convenience, it is equivalent to minimize the log-likeU-
hood function, which, for the given X yields:

E = -ln{L(X, F)} = -^ ln(p(^, F)) ;
-n=l

N r M

= -S^SVA^I-
(2)

n = 1 ^j = 1

Here, the log-likelihood function is considered an
error, and its minimization relative to F leads to an esti-

mate, denoted byF=(6,K).A review of the maxi-
mum-likelihood technique in the context of mixture
models is given in [34]. However, due to the structural
complexity of mixture models, most of the maximum
likelihood procedures are numerical and iterative,
resulting in only locally optimal estimates. The accu-
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Fig. 1. A block diagram of the EFC algorithm.

racy of the final estimate T depends heavily on the ini-
tial value of F. For this reason, clustering algorithms
are usually used to produce initial estimates of F.

2.1. Cluster Analysis and Initial Estimation off

Clustering algorithms basically perform an misu-
pervised learning that groups the input data into differ-
ent categories, from which the initial values of means
and widths can be calculated. A common algorithm
widely used in the literature to initialize T is the k-
means algorithm [35, 36], an effective and popular
algorithm developed within the pattern recognition
community. Improved schemes for the k-means algo-
rithm using fuzzy concepts (fuzzy c-means) are avail-
able in the literature [37]. However, clustering algorithms
do not provide an estimation of M, the number of clusters
in the data set, but reorganize data into M clusters, with M
given by the user. Thus, a key problem, known as cluster
validation [18] concerns estimation of M. Most of the pre-
viously proposed solutions to the cluster validation prob-
lem can be classified into two broad categories [12, 19,
38]: direct approaches and verificative methods.

Concerning direct approaches, different methods
have been proposed in the literature. However, each
method is generally applicable only to a specific type of
application data. In our study, we are interested in esti-
mating the number of components in gray-level image
histograms. Thus, we developed a direct algorithm,
denoted by EFC CElimination of False Clusters), to
solve the cluster validation problem [23, 24]. In the
next section, we review the basic principle of the EFC.

2.1.1. EFC algorithm. A gray-level image histo-
gram can be represented by a function, h(x), x e Gl^, of
the gray-level frequencies of the image, where Gl^ =
{0, 1, ...,N- 1} corresponds to the gray levels of the
image. When a given image contains objects/regions
having quite different gray-level values, different
modes appear on the histogram of the image. This type
of hlstogram is called "multi-modal". However, when
objects/regions in the image have close gray-level aver-
ages, they may overlap to give a single mode. Our
hypothesis is that each mode corresponds to a normal
distribution. This is acceptable in a large number ofprac-
deal applications [39]. The EFC algorithm has been
developed especially to estimate the number of modes

of such histograms. Figure 1 shows a block diagram of
the model, which consists of two major steps.

In the first step, initial estimation of the mixture
parameters is done using the k-means algorithm. In
order to approximate each mode by at least one Gauss-
lan, the k-means algonthm is applied with a number of
clusters K greater than M, the number of modes in the
image histogram. The next step mainly concerns the
EFC procedure for suppressing false clusters that may
result from the k-means algorithm. Basically, it takes
advantage of the Gaussian PDF. Before proceeding
with the elimination, a smoothing operation is per-
fanned on the histogram using a PNN (Probabilistic
Neural Network or, equivalently, Parzen Window) [40].
While this operation is not essential in all cases, it
greatly increases the robustness of our model to noise
(especially when applied to radar images). Finding the
optimal smoothing parameter for the PNN is another
interesting problem that we have studied [41].

To choose the best number of clusters to use in the
k-means algorithm, we have experimentally studied the
accuracy of cluster centers, denoted by yj (j = 1, ..., K)
estimated by the k-means algorithm, as the function of K,
the number of initial clusters. The experiment involves
computing the average distance between any tme cen-
ter and the closest center estimated over a set of artifi-
cial histograms. In other words, we wanted to get a sta-
tistical assessment of the quality of the k-means algo-
rithm in terms of the (average) precision with which the
true centers of histogram are estimated. For this pur-
pose, an error function was proposed to measure the
quality of the set of clusters computed by the k-means
algorithm. The experiment yielded a very interesting
relationship between the number of initial clusters K,
the true number of modes M, and the precision of the
approximation. From the statistical point of view, the k-
means algorithm accurately finds all the tme centers if K
is chosen as at least M + 4. This in itself is an important
discovery concerning the k-means algorithm. We fur-
ther note that the choices M + 2 and M + 3 are also good
candidates for M. Consequently, for real images it is not
necessary to impose a very strict condition on the accu-
racy with which M is estimated.

Since the k-means algorithm is applied with an ini-
tial number of clusters greater than the number of
modes, there are false clusters that must be eliminated.
The EFC is used to eliminate them. The proposed EFC
procedure depends on two parameters, (3 and y. (3 is
related to the relative level of the histogram at which
the symmetry is measured, because it specifies the per-
centage of histogram height h(yj) for any cluster center
Yj. In practice, |3 can be as large as 0.975 and as small
as 0.5. The parameter y is used as a threshold for the
acceptable deviation between the true center and the
closest center for the clusters computed by the k-means
algorithm. If the deviation, written as |||L^ - yy||, is
greater than y, then yy is rejected, where \\,jJ = 1,..., M,
are the real centers of modes. In real applications, |Lly are
unknown. Thanks to the fact that a tme center divides a
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mode into two symmetric parts, an equivalent test can
be performed without knowing the position of the true
center. Reasonable values for y have been computed
experimentally. We have measured the deviation between
the true center and the closest center found by the k-means
algorithm, for each combination of M and K.

Some perfonnances of the EFC procedure are listed
in [23]. The results are encouraging; nevertheless, they
should be compared with those of other cluster valida-
tion methods. For this purpose, in the next section, we
will present the general structure of the second broad
category of algorithms, known as verificative methods.

2.2. Verificative Methods

While some practical problems can be solved by
using direct approaches, they do not provide a general
solution. To find generally applicable solutions to clus-
ter validation, many researchers have tried to formulate
the problem as a multiple-decision problem [25-29].
The philosophy of these techniques is quite simple.
Instead of asking which hypothesis is acting (how
many classes are really there), we ask which model,
parameterized by K, the number of clusters, best fit the
data. However, as the number of clusters increases, the
estimated PDF fits the empirical density increasingly
tightly, at the expense of its generalization capacity. This
problem can be recognized as the bias and variance [42]
trade-off in curve-fitting problems. Thus, one should
always try to find the minimum number of components
describing a PDF, without "overfitting" the empirical data.
In the case of mixture models, we can generate K^sa. mod-
els, where K^ is given by the user. The choice of the best
model thus becomes a model selection problem, since we
find ourselves faced with competing l^ax models. To
choose among them, researchers have developed selec-
don criteria. The criteria are composed of two parts.
The first part concerns the "adequacy", usually evalu-
ated using the maximum likelihood. The second part
deals with penalization, which employs an expression
that essentially depends on the number of compo-
nents, K. A general expression for a criterion C(K)
(K= 1, ..., T^max) is given by:

C{K) = -aL^+gW, (3)
where a is a scalar, L^ is the logarithm of the likelihood
of the model of order K, and gQ is an increasing func-
tion depending on K. The best model is the one which
minimizes C(K), namely:

K = arg^CW. (4)
2.2.1. Implementation. The principle is that for

each value of K (K= 1, ..., ^max)' ^ls mitialized using
the k-means algorithm with K initial clusters. Then, a
maximum-likelihood solution is obtained using the
estimated F and the value of K. There are no formal
rules for choosing the value of l^max- However, several
heuristics have been proposed:

• The number of observations N must be greater than
the total number of parameters [43].

IN
• Suggested choices for T^max include K^ = , f-^ and

K^=(-N-\3vmax=liog^J ^/]-

The general algorithm can be given as follows:
• Choose K^.

•for^=l,...,^ax

~ Estimate F using k-means with K initial clus-
ters.

- Compute the maximum Ukelihood for the esti-
mated F.
- Compute C(K).

• Choose K, such that K = arg^^C^K).

2.2.2. Akaike's information criterion (AIC). In
this paper, we are interested in the AIC. This technique
was originally proposed by Akaike [31]. However, dif-
ferent schemes based on the AIC have been developed
and used in different applications [19, 44-46]. In our
work, we use the classical AIC proposed by Akaike and
given by:

AIC{K) = -2L^+ 2N, (5)
where K is the number of components considered, L^ is
the logarithm of the likelihood at the maximum likeli-
hood solution F, and Np is the number of parameters
estimated. We select K which leads to the minimum
value ofAIC(K).

A brief comparison of some criteria for comparing
models is presented in [38]. The AIC figures among
these algorithms. The AIC performed better than both
the ICOMP and the PC, and quite similarly to the MDL,
but relatively poorly compared to the MML. Neverthe-
less, the AIC is the most popular criterion used in the
literature. We have chosen the classical AIC method
since it does not depend on the size of the data. This is
suitable for image histograms since a normalized histo-
gram represents only the distribution of data, without
any information of its size.

3. COMPARISON BETWEEN
THE EFC AND THE AIC

It is unfortunately not possible to use results
obtained respectively from [23] (EFC evaluation) and
[38] (AIC evaluation) to compare the EFC and the AIC,
for the simple reason that the test data used in the two
experiments are different. Furthermore, neither method
has been evaluated on an adequately verified data set. In
order to perform a fair comparison, we must apply both
algorithms to the same test data, which we will describe
in the present section.
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3.1. Comparison Based on One Vector

We used an artificial histogram composed of 3
modes as illustrated in Fig. 2. To the smoothed histo-
gram we added a Gaussian white noise of width o^ = 3.
Both algorithms were applied with K^^ = 7.

Figure 3 shows the resulting AIC plotted against the
number of clusters (K= 1, ..., ^max)' computed from (3).
The maximum likelihood technique has been used to

estimate Fj (j= 1, ..., K). We can see clearly from Fig. 3
that the minimum AIC is for K= 3, the exact number of
components in the mixture.

Figure 4 shows the plot of both the original histo-
gram and the resulting histogram at the Fs solution,

given by Fs = ((36.00, 21.63, 0.26)(141.39, 21.24,
0.25)(168.53, 8.12, 0.49)). The estimation using the
AIC is good: although there is a relative shift in the
means for the first two components of the estimated
histogram, the result is still acceptable.

For the case of the EFC, Table 1 summarizes the
parameters estimated using the k-means algorithm with
^max = 7. Table 1 is divided into two parts. The first
multi-column, denoted by "Before EFC" presents the
parameters of each component resulting from applying
the k-means algorithm with Ky^ = 7. The second part
of Table 1, the multi-column "after EFC & ML", pre-
sents the resulting estimated parameters of each com-
ponent after applying the EFC procedure and the max-
imum-likelihood algorithm respectively. In this part,
dashes represent components eliminated by the EFC
procedure. The values of both (3 and y were set as in the
experiments performed in [23], namely (3 = 0.97 and y
chosen from the y table.

From Table 1, we can see that the EFC procedure
has eliminated four spurious clusters. Only clusters
corresponding to the tme components of the mixture
have been kept. Thus, the EFC also finds the exact num-
ber of components. Classification using the k-means
algorithm, initialized using the values of the remaining
cluster means (see Table 1), permits the redistribution
of points belonging to eliminated clusters. Finally, we
apply the maximum-likelihood technique. Figure 5
shows the plot of both the original and the resulting
EFC mixtures for the parameters given in Table 1.

From Figs. 4 and 5, we can see that while both algo-
rithms estimate the exact number of components, the
EFC procedure is more accurate than the AIC (see MSE
in Figs. 4 and 5). This result is in perfect agreement
with the k-means experiment performed in [23].
Indeed, for the case of the AIC, the parameters used to
initialize the likelihood were obtained using the
k-means algorithm. For the AIC [3], the k-means algo-
rithm was performed with K = 3 initial clusters. This is
the exact number of components of the test histogram.
In this case, the estimated centers of the components
are less accurate than those obtained with a large value
of K. This does not help the maximum likelihood to result
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in accurate final estimates. In contrast, for the case of the
EFC, the inidalization of each component's mean is
obtained using the k-means algorithm with K = ^ax = 7
clusters. Therefore, the centers of the real components
are very well estimated. This helps the maximum-like-
lihood procedure to converge, which explains why the
parameters estimated using the EFC were clearly more
accurate than those estimated by the AIC.

We can also evaluate the two algorithms in terms of
complexity. For example, we need to perform the
k-means algorithm T^max times, followed by the maxi-
mum likelihood to compute AIC(K) (K = 1, ..., ^max)-
In contrast, the EFC algorithm requires one k-means
run, followed by the maximum likelihood. Thus, the
EFC technique is roughly T^ax times faster than the
AIC. Although the EFC compares favorably to the AIC
in the example described above, it is necessary to exam-
ine the effectiveness of the EFC m more general situa-
tions. For this purpose, we need to apply both algo-
rithms to a large set of test data. In this way, we can
obtain a statistical assessment of the general perfor-
mance trend.

Statistical comparison between algorithms is possi-
ble, since mixture models have been used as general
test data for clustering algorithms. Indeed, a number of
different schemes for generating artificial mixtures
have been proposed. Blashfield [9] and Edelbrock [14]
used unconstrained multivanate normal mixtures with
fairly complex covariance structures. Milligan and
Issac proved in [8] that the generation processes used in
[9] and [14] lead to data with overlapping clusters.
Other researchers such as Kuiper and Fisher [15], and
Bayne et al. [11] have used multivariate normal clusters
with simple covariance structure and have directly
manipulated variables such as the separation between
clusters. In 1985, Milligan and Cooper [12] examined
the ability of about 30 different clustering algorithms to
determine the number of clusters in a data set. For this
purpose, Mllligan has developed an algorithm for gen-
erating test data [16]. The algorithm is described in nine
steps. The main assumption, however, is that the gener-
ated data do not overlap in the first dimensional space.
The verification of this assumption was mainly done
using non-automatic techniques such as visual inspec-
tion.

All of these generation methods try to define ad hoc
criteria in order to handle overlapping components.
However, there is no formal definition of the concept of
overlap. This raises questions concerning the effective-
ness of the generation schemes. In this paper, we intro-
duce a new algorithm for generating mixtures of
univariate normal densities. First, we give an analytic
definition of the concept of overlap. We have chosen
relative component overlap instead of total component
overlap in order to preserve the appearance of each
component in the mixture. This definition permits us to
control the overlapping process, thus offering the pos-
sibility of generating a large number of such mixtures

Table 1. Results of the EFC for the artificial histogram,
-max ~

Cluster

1
2
3
4
5
6
7

and |3 = i0.97

Before EFC

means

15.33
44.77
76.86

112.32
136.85
169.69
208.14

width

9.26
10.08
11.16
9.51
8.72

6.38
26.65

MP

0.11
0.11
0.09
0.10
0.11

0.45
0.03

After EFC& ML

means

29.5

131.56
169.32

width

51.24

15.84
6.09

MP

0.43

0.18

0.39

with known degrees of overlap. The generation of such
examples, denoted by non-overlapped vectors, is
described in the next section.

3.2. Generation of Non-Overlapped Vectors

When we want to generate a large set of mixture
data, the problem is how to ensure that modes are not
totally overlapped. As an example of what we mean by
overlapped, we generate a three-component mixture,
but due to component overlap, the mixture results in
only two components. The example in Fig. 6 illustrates
this phenomenon. The mixture in Fig. 6a is actually
composed of three components, despite the fact that
only two components are visible. The vector in Fig. 6a
is called an overlapped vector; the vector in Fig. 6b on
the other hand is not. Note that the difference between
the parameters of Fig. 6.a, b is the value of the second
width 02. We can perform algorithm comparison using
overlapped vectors, as in the example of Fig. 6a. Each
algorithm will most likely estimate the same number of
components. The process is indeed still fair. However,

Histograms
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^•'
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N11
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Gray levels

Fig. 5. The reconstructed PDF using the resulting EFC
parameters, MSE = 0.0041.
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Fig. 6. Artificial histograms generated from a true mixture
of two Gaussians, (a) FI = (60, 28,0.3), T^ = (140, 32,0.3),
F3 = (210,25,0.4). (b)Fi = (60, 31,0.3), r-2= (140, 22,0.3),
?3 = (210, 25, 0.4).
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Fig. 7. OLR principle, (a) OLR " 0, (b) OLR » 1,

such vectors are not valid for use in evaluating algo-
rithms, due to the degree of component overlap. To
avoid such situations, it is necessary to control the over-
lapping process.

Definition 1: We define the overlapping rate,
denoted by OLR, as

OLR = min(p(x))(^,^<p^i)
min(p(H,),p(|^i))

(6)

where p(x) is the mixture function and |LI( < JLI/+ i. Fig-
ure 7 illustrates two different overlappings for a mix-
ture of two Gaussians. OLR " 0 when the Gaussians are
almost totally separated, since mm(p(x)) (^i, < x ^ |-l,+1) ^
0, as in Fig. 7a. OLR =s 1 when min(p(x)) " min(p(H,))
(1.1, < x <: M,,+i) as in Fig. 7b. Thus, OLR specifies the
degree of overlap between two adjacent components of
a mixture. Our goal here is to develop an automatic
algorithm for generating mixture components that are
not completely overlapped; in other words OLR < 1
should be true for all pairs of adjacent components.
Such an algorithm allows us to generate a large set of
non-overlapped vectors. Furthermore, we could also

control the overlapping rate if we want to perform a
refined evaluation of algorithms.

From (6), a general condition for OLR < 1 can be
obtained using the derivatives of p(x). This idea has
been applied to the solution of the edge-detection prob-
lem using the Laplacian of Gaussian edge detector [47].
Interestingly, there is an astonishing similarity between
the case of overlapping components and the case of a
double-step edge. The edge-detection problem involves
the appearance of a false edge located between the two
true edges when they are smoothed with a Gaussian. In
[47], the problem is treated as a mixture of two Gauss-
lans with equal width a. It is proven that a false edge
appears if and only if 2cr < p,^, where ^ is the distance
between the means of the two Gaussians. Viewed from
the perspective of our case, the false edge corresponds
to min(p(x)) defined in (6). Thus, we have:

Corollary 1: If we have a mixture of two Gaussians
with the same -width 0, OLR < 1 iff2o < ^.

Corollary 1 is a direct consequence of results
obtained in [47]. Unfortunately, it is not valid for the
case where a^ ^ 02, and the mathematical approach
used in [47]cannot be extended to this general case. As
can be seen in what follows, developing a general con-
dition for OLR < 1 is much more difficult. The algo-
rithm will be iterative, dealing with two adjacent com-
ponents at each iteration. When the width of the first
component is fixed, the condition OLR < 1 will depend
on the width of the next component. Here is a sketch of
the algorithm:

3.2.1. Algorithm for generating non-overlapped
vectors.

1. Generate M., the number of components in the mix-
ture.

2. For i = 1, ..., M, randomly generate p,, and K;-, such
M

that^<^+i,K,>0, ^K, =1.
1= 1

3. Randomly generate o'i such that o^ < ^ -\\^.

4. For i = 2, ...,M, compute a, such that OLR < 1.

The number of components M can be set by the user.
It is also convenient, without loss of generality, to gen-
erate M means (p,; i = 1, ..., M) and sort them so that
^1 < p'l +1 • This will facilitate the execution of the algo-
rithm. However, 0^ should be smaller than ^ - P-i; oth-
erwise, there will be no solution for 03 to satisfy the
non-overlapping condition. Thus, the problem is to find
an upper bound for o'; +1 given a,, in order to ensure that
OLR<1.

In order to develop a general algorithm, let us con-
sider the overlap of two adjacent components F^x) and
F^x) with FI ^ F2. Let us denote by Sy = KF(H - o) the
height at which the width a is located for a given com-
ponent F(x). For the general case of the overlapping
process for two adjacent components Fi(^) and F^x),

PATTERN RECOGNITION AND IMAGE ANALYSIS Vol. 10 No. 2 2000



ON COMPARISON OF CLUSTERING TECHNIQUES FOR fflSTOGRAM PDF ESTIMATION 213

we have S^i ^ Sy^ since the two components do not nec-
essarily have the same height.

Definition 2: We define a notion of "apparent
width", denoted by &, as the deviation of the higher
component from its center at height Syi, for a pair of
adjacent components. Here, Sy; is the height at which
the width of the lower component is located.

We distinguish two cases: FiCHi) > F2(|^2)» denoted
by case 1, and FiQ-li) < ^2(^2)^ denoted by case 2. Fig-
are 8 illustrates the principle of apparent width for the
two cases.

Using Definition 2, a generalization of Corollary 1
can be stated as a hypothesis:

Hypothesis 1: If we have a mixture of two Gaus-
sian components -with different heights, OLR < 1 iff
Ch +^l< ^d-

a/, is the apparent width of the higher component,
GI is the width of the lower component, and ^ is the
distance between the two means. It is self-evident that
if the components have the same widths and the same
heights, Hypothesis 1 collapses into Corollary 1, since
o/, = cy = CT;. However, it is very difficult to prove
Hypothesis 1. For each of the above cases, we can com-
pute or/, as a function of F^ and F2. Then, by introduc-

ing the expression of CT/, in Hypothesis 1, we can solve
the resulting relation in order to obtain the bound on 03.
For the two cases we have:

|A/yin(2?CT2) + c?2 < P-(/ (case 1)
~D , ^ <7)

Co^ /In ^— + o'l < ^ (case 2),
^2

where A, B, C and D are known values. For deduction
details, see [48].

By solving (7), we can obtain a condition on the
upper bound of 03 as a function of the remaining
known parameters. However, (7) is non-linear, which
will introduce difficulties for obtaining general solu-
tions. The non-linearity of (7) arises from the non-lin-
earity of the Gaussian expression. Thus, it is necessary
to simplify (7) by approximating the Gaussian expres-
sion.

3.2.2. Approximation of the Gaussian. Consider a
family of lines A^ = {A^i, A^, AQ, ..., A; }, where A;,
(;'= 1, ...,p) is a tangent line to the point (x,o = H - ic,
p(.Xio)). If we approximate a Gaussian by the series of
lines A, (i = 1, ..., p), we obtain a piece-wise linear

approximation, denoted by gi (x) and given by

^,4i'Y^ ,,, o'2+i).8iW = iy " ^-H+—CT

^G [|^-/(?-I)CT,|^-/(OCT],

(8)
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Fig. 9. Approximation of a Gaussian with p = 3 and MSE =
7,48742e-°6.

. Due to

i _O±D!
(?2+l)e 2-((?•+I)2+l)e 2

where/® = ' • "^ "- ' " _^

ie - (?'+ l)e
the symmetry of the Gaussian, we have developed only
the approximation of the left part. Figure 9 shows the
result of this approximation for p = 3.

The approximation error, denoted by E^y is given by:

£w(p) = ^,?,̂
 ^
e

(9)
x[/0--l)-/(0l['[fW+f<ii-l) iA+l

It is proven in [48] that £'app(p) does not depend on the
width o'. However, £'app(?>) decreases as p increases and
is almost constant when p > 3. Note that this approxi-
mation has been developed especially for this work.
With this new approximation of the Gaussian, the com-
putation of the apparent width a can be done on the
tangent lines A,, (;' = 1, ..., p~) and we will have (10) as
solutions to the condition of Hypothesis 1:

0<o^-(2(I'-^)+'y5(casel), (10)
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Table 2. Comparison between EFC and AIC applied to the
non-noisy sets. NCE = Number of clusters estimated

NCE

1
2
3
4
5
6
7

Noise width c?,, =

CVSi

AIC

54
42

2
2
0
0
0

EFC

56
23
12
5
3
0
0

cvs^

AIC

15
47
21
10
6
1
0

EFC

8
52
16
10
12
2
0

)

cvs^

AIC

0
13
51
28

6
2
0

EFC

0
6

66
15
10
2
0

Table3. Comparison between EFC and AIC applied to
noisy samples

Cluster

1
2
3
4
5
6
7

Noise width o^ =

CV5i
AIC
54
38

5
2
1
0
0

EFC
46
31
15
4
2
1
0

cvs^
AIC

12
45
25
12
2
1
1

EFC
5

43
31
11
6
3
1

>

cvs^
AIC

0
6

49
25
13
5
2

EFC
0
3

54
26
10
5
2

where 5 is the discriminant of the quadratic form given
by

T^z) = CT^+(2CTi-|L^)CT2-^; and
•I

K
^2a,-^

(11)

0 < CT, < ^ (case 2),

where § is the discriminant of the quadratic form
given by

^2(^2) = ^-:-2<7i02+^2|Ll^-K2CT?.
•I Is-!

All deduction details are available in [48]. The con-
ditions in (10) and (11) express the bound within which
o^ should be picked in order that the overlap of the two
adjacent components satisfies OLR < 1. In each step i
of the algorithm;' = 1, ..., M- 1, (10) and (11) are used
to generate (7,+^. By choosing o', +1 as suggested in (10)
and (11), we ensure control of all the parameters of the
vector. For implementation purposes, especially when
we want to generate a large set of non-overlapped vec-

tors, we define other parameter measures that are
grouped in a characteristic vector, denoted by CVS
(Characteristic Vector of the Set). These measures are:
(a) the number of vectors forming the set; (b) the max-
imum number of components in the set; (c) the mini-
mum number of components in the set; (d) the mini-
mum distance between the means of components;
(e) the minimum width of Gaussian white noise added
to vectors of the set; and finally, (f) the maximum width
of Gaussian white noise added to vectors of the set. The
example used here to compare the EFC with the AIC
hasaCVS=(l,3,3,12,3,3).

3.3. Comparison Based on a Set of Vectors

In this section, we intend to compute a kind of aver-
age comparison between the EFC and the AIC. For this
purpose, we will use a set of non-overlapped vectors.
The evaluation proposed here is divided into two parts.
First, we will compute the ability of each algorithm to
estimate the exact number of components. This type of
evaluation is used in [12, 23, 38]. The results will be
presented in tables showing all statistics. Secondly, we
will use the parameters of each component and recon-
stmct the PDF in order to compute the measure of ade-
quacy of the estimated vectors.

Both experiments use tb-ee different sets of 1000 vec-
tors each, generated by the algorithm described in the
previous section. The CVSs of the three sets are given
respectively by: (1) CVS^ = (1000, 1,1,12, 0, 0), a set
containing only vectors of one component, (2) CVS^ =
(1000, 2, 2, 12, 0, 0), a set containing only vectors of
two components and (3) CVS^ =(1000,3,3,12, 0, 0), a
set containing only vectors of three components. More-
over, in order to evaluate the robustness of both algo-
rithms against noise, we have used the same generated
sets and added a Gaussian white noise of width On = 2
to form new noised sets. Both algorithms were applied
with K^ = 7.

The results of the first experiment are presented in
Tables 2 and 3 (non-noisy and noisy sets, respectively).
Each of these tables is divided into three parts. Each
part, identified by its C VS (row 2), presents the appli-
cation of both algorithms to a given set. The first col-
umn gives the different possibilities for the number of
components each algorithm can estimate. The cells of
the table report the percentage of cases in which the two
algorithms estimate the number of components given in
column 1. As an example, when the AIC is applied to
the non-noisy set with CVS^, it estimates two compo-
nents in 42% of cases.

From the results reported in Table 2 (non-noisy
sets), the AIC and EFC performances are quite similar.
Nevertheless, as the number of components of the set
increases, the EFC performs relatively better than the
AIC (15% better for the set with CVSy). For the noisy
sets reported in Table 3, we see that the AIC is more
robust than the EFC. Indeed, there are no great differ-
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ences between the AIC results shown in Tables 2 and 3.
The EFC is less robust since its performances were
degraded by about 12% for all three sets. Note that the
smoothing operation using the PNN was not performed
in these experiments, in order to evaluate the robustness
of the EFC against noise.

The second experiment computes the adequacy—
degree to which the two algorithms fit, measured by the
mean square error (MSE). When an algorithm esti-
mates a given number of components K, the maximum
likelihood estimates for K components are used to
reconstruct the estimated PDF. Thus, a M5E is com-
puted between the original and the estimated vectors.
This experiment is applied to both sets, non-noisy and
noisy. Table 4 shows the average MSEs resulting from
the application of the two algorithms to the different
sets. We can see from Table 4 that in all cases, the EFC
has better overall adequacy than the AIC. The average
M5E, however, does not provide specific information
regarding the behavior of the adequacy as a function of
the estimated number of components. Such information
would help to perform an objective comparison.

To this end, we compared the adequacy of the two
algorithms using only vectors resulting in the estima-
don of the same number of components. In other
words, instead of using, for example, all the vectors of
Cy.S'i to compute the M5E, we divide them into groups.
Each group contains only vectors resulting in the esti-
mation of the same number of components. Thus, we

Table 4.

AIC
EFC

Average MSE for each set

Noise width o,

cvs^
0.022
0.008

cvs^
0.047
0.038

n=0

cvs^
0.248
0.072

Noise width a,, = 2

cvs^
0.021
0.019

cvs^
0.043
0.042

cvs^
0.0122
0.081

will have ^max groups. We then compute an average
MSE for each group. Note that if a group contains only
a few vectors, the average MSE can be biased. On the
other hand, the average MSE is representative when a
group contains a large number of vectors.

Figure 10 shows the plots of adequacy for EFC, for
CVS^ in (a), CVSy, in (b) and CV^ in (c). The adequacy
behaves similarly for the two algorithms. Indeed, ade-
quacy for vectors resulting in correct estimation of the
number of components M is relatively good compared
to those resulting in a close estimation of M. However,
the results totally deteriorate for a significant underes-
timation of M (see Fig. lOc with CVS^ for vectors
resulting in an estimation of M = 1). Finally, the ade-
quacy is better when we overestimate M (see Fig. lOa with
CVS^ for vectors resulting in an estimation of M = 6).
When no vector results in an estimation of a given num-
ber of components, the corresponding error is set to
MSE = 1, which explains the behavior of the curves for
K = 7. This overall behavior of the adequacy is also
observed for the noisy sets in Fig. 11.

Errors
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Fig. 10. Adequacy of the AIC and the EFC applied to non-noisy sets: (a) CVS^, (b) CVS^, and (c) CVSy,.
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Fig. 11. Adequacy of the AIC and the EFC applied to noisy sets: (a) CVS^, (b) CVS^ and (c) CVS-j,.
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The behavior of clustering algorithms observed
above is not unique to our experiments. Indeed,
Windham and Cutler [49] observed it, and developed an
algorithm, called MIREV in order to use it. They
argued that "These measures and others appearing in
the literature tend to increase (or decrease) in the
absence of cluster structure, so that the best solution
may be indicated by an elbow or knee in a plot of the
values versus the number of components. Keep in mind,
however, that the occurrence of an elbow or knee may
not necessarily mean that a solution is particularly
good, but simply that its neighbors are relatively bad."
Note that the experiments performed by Windham and
Cutler were done using bivariate normal densities of
three components each.

4. CONCLUSION
In this paper, we have described a comparison

between the EFC algorithm and the AIC algorithm. The
two algorithms belong to different clustering algorithm
categories, i.e., direct and verificative methods. The lat-
ter category provides practical algorithms that can be
used for all types of application data. However, when a
priori knowledge about certain characteristics of the
application data is available, direct methods can be
designed in order to exploit this knowledge. For the
case of gray-level image histograms, the EFC clearly
performs better than the AIC. Indeed, the effectiveness
of the EFC has been shown in this paper in terms of its
ability to estimate the exact number of modes in a his-
togram and the adequacy resulting from PDF estima-
tion using the estimated parameters. It is also straight-
forward to verify that the EFC is roughly K^ times
C^max = 7 in our experiments) faster than the AIC. Note
that a more extensive comparison can be conducted,
including other clustering algorithms.

The comparison described in this paper was
designed to use a novel algorithm for generating mix-
ture test data with non-overlapped components. This
algorithm makes it possible to perform statistical tests
and evaluations, since it can handle a large number of
test data. Moreover, its flexibility allows the design of
more detailed and appropriate statistical tests, such as
algorithm's robustness in relation to component over-
lap. This type of test provides information about algo-
rithm limitations. The formal definition of component
overlap introduced in this paper can be used to design
multivariate mixtures of test data. Indeed, one can keep
a Milligan [16] generation framework, while using our
algorithm to satisfy the non-overlap condition neces-
sary in one-dimensional space.

REFERENCES
1. Tryon, R.C., Cluster Analysis, volume of Ann Arbor,

Mich. Edwards Brothers, MA, 1939.
2. Zubin, J.A., A Technique for Measuring Like-minded-

ness, Abnormal and Social Psychology, 1938, vol. 33.

3. Sokal, R.R. and Sneath, P.H.A., Principles of Numerical
Taxonomy, San Francisco: Freeman, 1963.

4. Anderberg, M.R., Cluster Analysis for Applications,
New York: Academic Press, 1973.

5. Bailey, K.D., Cluster Analysis, Heise, D., Ed. of Socio-
logical Methodology edition, San Francisco: Jossey-
Bass, 1974.

6. Cormack, R.M., A Review of Classification, J. of the
Royal Statisticians, Series A, 1971, vol. 134(3).

7. Everitt, B.S., Cluster Analysis, London: Halstead Press,
1974.

8. Milligan, G.W., An Examination of the Effect of Six
Types of Errors Perturbation on Fifteen Clustering Algo-
rithms, Psychometrica, 1980, vol. 45(3), pp.325-342.

9. Blashfield, R.K., Mixture Model Test of Cluster Analy-
sis: Accuracy of Four Agglomerative Hierarchical M:eth-
ods, Psychological Bulletin, 1976, vol. 83(3), pp. 377-
388.

10. Wolfe, J.H., Pattern Clustering by Multivariate Mixture
Analysis, Multivariate Behavioral Analysis, 1970,
vol. 5(4), pp. 329-349.

11. Bayne, C.K., Beauchamp, J.J., Begovich, C.L., and
Kane, V.E., Monte Carlo Comparisons of Selected Cluster-
ing Procedures, Pattern Recognition, 1980, vol. 12(2),
pp.51-62.

12. Milligan, G.W. and Cooper, M:.C., An Examination of
Procedures for Determining the Number of Clusters in a
Data Set, Psychometrica, 1985, vol. 50(2), pp. 159-179.

13. Dudes, R. and lain, A.K., Clustering Techniques: the
User's Dilemma, Pattern Recognition, 1976, vol. 8(4),
p.247.

14. Edelbrock, C., Comparmg the Accuracy of Hierarchical
Grouping Techniques: the Problem of Classifying
Everybody, Multivariate Behavioral Research, 1979,
vol.14,pp.367-384.

15. Kuiper, F.K. and Fisher, L., A Monte Carlo Comparison
of Six Clustering Procedures, Biometrica, 1975,
vol. 31(1), pp. 86-101.

16. Milligan, G.W., An Algorithm for Generating Artificial
Test Clusters, Psychometrica, 1985, vol. 50(1), pp. 123-
127.

17. Dempster, A.R, Maximum Likelihood from Incomplete
Data, Via the EM Algorithm, J. of the Royal Statistical
Society, 1977, vol. B 39(1), pp.1-38.

18. Jain, A.K. and Dubes, R.C., Algorithms for Clustering
Data, Prentice-Hall, Englewood Cliffs, NJ, 1988.

19. Zhang, J. and Modestino, J.M., A Model-fitting
Approach to Cluster Validation with Application to Sto-
chastic Model-based Image Segmentation, IEEE Trans.
on Pattern Analysis and Machine Intelligence, 1990,
vol. 12(10), pp. 1009-1017.

20. McLachlan, G.J. and Basford, K.E., Mixture Models,
New York: Marcel Deker, 1988.

21. Ziou, D., Optimal Thresholding for Image Segmenta-
tion, Proc. 2nd African Conference on Research in Com-
puter Science, Burkina-Fasso, 1993.

22. Dudes, R. and Jain, A.K., Validity Studies in Clustering
Methodologies, Pattern Recognition, 1979, vol. 11(4),
pp.235-254.

23. Aitnouri, E.M., Wang, S., Ziou, D., Vaillancourt, J., and
Gagnon, L., Estimation of a Multi-modal Histogram's

PATTERN RECOGNITION AND IMAGE ANALYSIS Vol. 10 No, 2 2000



ON COMPARISON OF CLUSTERING TECHNIQUES FOR mSTOGRAM PDF ESTIMATION 217

PDF using a Mixture Model, Neural, Parallel & Scien-
tific Computation, 1999, vol. 7(1), pp.103-118.

24. Aitnouri, E.M., Wang, S., Ziou, D., Vaillancourt, J., and
Gagnon, L., An Algorithm for Determination of the
Number of Modes in Image Histograms, Vision Interface
VI'99, Trois-Rivieres, 1999, pp. 368-374.

25. Akaike, H., Information and an Extension of the Maxi-
mum Likelihood Principle, 2nd Int. Symp. on Informa-
tion Theory, Budapest, 1973, pp. 267-281.

26. Bozdek, J.C., Pattern Recognition -with Fuzzy Objective
Function, New York: Plenum, 1981.

27. Bozdogan, H., Mixture-model Cluster Analysis Using
Model Selection Criteria and a New Informational Mea-
sure of Complexity. In Bozdogan, H. et al., Eds., The
first US/Japan Conf. on the Frontiers of Statistical Mod-
eling: An Informational Approach, Kluwer Academic
Publishers, 1994, pp. 69-113.

28. Rissanen, J., Modeling by Shortest Data Description,
Automatica, 1978, vol. 14(3), pp. 465-471.

29. Wallace, C.S. and Boulton, D.M., An Information Mea-
sure for Classification, Computer Journal, 1968,
vol. 11(2), pp. 185-194.

30. Kelly, P.M., Cannon, T.M., and Hush, D.R., Query by
Image Example: The CANDID Approach, SPIE, 1995,
vol. 242, pp.238-248.

31. Akaike, H., On Entropy Maximization Principle, in
Applications of Statistics, Krishnaiah, P.R., Ed., North
Holland Publishing Company, 1977, pp. 27^1.

32. Powell, M.J.D., Radial Basis Functions for Multivariate
Interpolation: a Review, Algorithms for Approximation,
1987,no.1,pp.143-167.

33. Traven, H.G.C., A Neural Network Approach to Statisti-
cal Pattern Classification by "Semiparametric" Estima-
tion of Probability Density Functions, IEEE Transac-
tions on Neural Networks, 1991, vol. 2(3), pp. 366-377.

34. Redner, R.A. and Walker, H.R, Mixture Densities, Max-
imum Likelihood and the EM Algorithm, SIAM Review,
1984, vol. 26(2), pp. 195-239.

35. Fukunaga, K., Introduction to Statistical Pattern Recog-
nition. New York: Academic Press, 1972.

36. Tou, J.T. and Gonzalez, R.C., Pattern Recognition Prin-
ciples, Addison-Wesley, Reading, MA, 1974.

37. Bezdek, J.C., Pattern Recognition with Fuzzy Objective
Function Algorithms, New York: Plenum, 1981.

38. Oliver, J.J., Baxter, R.A., and Wallace, C.S., Unsuper-
vised Learning Using MML. 13th Conf. on Machine
Learning, Ban, Italy, 1996, pp. 364-372.

39. Lawrence, D.B. and Gene Hwang, J.T., How to Approx-
imate a Histogram by a Normal Density, The American
Statistician, 1993, vol. 47(4).

40. Parzen, E., On the Estimation of a Probability Density
Function and Mode, Ann. Math. Stat., 1962, vol. 33,
pp.1065-1076.

41. Jiang, Q., Aitnouri, E.M., Wang, S., and Ziou, D., Ship
Detection Using PNN Model. In CD-ROM ofADRO'98,
Montreal, 1998.

42. Bishop, C.M., Neural Networks for Pattern Recognition,
Oxford: Clarendon Press, Oxford Univ. Press, 1995.

43. Sardo, L. and Kittler, J., Minimum Complexity PDF
Estimation for Correlated Data. Int. Conf. on Pattern
Recognition'96, Madisson, 1996, pp. 750-754.

44. Sclove, S.L., Application of the Conditional Population-
mixture Model to Image Segmentation, IEEE Tran. Pat-
ter. Anal. Machine Intell., 1983, vol. PAMI-5(4),
pp.428-433.

45. Schwarz, G., Estimating the Dimension of a Model, The
Annals of Statistics, 1978, vol. 6(3), pp.661-664.

46. Oliver, C., Jouzel, R, and Elmatouat, A., Choice of the
Number of Component Clusters in Mixture Models by
Information Criteria, Vision Interface VI'99, Trois-
Rivieres, 1999, pp. 74-81.

47. Tabbone, S., Detection Multi-echelle de Contours Sub-
pixel et de Conjonctions, PhD thesis, Insdtut National
Polytechnique de Lorraine, France, 1994.

48. Aitnouri, E.M., Dubeau, R, Wang, S., and Ziou, D., Gen-
erating Test Vectors for Clustering Algorithms, Techni-
cal Report 236, Dept. Math. and Comp. Scien., Univ of
Sherbrooke, Sherbrooke, September 1999.

49. Windham, M.P. and Cutler, A., Information Ratios for
Validating Mixture Analyses, American Statistical Asso-
ciation, Theory and Methods, 1992, vol. 87(420),
pp.1188-1192.

Elmehdi Aitnouri. Received his
Electrical Engmeering degree from
Algiers University of Technology in
1992. Then, he joined the CDTA
Research Center ofAlgiers, and worked
until 1997 m the design ofDSP ASICs
architecture. Since 1997, he is pursu-
ing his study toward a PhD in Com-
puter Science at the University of
Sherbrooke. His research interests
include image processing and statisti-
cal analysis of clustering algorithms.

Shengrui Wang. Full professor at
the Department of Mathematics and
Computer Science of the University
of Sherbrooke. He received his PhD
in Computer Science from the Insti-
tut National Polytechnique de Greno-
ble in 1989. His research interests
include neural networks, image pro-
cessing and understanding, image
databases, remote sensing, and expert
systems.

Djemel Ziou. Received the BEng
degree in Computer Science from the
University ofAnnaba (Algeria) in 1984,
and PhD degree in Computer Science
from the Institut National Polytech-
nique de Lorraine (INPL), France, in
1991. From 1987 to 1993, he served as
lecturer in several universities m
France. During the same period, he was
a researcher in the Centre de Recherche
en Informatique de Nancy (CREN) and
in the Institut National de Recherche en
Informatique et Automatique (INRtA) in France. Presently, he
is an Associate Professor at the University of Sherbrooke in
Canada. His research interests include image processing, com-
puter vision, and pattern recognition.

PATTERN RECOGNITION AND IMAGE ANALYSIS Vol. 10 No. 2 2000



Chapitre 3

Applications a la detection de cibles

dans les images SAR

Ce chapitre decrit deux applications de certains de nos algorithmes pour la detection/segm-

entation des cibles dans les images radar SAR.

La premiere application decrit 1'utilisation de notre algorithme de selection de modeles

pour segmenter des cibles de type vehicule dans des images SAR. La deuxieme application

traite de Putilisation de 1'algorithme PNN, decrit dans Ie premier papier du chapitre I,

pour la detection des cibles de type bateaux dans des images SAR.

La premiere application est une partie d'un projet de CRSNG-CRD en collaboration

avec Lockheed Martin Canada sous Ie titre " Content-based Target Identification for Air-

borne Image Interpretation". Ici nous presentons un article ayant pour titre Segmenta-

tion of Small Vehicle Targets in SAR Images qui decrit Ie precede de segmentation

pour les cibles d'interet. Le segmenteur que nous proposons est base sur une technique

de seuillage (thresholding), qui est une approche populaire utilisee pour la segmenta-

tion d'images [57]. L'approche de base est divisee en trois etapes: pre-traitement, traite-

ment et post-traitement. Puisque les distributions des pixels d'image SAR s'apparentent

plus a des melanges de distributions Gamma plutot que des melanges de distributions

gaussiennes [2], une etape de pre-traitement damages est appliquee afin de rendre les

histogrammes plus proches d'un melange de densites normales. La partie de traitement

implique Papproximation de Phistogramme d'image en utilisant un modele de melange,
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suivie par Ie calcul des seuils separant les modes estimes des histogrammes. Nous utili-

sons pour cela notre algorithme de selection de modeles pour calculer les parametres du

melange. Notre algorithme estime Ie nombre de composants qui approchent mieux 1'his-

togramme, permettant a de petites cibles d'etre representees dans la melange. D'ailleurs,

notre algorithme estime exactement les parametres de chaque composant qui aide a cal-

culer des seuils precis. Pour Ie calcul des seuils, nous proposons une nouvelle methode,

qui est tout a fait difFerente de celles dans la litterature. Elle permet Ie calcul des seuils

a partir de leurs valeurs theoriques optimales, qui sont obtenues a partir de 1 intersection

de deux composants adjacents du melange [42]. Get article a ete soumis a International

Journal of Remote Sensing.

La deuxieme application traite de la detection des cibles de type bateaux dans les

images SAR. Le papier, portant Ie titre Ship Detection Using a PNN Model, resulte

d'une collaboration avec Q. Jiang. Jiang a conu un systeme pour la detection de bateaux

dans les images SAR, en utilisant la technique de CFAR (Constant False Alarm Rate). Les

techniques de CFAR exigent une estimation precise de la pdf de Phistogramme d'image.

Q. Jiang a experimente son systeme avec difFerentes methodes d'estimation de la pdf

des histogrammes, y compris la methode de JC-distribution [22] et G'amma-distribution

[59]. Ma contribution etait 1'adaptation de 1'algorithme de PNN pour son usage dans

Ie systeme de Jiang pour 1'estimation de la pdf. Comme illustre dans [61], Ie PNN est

meilleur que la methode de /c-distribution et G'amma-distribution en termes de precision

et de rapidite. Le papier a ete publie dans Ie journal canadien de teledetection.
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submitted to the International Journal of Remote Sensing.
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Abstract

This paper presents an algorithm for the automatic segmentation of 1VISTAR small
vehicle target images. The segmenter is based on a histogram threshold technique and
is able to detect, in unified procedure, both target vehicles and their shadows. In order
to increase the effectiveness of the threshold technique, the segmentation algorithm
is divided into three parts. First, a pre-processing part is designed to help detect the
target/shadow as a mode of the histogram. The main components of this operation are
histogram clipping to remove grey-level outliers, and a morphological "closing" filter,
which decreases the intensity of speckle in images. The second part of the segmenter
performs a histogram threshold operation. This is, in turn, divided into two steps. The
first step is built around use of the EFC algorithm to estimate an image histogram with
a mixture of normal densities. The EFC is likely to superpose a mixture component on
a mode of the histogram. The effectiveness of the EFC resides in its capacity to compute
the number of components in the mixture without any supervision. Thus, targets of
interest are detected as the two extreme components of the mixture, the first one for
shadows and the last one for target vehicles. After that, a threshold separating the
estimated mixture components is computed. In this paper, we introduce a new linear
method for computing multi-level thresholds from a mixture of normal densities. The
method is based on approximation of the normal density by a set of linear segments.
After the image is thresholded, a post-processing operation is performed, to remove
any small detected speckles other than targets of interest. Although the segmenter
needs some parameters to be set in advance (namely the number of initial components,
the percentage of pixels to be clipped and the size of the morphological filter), it is
highly automated.

*This work is supported by NSERC and Lockheed Martin Canada under CRD Grant ^223322-98. We
would like to thank Alexandre Jouan from Lockheed Martin Canada for his assistance in providing MSTAR
images and for his helpful advice
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1 Introduction

'OVING and Stationary Target Acquisition and Recognition (MSTAR) is joint pro-

gram of the Defence Advanced Research Projects Agency (DARPA) and the Air Force

Research Laboratory (AFRL). This program was established to encourage efforts to provide

better automated tools for the acquisition and recognition of targets such as tanks and other

military vehicles. For this purpose, they have provided public data sets of SAR images of

vehicle targets as benchmarks for comparing algorithms. Moreover, they have freely dis-

tributed tools that have greatly advanced the image processing and recognition fields [5].

With these target data sets, the Automatic Target Recognition (ATR) process is broken

down into three major steps: detection, feature extraction and recognition. One important

area of investigation related to detection is commonly called by image segmentation.

Typically, the goal of segmentation is to divide an image into sub-regions representing

single objects or features. The SAR images provided through the MSTAR program have

one vehicle as target of interest, having the brightest pixels and in more cases is located

in the middle of the image. This constitute the main hypothesis of this work. The seg-

mentation aims to divide the SAR image into three main regions: target, shadow and back-

ground clutter. Precise segmentation is difficult, due to the presence of speckle and artefacts,

which generally makes traditional segmentation algorithms for this purpose inappropriate

for such images. For this reason, dedicated algorithms have been proposed in the literature

[10] [23] [24]. These algorithms may be used to segment both targets of interest (target and
shadow) at the same time , or may be applicable to only one. However, these algorithms

require some a priori knowledge about the processed image, generally obtained through to

human segmentation. In this paper, we propose a fully automatic algorithm for segmenting

MSTAR SAR images. The algorithm makes it possible to segment target vehicles and their

shadows from background clutter.

The algorithm proposed in this paper is based on an image histogram threshold technique.

This technique is widely used in the image segmentation literature, and a significant survey

of these methods is found in [22]. In our approach, we consider that the image histogram

is multi-modal, where each mode likely corresponds to a given region (targets of interest

in an ideal case) of the image. Thus, the technique aims to represent the distribution of

each region (mode in the histogram) by certains statistical variables, and thresholds are

computed to distinguish between these regions. These thresholds are located in the valleys

of the histogram. While histogram threshold computation is the main processing step in
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the algorithm, pre-processing and post-processing operations are introduced in order to

increase its effectiveness. The pre-processing begins with a logarithmic transformation of

the input image. This has the effect of removing speckle and make regions of images more

homogeneous. After that, a histogram clipping operation is performed, removing the 1%

of pixels with dark grey-levels. This increases the effectiveness of the stretch operation

required after a logarithmic transformation. The clipping operation gives rise to random

bright pixels inside the dark regions. However, their number is too small to damage the

targets of interest and they are smoothed out by a "closing" operation following the clipping.

The morphological "closing" also allows us to sharpen the targets of interest and stretch the

resulting image histogram.

The main histogram threshold processing is divided into two parts. First, the image

histograma is approximated using mixture of normal densities. This operation is likely to

represent each mode of the histogram by a mixture component. We use the EFC (Elimi-

nation of False Clusters) [9, 7, 8] algorithm to estimate both the number of modes in the

histogram and the parameters of each component of the mixture. In the ideal case, the

number of components should be three, corresponding to shadow, target and background.

However, the EFC algorithm is tuned to estimate the best number of modes, which may

not be three. Indeed, the background distribution is too large compared with the targets

of interest, and more than one mode is required to represent it. Thus, whatever the num-

ber of components estimated by the EFC, shadow and target are localized as the first and

last components of the mixture, respectively. Next, thresholds are computed to be the in-

tersections of adjacent components of the mixture. This theoretically minimizes the rate of

misclassification [19]. In this paper, we propose a linear solution for the problem of threshold

computation from two adjacent normal densities. First, the normal density is approximated

by a set of linear segments; then the intersection point is computed from the resulting ap-

proximations. Whatever the number of components estimated by the EFC algorithm, the

computation results in two thresholds, one separating shadow and background, and the other

target and background. At the end, a post-processing operation is performed to remove all

small objects and artefacts detected with the targets of interest. The entire procedure is a

totally automatic segmentation algorithm, which needs no human intervention.

The rest of the paper is organized as follows. Section 2 deals with related work on

SAR image segmentation algorithms. The proposed algorithm is described in Section 3. In

Section 4, we give some results from the segmentation of different types of target images.

The conclusion is given in section 5.
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2 Related work

Impulse noise in SAR imagery can really challenge traditional, purely intensity-based seg-

mentation techniques. Spatially-based image segmentation methods, like those based on

object edges, will likely fail to segment SAR images since the real contours of objects are

corrupted by the presence of artefacts (speckle). In most SAR images, even for a human ob-

server, the edges may be difficult to locate. For statistical image segmentation, the problem

with SAR images is related to the correlation and dependency of adjacent pixels, since pixels

may contain energy reflected from adjacent objects. These two problems make traditional

methods inappropriate for segmenting SAR images.

However, there are a number of ways to segment SAR images. Possibly one of the

simplest and yet the most effective is human segmentation, in which humans perform a

manual segmentation, using computer-aided programs to draw regions that they believe

correspond to target, shadow and background clutter in the case of MSTAR SAR images.

Although this operation is not practical since the sheer volume of data is too large, it is widely

used as a basic ground truth for comparing different MSTAR segmentation algorithms [11].

Another approach to segmentation uses Bayesian techniques [23]. This algorithm was

developed for segmenting shadows; however, it can be used to segment target from MSTAR

images as well. This method uses Markov Random Field (IVIRF) prior models, and requires

a priori knowledge about the data to be classed. In the case of MSTAR images, a priori

knowledge is aquired by using Weibull random variables to estimate the densities of the

regions to be segmented (target, shadow and background); these regions are obtained trough

a human segmentation. An average Weibull parameter estimate by performing manual

segmentation on a set of training images. Although this method compares favourably with

others, its drawback resides in the fact that it requires a set of human-segmented images.

Another spatially-based segmentation approach uses edge-enhanced region growing [10].

This algorithm attempts to find a closed, simply connected region by growing and including

inside the region all pixels which meet certain criteria. The major problem with such growing

methods concerns both the criteria that pixels must meet to be included in a given region,

and how to stop the process. In the proposed SAR segmentation [10], an edge-based criterion

was adopted by computing a threshold for shadow pixels. The stopping rule was based onthe

energy (the number of pixels) belonging to the shadow region. As in [23], an average shadow

size was estimated from a set of human-segmented images.

In this paper we propose a totally automatic segmenter which does not require any human

intervention or pre-segmented images.
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3 Proposed segmenter

Fig. 1 shows the block diagram of the proposed segmenter. The segmenter is divided into

three main parts: pre-processing, processing and post-processing. Each part, discussed in

the following sections, defines an automatic processing sequence which requires no human

intervention. Let us now examine in detail the roles of the different steps in the block

diagram.

input
image

Pre-processing

EFC algorithm
Threshold Computation

Post-processing

output
image

Figure 1: Block diagram of the algorithm

3.1 Image histogram pre-processing

In the SAR images of MSTAR target chips provided by the DARPA and the AFRL, there
are three main regions in each chip target image, as shownin Fig 2: target, shadow and back-

ground clutter. Speckle and artefacts corrupt each defined region, which makes it difficult

to determine the boundaries between them. The aim of the pre-processing operation is to

increase the distinction between the three defined regions. Since the proposed segmenter is

based on image histogram processing, the pre-processing operation mainly involves image

histogram modifications designed to emphasize each region in the histogram. The pre-

processing is itself composed of different operations, which are discussed in the following

sections.
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3.1.1 Logarithmic MSTAR conversion

MSTAR images are presented in a special format, and have to be converted before being

processed. We use for this purpose a 16-bit data representation, followed by a logarithmic

transformation. At the end, a histogram stretch is performed in order to put image pixels

in the range [0,255]. More importantly, the use of a logarithmic transformation reduces

speckle in images by converting the multiplicative noise in additive one. This makes regions

of images more homogeneous and suitable to be approximated by a mixture of Gaussians

[15].
Figure 2 shows an image of the BMP2 target, taken at depression 17°. Figure 2.b

shows the BMP2 image resulting from a linear transformation, while Figure 2.a shows a

logarithmically transformed image. Figure 3 shows the histograms of the images of Figure

2.

a. b.

Figure 2: BMP2 target at depression 17°. a. logarithmic transformation, b. linear transformation.

As shown in Figure 3, the histogram resulting from the logarithmically transformed image

as shown in Figure 3. a is closer to a Gaussian than the histogram of the linear ly transformed

image shown in Figure 3.b, which is in general approximated by a Weibull distribution [23].

This increases the effectiveness of the EFC algorithm to approximating the histogram with

a mixture of Gaussians.

3.1.2 Histogram clipping

Histogram clipping is a well known operation used to increase the effectiveness of the stretch

operation [1]. Clipping is generally applied in cases where most of pixels of the image fall

within a small range, but a few outliers force the histogram to span the entire range. In such

cases, a pure histogram stretch will not improve the image. The aim of clipping is to cut off

a small percentage of pixels, occupying the low and high ranges of the histogram. Thus, new

values are computed for the extremities and used to stretch the histogram. In the case of

MSTAR images, the logarithmic transformation resulting in a few outlier pixels occupying
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Figure 3: a. Histogram of the BMP2 target image with logarithmic conversion, b. histogram of
the BMP2 target image with linear conversion.

the low and high ranges of the histogram, which is confined to a narrow grey-level range,

as shown in Figure 3. a. Clipping the outlier pixels will result in a histogram which spans

the entire grey-level range. In the clipped image, the structures of targets of interest are

preserved, and are somewhat more distinguishable from the background. This is due to the

fact that the grey-level ranges of targets of interest are larger than they were in the original

image.

Figure 4 shows the results when 1% of pixels are clipped from the image in Figure 2. a.

Figure 4.a shows the clipped image, and Figure 4.b, its histogram. In all of our experiments,

the clipping percentage was set to 1%. Note that clipping introduces random bright pixels

that are smoothed out by the morphological "closing" filter.

0.02

50 100 150 200 250 300
grey-levels

b.

Figure 4: a. Resulting image with clipping of 1%, b. histogram of the clipped image.

3.1.3 Morphological closing filter

Morphology relates to the structure or form of objects. Morphological filtering simplifies

image structure in order to facilitate the search for objects of interest. Mathematical mor-
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phology has been widely used in image processing. As well as application in edge detection,

texture analysis, noise suppression, small objects detection [20] [16], etc. Morphological fil-

tering in the case of SAR images reduces impulse noise, sharp peaks and narrow valleys,

without blurring object edges 16].
In our segmenter, we perform a "closing" morphological filtering using a (3x3) square

structuring element. This operation is implemented using an order-statistic (OS) filter. OS

filters are non-linear translation-invariant filters that have become popular for smoothing

and enhancing images 21]. They are defined as follows:

Let I be the input image and TV be a (nxn) square mask, with elements Wi = 1, % =

1,.., n2. For k = 1,.., n2, the output of the kth OS filter by W at a location x C I is obtained

by superposing the middle point of W on x, extracting the n2 pixels of /, sorting them in

descending order and picking the k element of the sorted list. The W mask is then shifted

to filter the entire image. If n is odd and k = n-f1, we have the special case of a median

filter. However, if k corresponds to the first element of the list (the smallest), we have an

erosion, and if k is the last element of the list (the largest), we have a dilatation. A "closing"

morphological filtering involves a dilatation followed by an erosion. The closing operation

for a square structuring element W of size n = (3x3) is implemented as follows:

close(f^W)=OS\OS9(f^W)} (1)
Figure 5 shows the results of the application of "closing" morphological filter with a

square structuring element of size (3x3).

50 100 150 200 250 300
grey-levels

a. b.

Figure 5: a. Results when the morphological "closing" filter is used on the clipped image, b.
histogram of the morphological filtred "closing" image.

We see from Figure 5. a that small speckle artefacts (smaller than the size of the structur-

ing elements) have been removed, making both background clutter and target of interest more

homogeneous. However, larger speckle structures are still present and enhanced (brighter)
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in the pre-processed image. In terms of the histogram, as shown in Figure 5.b, the spread

of targets of interest remains almost the same.

0 50 100 150 200 250 300
grey-levels

a. b.

Figure 6: a. Histogram stretch after use of a morphological "closing" filter, b. resulting stretch

histogram.

Regularity of both the background clutter and the targets of interest results in the the

histogram of the filtered image being confined to a narrow grey-level range, since the mor-

phological filter removes many higher and lower grey-levels. The valleys separating the

background from the targets of interest become narrow, which increases the difficulty of

separating them. For this purpose, a histogram stretch is performed so that the histogram

spans the entire grey-level range. This will flat the valleys and make the histogram behave

multi-modally. Figure 6.a shows the stretched image; its histogram is shown in Figure 6.b.

Now, let us define procedures for dividing the histogram in different parts in order to

detect regions of interest.

3.2 EFC-based automatic threshold computation

The threshold technique is a well-known operation for image segmentation. The literature

abounds with work on different methods of threshold computation. A significant survey of

these methods is found in [22]. Threshold techniques are in most cases stochastic unsuper-

vised methods: stochastic in the sense that a threshold is computed from the distribution

of pixel intensities; and unsupervised since for most algorithms in the literature, no a priori

information on images (number of classes) is needed to compute thresholds. The common

threshold based image segmentation algorithms are divided into two parts. First, the image

histogram is represented by some statistics. For this purpose, most algorithms approximate

the image histogram with a function that emphasizes class separation. The mixture model

is the most appropriate model for approximating multi-modal histograms. However, estima-

tion of the mixture parameters is difficult, especially when there are overlapping modes in
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the histogram or when the histogram is not smooth.

After that the histogram statistics are estimated, a threshold depending on these statis-

ties is computed. Ideally, thresholds are localized in the valleys of the image histogram [22],

which seem to be separation indicators for the different classes constituting the image. Al-

though thresholds depend on the histogram statistics, the procedure for computating them

is independent of the computation of the mixture model parameters.

In this paper we describe an algorithm, denoted by "EFC", that estimates the image

histogram with a mixture of normal densities. The EFC algorithm offers unified structure

for estimating both the number of modes in the histogram and the parameters of the mixture

components. In the next section, we describe the EFC algorithm and the estimation of the

mixture parameters.

3.2.1 The EFC for estimation of the image histogram's pdf

Consider a multi-modal histogram h(x), where x e GIN, and Gl^ is the set of grey-levels.

There exists a normalized representation of h(x), denoted by hz(x), such that hz(k) =

^Nw ^ ,^ (^ € GIN)- Since S^lo ^(z) = 1 an(^ ^^(z) ^ 0, hz(x) can be approximated by a
2^=o /H2'.

pdf denoted by p(x) which represents a mixture of M normal densities, such that:

M
p(x^) =^KJ fj(x, Oj) (2)

J=l

where /j(.) is the jth normal distribution with parameter Oj = (/^•,0j) representing, respec-

tively, the mean and the width (standard deviation) of the jth component; Kj are the mixing

parameters, with the restrictions that KJ > 0 and S^Ii Kj = 1; and 7^ = (Oj, Kj) totally

describe p(x^). Estimating the histogram's pdf amounts to estimating of the mixture pa-

rameters 7^. In the following, we use F(x^j) to describe the jth component of the mixture.

Note that p,j and Oj are scalar, since we are dealing with one-dimensional distributions. Such

a representation is called a mixture representation [12].

In our previous work [9, 7, 8], our interest was in pdf estimation of multi-modal his-

tograms. For this purpose, we have developed an algorithm, denoted by the EFC, for esti-

mating image histograms with a mixture of normal densities. The EFC algorithm can be

classed with "model selection" algorithms, applicable to "cluster validation" problems [3],

such as Akaike's information criterion (AIC) [13], the partition coefficient (PC) [18], the
ICOMP [14], the minimum description length (MDL) [17] and the minimum message length
(MML) [4 . These types of algorithms estimate the number of classes present in a set of data,

as well as the parameters of each class. The EFC algorithm proposes some modifications

relative to classical methods, since it is optimized for image histograms, and it emphasizes
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the applicability of the k-means algorithm in this case. Our previous studies have shown the

advantage of the EFC over other equivalent algorithms in the literature [9] and its robustness

in the presence of noise in the histogram. A sketch of the EFC algorithm is given as follows:

Algorithm
1. Choose Kmax

2. Perform the k-means algorithm with k = Kmax clusters

3. For k = Kmax,--^ do

- Estimate (o-,, K.j), j = 1, .., K

- Apply the ML for estimating 7

- Compute CW (j), j = 1, .., K

- Compute ME{k)
- Eliminate Fjo, where JQ is such that CW(jo) = Max(CW(j)\j = 1,.., X)

4. Compute k = ar gmzn(M E '(k)), A; = 1, ..Kmax

5. End.

where ML is the Maximum Likelihood method, and CW(j) == \/(LSj — RSj)2 + OSj and
ME(k) = Y^kj^CW(j) represent Component Weights and Model Error, respectively. LS,

RS and 05', representing Left, Right and Outer Surfaces, respectively, are given in Eq. 3.

LS=T,^_,MW)
RS=^+xa\n(h,(I)) (3)

OS=^^(h,(i)-pW

LS(j) and RS(j) are normalized surfaces of the histogram, centred around iij. Their differ-

ence quantifies a local symmetry rate around fJij. OS is the surface of the overlap between

the original and estimated histograms around fJij. \ is taken to be the unity for a symmetry

around one standard deviation of the estimated mean. K max is set to M + 4, where M is

an estimated number of components in the data [9]. In our segmenter, M is set to three (3)

and the EFC as described in the previous algorithm, allows us to estimate both the number

of modes in the image histogram and the normal density parameters for each mode.

One can argue that for the case of MSTAR SAR images, the application of the algorithm

(k-means + ML algorithms) only for a mixture of three clusters will result in valuable savings

in terms of computation time, since we are really looking for three distinct regions, target,

shadow and background. Indeed, this is the classical way to estimate mixture parameters

for unsupervised data with a known number of classes. However, it is shown in [9] that the

means of the M clusters of observed data are well estimated by the k-means algorithm only

if it is applied with an initial number of clusters Kmax ^ M + 4. The k-means algorithm

is applied only once at the beginning, and further processing does not change the resulting

estimated centres. In all of our experiments, Kmax was set to 7.
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The application of the EFC algorithm to the histogram in Figure 5.b results in four (4)

clusters. The parameters of the estimated clusters are summarized in Table 1. The model

error plot which led to the choice of four clusters is shown in Figure 7.b. The estimated

histogram with the parameters of Table 1 is shown in Figure 7. a, superposed on the original

histogram of Figure 5.b.

Cluster
1
2
3
4

Mean
45.29
94.13
121.02
181.97

Width
16.58
8.95
9.90
21.97

MP*
0.058
0.551
0.372
0.019

Table 1: *MP: Mixing parameters. Results of the EFC with four clusters, Kmax = 7.
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Figure 7: a. EFC estimated histogram superposed on the original histogram, b. JVIodel error plot,
indicating that four clusters is the best choice.

We have remarked in our experiments that for a large number of images, the EFC algo-

rithm estimates more than three (3) clusters. We should keep in mind that our principal aim

is to detect both target and shadow classes. These classes can easily be identified, respec-

lively, as the last component of the mixture for the target class, and the first component of

the mixture for the shadow class. The background clutter is too large and needs more than

one component is required to represent it. This can be seen in Table 1, where the weights of

both target and shadow are too small compared to the weights of the remaining components.

This is why both target and shadow need only one cluster to represent them.

To detect target and shadow, we compute the threshold that separates the last and second

to last components for the target, and the first and second components for the shadow.
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3.2.2 Threshold computation

The estimated histogram's pdf will be used to compute thresholds for target and shadow in

order to extract tem from the background. The threshold is computed using the estimated

statistics of the mixture. A common way of computing thresholds involves minimizing the

misclassification error probability between two adjacent classes (modes). This method is

likely to give as a threshold the intersection point of the two adjacent components of the

mixture [19]. Theoretically, this is consistent, and the method is offen applied in the thresh-

old segmentation of SAR images [2]. However, this method suffers from the fact that its

formalisation is quadratic, and hence, there are some cases where a threshold solution does

not exist. These problems are related to the non-linearity of the normal distribution used to

approximate the modes of a histogram.

In this paper, we propose a linear approach to the threshold computation problem. In-

deed, we have developed a linear method for computing the intersection of two normal

densities. The method is based on the approximation of the normal density with a set of

linear segments. Then, the intersection is computed in relation to the number of segments

used to approximate the normal distribution. The entire method is described as follows.

Consider a family of lines A/ = {A;i, A^, A^, ..., A^p}, where A^ (% == I,..,?) is a

tangent line to the point (x^ = p,—i a, G'(rc^)). If we approximate a Gaussian by the series

of lines A^, we obtain a piece-wise linear approximation given by:

~g^=_\^e~^(-x-ll+(ya} (4)
x G [/^— (%+!) a, jji — i a], % > 1

gi(x) is an approximation of the left side of the Gaussian. It is straightforward to deduce

the right side approximation (see [6]). This approximation is equivalent to Taylor expansions

at points x = (JL + icr (i = 1, ..,73). A better approximation can be obtained if we change

the bounds for each linear segment. The limit points of the bounds will be the intersections

between pairs of successive lines, namely A^, A^+i). An and A^+i) intersect at a point
i2 .„ (t+1)2

x = fi - f(i) a with f(i) < i < J(z + 1) and f(i) = {i2+l) e~^~((i+l)2+l^~T~-. In this
i e--2--(z+l) e-—2

case, the new left bounds will be given by re € [/z— jf(z) a, /^,—/(% — 1) a], % > 1. The

approximation error does not depend on the width a, which means that the approximation

is robust. Figure 8 shows the left and right approximations for p = 3.

With this approximation, the theoretical threshold, denoted by ^, can be computed

using only the bounds of the approximation segments. It is given for two components

FI = (re, /xi, o-i, Ki) and F2 = (re, ,^25 o-2; ,^2) as follows:

Algorithm
- Set the number of segments p
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Figure 8: Approximation of the normal density with p = 3 segments.

- If [^i + f(p)ai] < [p.2 - f{p)^ th = J(/U2 + /^l)
- Else

- Compute the couple (%,j), the indices of the right and left segments of the intersection

respectively, using the condition [^i + /(%)o"i] f~}[^2 — f {3)^2} i=- 0
- The threshold t^ is then given by:

_ Ai(n)(;ui+g(n)o-i)+A2(0(^2-9(0(T2)
Ai(n)+A2(Q

A^{n}=nKme^"\g{l)=^ (5)

In practice, this is implemented with a system of p comparisons to identify the couple

(%,j). Table 2 shows the thresholds computed from the mixture parameters in Table 1.

Clusters
1-2
3-4

Couple (ij) th
(2,3)
(3,2)

68
152

Table 2: Estimated threshold for the case of the parameters in Table 1.

The image is then thresholded using the estimated thresholds for any image pixel I(k)

(k = 1,.., N, N is the image size), as follows:

It(k) = 0, if 0 < J(^) < ^
It(k) = 255, if tm < I(k) < 255

elselt(k) = 128
(6)

where If is the thresholded image and t^ and t^s are thresholds related to the target and

shadow, respectively. Figure 9 shows the threshold results after the application of Eq. 5 and

6 to the image in Figure 6.
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Figure 9: Thresholded image. Target with white pixels (255), background with grey pixels (128)
and shadow with black pixels (0).

3.3 Post-processing

The post-processing aims to remove small objects (speckle artefacts) resulting from the

threshold operation. In the general case, the threshold operation results in an image con-

taining not only regions of interest, but also some smaller objects as shown in Figure 9.

However, these objects are smaller than the targets of interest and are easily removed. To

do so, we detect and label all the independent connected regions of the image, as follows:

It=[JCRi,l=l,..,Q

where CRi is the Ith connected region of the thresholded image, and Q is the number of

independent connected regions in the image. Then, we associate with each CRi, I = 1,.., Q,

the number of pixels forming it (cardinality):

Q= E ^
pixel^CRi

The largest region which corresponds to the target of interest, labelled m is obtained as:

m = arg(max(Ci, I = 1,.., Q))

This operation is performed twice on the image. In the first pass, only the white pixels cor-

responding to the target are considered by merging the shadow pixels with the background.

In the second pass, only the black pixels corresponding to the shadow are considered by

merging the target with the background. The results of both operations are then merged in

a single image. This operation, based on the hypothesis that the largest connected region is

the target of interest, allows us to remove all small objects, as illustrated in Figure 10.



SEGMENTATION OF SMALL VEHICLE TARGETS IN SAR IMAGES 16
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Figure 10: Final detection result.

4 Results

In this section, we present some results of the application of the present algorithm on different

types of targets, including T-72 and BTR-70, taken at depression 17°. We present details

of the application of the algorithm using some intermediate results. For each figure, we

show the original image, the filtered image and the segmentation result. The original and

the estimated histograms are also presented. We also give a table illustrating the estimated

mixture component parameters, and details concerning threshold computation.

For the first image example, which is a T-72 target taken at depression 17°, the EFC

algorithm estimated 4 components. Table 3 gives the estimated parameters for each com-

ponent of the mixture. As defined in previous sections, the first component (cluster 1 in

Table 3) of the mixture is superposed on the shadow of the target, whereas the last com-

ponent of the mixture (cluster 4 in Table 3) is superposed on the target itself. Figure 11. a

shows the original logarithmically transformed image. Figure ll.b shows the result of the

morphological "closing" filter. Note that a histogram stretch has been applied. Figure ll.c

shows the resulting segmented image. Figure 11.d shows the histogram of the original image,

and Figure ll.e shows the estimated histogram (mixture of components) superposed on the

histogram of the morphological filtered image. Figure ll.f shows a plot of the model error

for the EFC that suggested choosing 4 clusters. Table 4 gives the estimated thresholds with

the corresponding segment indices.

The second image example is a BTR-70 target taken at depression 17°. For this image,

the EFC algorithm estimated 5 components. Table 5 gives the estimated parameters for

each component of the mixture. As defined in previous sections, the first component (cluster

1 in Table 5) of the mixture is superposed on the shadow of the target, whereas the last

component of the mixture (cluster 5 in Table 5), is superposed on the target itself. Figure

12. a shows the original logarithmically transformed image. Figure 12.b shows the result of
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Figure 11: Example of the application of the EFC on a T-72 target image.

Cluster
1
2
3
4

Mean
57.92
84.15
104.82
167.19

Width
13.82
6.10
8.66
19.80

MP*

0.1268
0.4832
0.3681

0.02185

Table 3: *MP: Mixing parameters. Results of the application of the EFC on the T-72 target
image. Kmax = 7.

Clusters
1-2
3-4

Couple (ij) th
(2,3)
(3,2)

70
132

Table 4: Estimated threshold for the case of the parameters in Table 3.

the morphological "closing" filter. Note that a histogram stretch has been performed for this

image. Figure 12. c shows the resulting segmented image. Figure 12. d shows the histogram of

the original image, and Figure 12.e shows the estimated histogram (mixture of components)

superposed on the histogram of the morphologically filtered image. Figure 12.f shows a plot



SEGMENTATION OF SMALL VEHICLE TARGETS IN SAR IMAGES 18

of the model error for the EFC that suggested to choosing 5 clusters. Table 6 gives the

estimated thresholds with the corresponding segment indices.

50 100 150 200 250 300
grey-levels

d.

50 100 150 200 250 300
grey-levels

e.

Figure 12: Example of the application of the EFC on a BTR-70 target image.

Cluster
1
2
3
4
5

Mean
40.04
96.84
119.51
143.34
202.60

Width
18.48
7.45
5.51
8.43
20.11

MP*

0.0816
0.5485
0.2983
0.06146
0.01007

Table 5: *MP: Mixing parameters. Results of the application of the EFC on the BTR-70
target image. K^ax = 7.

Clusters
1-2

4-5

Couple {ij) th
(2,3)
(3,2)

74
167

Table 6: Estimated threshold for the case of the parameters in Table 5.
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5 Conclusion

In this paper, we have proposed an automatic segmentation algorithm to detect targets

and their shadows in MSTAR radar images. The results of this segmentation demonstrate

that the histogram threshold technique performs well with SAR images. The segmentation

algorithm includes both pre-processing and post-processing operations in order to increase

its effectiveness. The pre-processing is mainly designed to modify the behaviour of the image

histogram as a mixture of Gaussian distributions. The post-processing acts as a cleaning

operation, which removes any speckle structures resulting after the image is thresholded.

The threshold technique is built around the EFC algorithm, which estimates, the mixture

parameters of the image histogram without requiring supervision. Whatever the number of

clusters detected by the EFC, the last and first components of the mixture are detected to be

target and its shadow, respectively. Thus, thresholds that separate both targets of interests

from the background are computed. The method we have proposed to compute thresholds

is more precise than those found in the literature, since it formally computes theoretical

thresholds. The algorithm as described in this paper is automatic, and requires no human

intervention.
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RESUME
Un nouveau modelepour la detection automatique des
bateaux cibles dans les images SAR est developpe dans
ce papier. Le modele utilise une methode statistique
combinee avec les techniques de traitement d'images.
Le reseau de neurones probabilistiques (PNN) est un
modele tres efficacepour la classification des donnees.
II est base sur Fapproche non-parametrique pour
P estimation des densites de probabilites. Ce modele
statistique donne toujours de bons resultats quand il
est utilise dans F estimation des densites des
histogrammes d'images a niveaux de gris. La
technique CFAR basee sur Ie PNN est utilisee dans ce
papier pour ameliorer la performance de la detection
des bateaux. cibles dans les images SAR. Ce pdpier
presente nos recents tfavaux realises pour

P amelioration du modele de detection:

SUMMARY
A new automatic detection model for ship target in SAR
imagery is being developed by using a statistical
method and image processing technique. Probabilistic
neural networks (PNN) are an efficient model for data
classification based on a non-parametric approach to
estimate probability density function. This statistical
model always gives a good fit for gray-level image
histograms ofSAR images. The CFAR 'technique based
on the -PNN-mddel is used ta improve ship target
detection performance. This paper presents current
progress made on the detection model.
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INTRODUCTION
new automatic detection algorithm for ship targets in SAR
-images is being developed by using Probabilistic Neural

Networks (PNN) and image processing techniques. The
Constant False Alarm Rate (CFAR) technique has been used to
improve ship target detection performance.

There have already been considerable works done on ship
and other target detection in a radar clutter background. In
general, ships are identified in the SAR imagery as very bright
features because of the comer reflection. In reality, with an
appropriate choice of threshold, all visible ships to the human
eye can be detected. A statistical algorithm for quantifying
RADARSAT SAR's ship detection has been proposed by
Vachon et al. (Reference 11) in 1997 using a probability
density function (i.e., ~^-pdf) to determine a threshold level.
Ship targets are therefore identified as bright pixels in an
otherwise "dark" ocean.

PNN is an efficient model for data classification based on a
non-parametric approach to estimate probability density
function. It is shown in our recent studies that PNN always
gives a good fit for gray-level image histograms (Reference 2).
Therefore, we use PNN-model instead of other statistical
models, such as: K-distribution and Gamma distribution, in the
detection algorithm for ship targets in SAR images. Our ship
detector algorithm is mainly divided into three steps:

1) Estimating parameters;

2) Determining a threshold level; and

3) Identifying ship targets.

This research is a continuation and a further development of
our work in Reference 1 .

This paper is organized as follows: We first introduce our
detection model. Then we describe the PNN-model, and
investigate the CFAR technique based on the PNN-model.
This technique is intended to improve ship target detection
performance. Following this we will describe the detector's
performance and some experimental results on SAR images.

Sfflp DETECTION ALGORITHM
Ship detection is the detection of point targets in a radar clutter
background. Target detection in SAR imagery can be done by
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comparing the received backscatter magnitude to a fixed
threshold, if only thermal noise is present. But if the target is
embedded in spatially varying background clutter, as is
common in SAR images of terrain and ocean, an adaptive
threshold has to be used to keep the probability of false alarm
a constant. Thus a CFAR detector is useful for making target-
in-clutter decision in high resolution SAR images.

The main problems ofCFAR technique can be summarized by
two points:

• first how to find o-pdf, p(x), which gives good fitting ofSAR
image histograms;

• second how to resolve a threshold, denoted by /c m tihe
resolution of the following equation:

Vc (x)^ (1)

where 17^ is the required significance level. The basic structure of
the detection algorithm is summarized in Figure 1. Each step of
the detection is introduced accordingly in the following sections.

PNN MODEL
Probabilistic Neural Networks (PNN) (Reference 13) is an
efficient model for data classification, based on non-
parametric method of pdf estimation. It is a model which can
be used to estimate a pdf function. Indeed, PNN model gives
good fit and smoothed estimated pdf compared to other
techniques of pdf estimation, as a parametric model using K-
distribution and Gamma distribution (References 1, 14). PNN
model drops its roots in Parzen window model (Reference 4)
which is a class of kernel-based pdf estimation techniques.
Kernel-based technique suggests superposing on each data
point a kernel function which occupies a fixed space volume.

PARZEN'S WINDOW PDF ESTIMATOR
Parzen presented an excellent method for estimating an
univariate probability density function from a random
sample. His method is kernel-based with a special choice of
the form of the kernel function. Parzen's ^c^estimator uses
a weight function, denoted W{d), centered on each point of
the training set, which should satisfy several restrictions.
The restrictions are reported in (References 5, 13). The
Parzen's window pdf is given by:

1 ^
p{x)=-^-^W<ix-x^.

N^ (2)

The Gaussian distribution is the commonly used weighted
function since it satisfies all the restrictions. In this case, the
Parzen's window pdf'is a linear combination ofTVGaussians,
each of width o- and given by;

N
p(x)=-^^G(x^(T)(x)

N^
(3)

where

G^,o-)(x)=
1

(x-x,,Y

2<r2

2TTO-

The value of o- is closely linked to the degree of smoothness
of the estimated pdf. Estimating a is a problem which has not
been completely resolved. Here we present an original way,
totally experimental and inspired from a cross-validation
technique to estimate the value of o-. Another problem with the
use ofParzen's window is the computational complexity of the
method, since it requires the storage of all the training set. The
PNN is yet a model which can reduce the computational
complexity of the Parzen's window method.

The PNN as Learning Algorithm
of the Parzen'sj^^yEstimator

Sprecht (Reference 13) in 1990 used the Parzen's pdf
estimator to build a neural network, called PNN, which
realizes the Bayesian classification. When there is only one
class of data, as it is in our case, the PNN architecture for a
small network is illustrated in Figure 2.

Figure 2 illustrates a simple PNN architecture to compute
one data point in relation to all the data points as presented
in Equation 3. Each point is presented to the network in the

Output layer

Pattern layer

Input layer

Figure 2.
A simple PNN architecture for data belonging to one class.

Statistical
Model (PNN)

Thresholding
(CFAR

Technique)

Filtering
(Morphological

Filter)

Figure 1.
Block diagram of the ship detection algorithm.
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input layer. The pattern layer stores the learning set which
corresponds to a large set of random points of the original
image. The neurons of the pattern layer compute the value of
the Gaussian with respect to the width o- and the distance
between both the input and pattern layer values. The output
layer sums the values of the pattern layer. This realizes a
linear combination of the Gaussians. The architecture of
Figure 2 is capable of extremely high-speed operations.
Indeed, in practice the algorithm is composed of two
modules as illustrated in Figure 3. The first one deals with
look-up tables where the values of Gaussians of the possible
distances are stored. The second step realizes the linear
combination of values selected from look-up tables.

The size of the look-up table depends on the size of the
learning set N. In the case ofgray-level images, N is the size of
the image, thus a kernel function is superposed on each data
pixel. This is really costly. Fortunately, when histograms are
used, as in our case, the complexity of the look-up table is
reduced since a set of pixels may have the same gray-level.
Indeed, consider an histogram represented by a function,
h(x),xe.Gl^ of the gray-level frequencies of the image, where
Gl^= {0,1...,M-1} corresponds to the gray levels of the
image. h(x) gives the number of pixels having gray level x.
Thus, in introducing h(x) in Equation 3 we will have:

M
p(x)=^P[{]G(i,o:){x) (4)

/=0

where M= 256, P[ i] =
AO)

N and G(i,cT) is a Gaussianjo^

= P[x] is the normalizedIt is clear that the quantity
255

histogram and ^-0=0 P\-l\=\. We can remark that the
complexity of the look-up table is significantly reduced.
Moreover, since the Gaussian is an even function, the size of

the look-up table can be reduced from M2 to M(M^2-).

Estimate of a

The problem of choosing an appropriate value of o- has been
investigated by many researches (References 6 and 7), but is
still a problem which has not been completely resolved. A
particular formal approach of choosing o- has been
investigated by Duin (Reference 9), where Equation 4 is
considered as a specific parametric form of density function
p(x,a) of which the parameter cr is unknown. A general

solution can be obtained using the maximum likelihood
technique, however it is true only when the sample size $N$
approaches to infinity. Approximations can be done but
unfortunately this leads to loss of generality. We develop in
this paper an experimental approach to the choice of a. Indeed,
we use an approach inspired from the cross-validation
technique where cr is selected upon a penalty criterion. Since
the approach is totally experimental, we present results of
radar images, however the same approach can be applied to
any other class of images.

The cross-validation technique suggests the use of two types
of data, training and validation data. Validation data should not
be used for learning. Thus, we train the network with a given
part of the entire data first, then we validate the resulting state
of the network using validation data. For each processing,
results are compared to a reference. Thus, the best value of a is
that for which a minimum error is observed for both training
and validation. There are however two problems. The first
problem concerns both the choice of the learning set as well as
the comparison reference. The second problem concerns the
criterion to be used to compute the error between the two
previous data in order to select the best cr.

Consider an image of size P*Q which is divided into small
windows ofsizep*g with p,g «P,Q (a typical value ofp and
q is 3). The learning set is chosen to be one pixel taken at
random from the p*g pixels of the window. Thus, with the
selected pixels, we can constitute a learning histogram
(learning data). Comparison data are chosen to be a median
value of the resting pixels of the window obtained using a
median filter. The experiment is formed as follows: The
learning set is used to train the PNN which gives a resulting
histogram, denoted "learn histogram" (Hi). The learning
procedure is made for different values of a (a==0.5,l,l .5,...,9.5).
For each value of o-, H, is compared to the comparison data,
denoted "test histogram" (//,). The best value of o- is then
chosen to be the one which gives rise to a minimum of the error
function defined upon H/ and Hi as follows:

E,=E,+^AH, (5)

E. =^IL(^(")-//-(")):where"9 -^2^=iv"/v"y --'v-^ is the quadratic

error. The second part of Ep introduces a term of penalty. It
punishes any learn histogram which tends to oscillate. Indeed,
A Hi is the sum of absolute value of the differences between two
consecutive values ofHj given by

One point
~^\

data

Figure 3.
Bloc diagram of the PNN algorithm.

Look-up
table

Summation
Output

point
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AH^ =^J^I[-^/(n)—-^; (n "I) II- 'rl expresses the penalty
rate (T]=I in our experiment). Figure 4 shows the obtained results.

Figure 4a illustrates the mean error M(E ') calculated over
200 radar SAR images for each value of a. The minimum mean
error is obtained for cr=2.5. Figure 4b shows, for any given
value of o-, the number of images N(or) that give rise to the
minimum error. Figure 4b provides information about the
distribution of the number of images versus the best choice of
o-. In this experiment, the concentration of this distribution is
around a=2.5. From the experiment, we can see that o-=2.5 is a
good choice in general, although it is not the best choice for all
the images in the database. It is to be pointed out that this result
is specific to a set of radar images. The optimal value o- for
optical images is different.

Finally, in short, an algorithm on the PNN-model is as follows:

Compute H, for different value of a.
Compute E for each value of a.
The best pdf is for which E is minimal.

CFAR Technique Based on PNN-Model

Constant false alarm rate (CFAR) technique has been
developed by several researchers (References 8, 10-12).
This technique is used for the setting of thresholds so that
a radar operating in a sea-clutter environment will perform
at a CFAR. Let p(x) be a probability density function
(pdf) for modelling ocean radar images, and let

x

F(x) = \p(t)dt. Then ^(x) is an increasing continuous
o function on [0,+oo]. Let i7c(')?c^l) represent

the required significance level. This significance level
corresponds to a CFAR of (l-i7c) for the pdf of intensity. We
determine a threshold, /^, by the solution in Equation 1 .

In the following, we first present a method for resolving Tg,
supposing the pdfp(x) has been found. For any given T^, an
approximate solution of /c can be obtained by using
dichotomy with the following steps:

Step 1: Find a positive integer Z(0^/<+°°) such that F(F)^ r\^
and F(/+l)>^. Therefore, 7=s/,<J+l. If T]/=F{P),
then we take 1^=1. Otherwise,

Step 2: Compute F(/+l/2). If this value is equal to r]^, then we
take 7^(/+1/2). Otherwise,

Step 3: If77(/+l/2)<7^, then we will consider the point I+3A
and repeat step 2; When F(I+V2)>ri^ we will consider
the point I+YA and repeat step 2.

After n steps, the root is enclosed in an interval with length
2-("-1). The midpoint of that interval is an approximation to the
1^ with n-1 correct decimals.

To apply this method, it is necessary that F(x) be calculated
accurately. Let p(x) have the form of Equation 4. The
expression to be evaluated is given by

255 \

F(x)=^P\i}\G{i^)(t)dt
'=o o

where, for each Gaussian function G(i, o-),

jG(,,a)(Orf<=^=-J/

(6)

x (<-'•/

2(7-e '" dt

2TTO-

^(]e-yldy+]e-yldy)
lrIT "-i , '0

./'2cT

-J'l'V •j2<r

-( \e-"'dy- \e-''dy).
^
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Figure 4.
Results of the experiment for estimating the best value of the width 0" as to perform a smoothing. The experiment has been done for CT=0.5 to 9.5 with a
step of 0.5 and 1. (a) The mean error, (b) Number of images that gives rise to the minimum error.
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The following integral function, for short "erf\ is very useful
to find an approximate solution of/c in the Equation 1 when the
pdfis a mixture of Gaussian functions:

2 ^ _^
erf ( x) = —= I e ' ^.

Jo

Then, we have

(7)

Performance of the Detector
and Experimental Results

The algorithm starts with estimating parameters of SAR
image-intensity distribution. As discussed earlier, a suitable o- is
automatically chosen to control the smoothness of the resulting
PNN-p<^ To examine if PNN-p^/" is a suitable probability
density function for RADARSAT ocean scenes, we use the
mean-squared error (MSE) as a goodness-of-fit test, i.e.,

t̂ 0,a)(0^=^ erf{^)-erf(-^)
cr^/2' ' ~o-V2

(8)
1255

Error =^(h(i) - p(i)):
;=0

^(A^-)+e^(-7?)
0-^2' 'o-V2

From Equations 6 and 8, we obtain

255

^)=ll>[']l erf(-^=)-erf(
'a-^2

-; \

a\/T (9)

The rational approximation (Reference 3) of the integral
function erflx) is given as follows: For 0^x<+oo

erf^)=l-

where

T-—r, — n-4+e-(x) = //,w+ei(A')
\\+a,x+a^+a^+a^y "~ ' ' ' (10)

H, (;c) =1
2. , 3 , 4 I4

l+a^x + a^x" + a.,;c" + a^x

a, =0.278393

^2= 0.230389

a 3 =0.000972

04=0.078108

|e,(x)|<5*10-4.

By using the rational approximation Hj(x) ofer/(x), we can
compute F(x), based on Equation 9 which will give an
approximate solution of 4.

Since the expression of F(x) in Equation 9 does not
involve any complicated functions, such as Bessel
functions, only simple numerical operations are required to
compute it. Therefore, using the PNN-model for setting
threshold 1^ can be easily realized. We believe that the PNN-
nodel can save more computational time than the K-model

in the detection algorithm (References 1 and 11) for details),
since the K-model does involve Bessel functions.

where h(T) is the original image histogram and p(T) is the
PNN-pfi^ result. When the error is less than a given value
a (usually a= 0.05 is selected), we use this pdf to determine
a threshold 1^, which corresponds to a significance level
^(usually 17^=0.995 is selected) in Equation 1, and then
identify possible ship pixels by the threshold 1^. Figure 5b
presents results of detection by directly using 1^. As it can be
observed in Figure Sb, thresholding does not exclude some
false ship pixels. Therefore, it is necessary to remove false
pixels through a cleaning operation.

The morphological filter (Baxes, 1994) is applied to
eliminate those false ship pixels. The morphological filter is a
logical filter which pertains to the structure and shape of
objects (Reference 17). It has two basic operations, erosion and
dilation. The erosion operation is incorporated in the algorithm.
In our work, we make a 7 by 7 moving window filter. Each
image pixel is examined by placing it as filter centre. The filter
then examines the 48 neighbouring pixels. If more than seven
neighbouring pixels are possible ship pixels, the centre pixel is
considered as a tme ship pixel. This operation effectively
removes singular false ship pixels due to speckle or other
oceanic phenomena. The result is illustrated in Figure 5c.

The model developed in this paper has been tested on a number
of SAR (ERS and RADARSAT) images. Three examples
illustrated in Figure 6, Figure 7, and Figure 8, respectively, are
given. In each example, we show comparisons between the PNN-
model and K-distribution model, as shown in Table 1, Table 2
and Table 3. The related comparisons are CPU time, which is
the total detection time, including PN^-pdf estimating, the
computation of threshold and ship target detection; the value of
the threshold 1^; as well as the MSE ofeach^^compared to the
original histogram. Experimental results show that PNN is in
most cases suitable for ship target detection. Indeed, it requires
less computational time than K-distribution model. This is due
to the simplicity of its basic mathematical relations. This
particularity however offers the possibility of obtaining a totally
automatic detection algorithm since there is no need of human
intervention to set parameters. Since the PNN is a non-
parametric model of pdf estimation, the original histogram is
approached point by point, which gives an accurate simulated
histogram and, therefore, an accurate value of ly
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(a) (b)

Figure 5.

(a) Original image, (b) Result using threshold 1^ and (c) Result using morphological filter.

0

(c)

sb' ' ' W ' ' '1 ki '' hilo' ' ' ^0

Figure 6.
(a) Original ERS SAR image (436*374), (b) Results using the PNN-modeI,
(c) Results using the K-model and

(d)Histogram fitting with a PNN-p<ywith a=1.8.
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Figure 7.
Original image (532*600: a sub-image of the RADARSAT SAR image m0109452),
(b) Results using the PNN-model, (c) Results using the K-model and (d) Histogram fitting with a PNN-jo^with o-=0.6.

CONCLUSION AND FUTURE WORK
An automatic ship detection model is being explored by
using PNN-model. The model has given promising results in

terms of processor and computation time, compared to the
widely used K-model. Further reduction in computation time
is possible (for example, computation of the Equation 8). In
this research work, we mainly deal with those
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Figure 8.
(a) Original image (1121*730: a sub-image of the RADARSAT SAR image m0114461),
(b) Results using the PNN-model, (c) Results using the K-model and (d) Histogram
fitting with a PNN-p^with 0-=2.2.

images ofeightbits. A further research for those SAR images
with 16 bits is shown in (Reference 14). Detailed
comparisons with several models is made in (Reference 15).

ACKNOWLEDGEMENTS
The authors thank Dr. Maria T. Rey (DREO) for providing
RADARSAT SAR images. Also thanks to Dr. Lin I-I (CRISP)
for having sent us some research papers and ERS SAR images.

REFERENCES
lJiang, Q., S. Wang, D. Ziou, G.B. Benie, A. El Zaart, M. Rey, and M.

Henschel. (1998). "Ship Detection in RADARSAT SAR Imagery", Proc. of
IEEE SMC '98 (San Diego), pp 4562-4566.

2Aitnouri, E., S. Wang, and D. Ziou. (1999). "Estimation of a Multi-Modal
Histogram's pdf Using a Mixture Model" Neural, Parallel and Scientific
Computations, Vol. 7, Number 1, March.

3Ambramowitz, M and I. Stegun, (eds.). (1965). Handbook of Mathematical
Functions, Dover, New York.

4Parzen, E. (1962). "On Estimation of a Probability Density Function and
Mode", Annals of Mathematical Statistics, 33, pp 1065-1076.

Table 1.
MS errors, thresholds and computational time

corresponding to Figure 6.

MSE
Threshold /
CPU time (seconds)

PNN-model

0.002048

198

2.55

K-model

0.012338

224

3.35

Table 2.
MS errors, thresholds and computational time

corresponding to Figure 7.

MSE

Threshold I,.

CPU time (seconds)

PNN-model

0.000848

92

2.24

K-model

0.006953

93

4.2



Canadian Journal of Remote Sensing/JournaI canadien de teledetection

Table 3.
MS errors, thresholds and computational time

corresponding to Figure 8.

MSE

Threshold I

CPU time (seconds)

PNN-modeI

0.030160

24

3.18

K-model

0.049056

25

13.50

5Duda, R, 0. and Hart, P. E. (1993). "Pattern Classification and Scene
Analysis", New York, John Wiley, 1993.

6Fukunaga, K. (1990). Introduction to Statistical Pattern Recognition,
Second Edition, Academic Press, New York.

Devroye, L. (1988). "Automatic Pattern Recognition, a Study of a
Probability of an Error", IEEE Trans. on Pattern Anal. Mach. Intell., 4 (1988).

8Musha T. and M. Sekin. (1993). "CFAR Techniques in Clutter", IEE
RADAR Sonar, Navigation andAvionics Series, Vol. 4, pp 184-214.

9Duin, R.P.W. (1976). "On the Choice of Smoothing Parameters for Parzen
Estimators of Probability Density Function", IEEE tans. Comput; 25, pp 1175-
1179.

Echard Jim D. (1991). "Estimation of Radar Detection and False Alarm
Probabilities", IEEE Transactions on Aerospace and Electronic Systems,
Vol. 27, No, 2, pp 255-260.

"Vachon P. W., J. Campbell, C. Bjerklund, F. Dobson, and M. Rey. (1997).
"Ship Detection by the RADARSAT SAR: Validation of Detection Model
Predictions", Canadian Journal of Remote Sensing, Vol. 23, No. 1 pp 48-59.

12Pentini F. A., A. Farina, and F. Zirilli. (1992). "Radar Detection of Targets
Located in a Coherent K Distributed Clutter Background", lEEProceedings-F,
Vol. 139, No. 3, pp 239-245.

13Sprecht, Donald. (1990). "Probabilistic Neural Networks", Neural
Networks, Vol. 3, pp 109-118.

14Qingshan, Jiang, Shengrui Wang, Djemel Ziou, and Ali El Zaart. (1999).
"Automatic Detection for Ship Targets in RADARSAT SAR Images from
Coastal Regions", Vision Interface '99, pp 131-137.

15Qingshan, Jiang. "Statistical Analysis of SAR Images and its Application
in Ship Detection" (in preparation) Ph.D. Thesis, Universite de Sherbrooke,
Canada.

16Baxes, G.A. Digital Image Processing: Principles and Applications, Wiley,
1994.

17Lin I-I. L.K. Kwoh, Y.C. Lin, and V. Khoo. "Ship and Ship Wake Detection
in the ERS SAR Imagery Using Computer-Based Algorithm", IGARSS'97.



Conclusion et les futures recherches

Dans cette these, nous avons presente un certain nombre de contributions a la recon-

naissance de formes statistique. Ces contributions concernent 1'utilisation des modeles

de melanges pour 1'estimation de la pdf et leur application au traitement d'images. Elles

incluent ce qui suit:

- Le developpement de deux algorithmes pour estimer la pdfdes histogrammes d'images

en utilisant Ie modele de melange. Un de ces algorithmes a ete employe comme

unite de processus central dans un algorithme de segmentation d'images SAR pour

la detection de petites cibles de type vehicules.

- Developpement d'un algorithme pour 1'estimation de la pdf de Parzen des histo-

grammes d'images en utilisant Ie modele de PNN. Cette methode a ete employee

pour estimer la pdf non parametrique des histogrammes d'images radar SAR pour

la detection des bateaux.

- Developpement de deux algorithmes pour generer des donnees avec Ie recouvrement

de composants qui est controle, necessaire pour Ie developpement et la validation

des algorithmes de groupement et d'estimation de pdf. Les donnees generees valides

nous out permis d'effectuer des etudes de comparaison entre un de nos algorithmes

d'estimation de pdf et un algorithme equivalent de la litterature.

Dans ce qui suit, nous decrivons ces contributions et leurs possibles extensions.
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1 Estimation des pd/cThistogrammes damages en uti-

lisant les modeles de melanges

Les images contiennent des ob jets et des regions ayant differents niveaux de gris.

Les histogrammes de telles images sont multi-modaux, ou chaque mode represente un

objet ou une region. Les modeles de melanges sont les modeles les plus appropries pour

approcher les pdfde tels histogrammes, particulierement quand Ie nombre de modes dans

Phistogramme est connu. La methode de maximum de vraisemblance est la technique

la plus repandue pour estimer les parametres d'un melange. Cependant, 1'efficacite du

maximum de vraisemblance depend de Pinitialisation des parametres du melange. Le

parametre Ie plus important est Ie nombre M de composants dans Ie melange, mais pour

beaucoup d'applications, M n'est pas connu a Pavance. Si M est connu, 1'algorithme

K-moyennes est souvent employe pour initialiser les parametres de chaque composant du

melange.

Notre contribution principale est Ie developpement de deux algorithmes pour estimer

Ie nombre de modes et les parametres de melange d'un histogramme d'image. L'idee

derriere Ie developpement des algorithmes provient d'une relation decouverte pendant

nos etudes experiment ales, dans lesquelles nous avons etudie 1'efFet du nombre initial k

de composants utilises dans Palgorithme K-moyennes sur 1'exactitude des parametres

d'un histogramme de M modes estimes par un modele de melange. Nous avons trouve

que k doit etre plus grand que M, au moins k > M+4, pour assurer Pestimation precise

des parametres.

Le premier algorithme utilise une approche directe et se fonde sur les caracteristiques

d un histogramme d'image et la symetrie de la distribution Gaussienne pour estimer Ie

nombre de modes dans les histogrammes. Bien qu'il rivalise favorablement avec un al-

gorithme equivalent de la litterature, cet algorithme exige Ie lissage de Phistogramme.

Le deuxieme algorithme que nous avons developpe est classifie avec les algorithmes

de selection de modeles. Afin d'exploiter la relation entre M et k, un nouveau critere

de selection pour choisir Ie meilleur modele qui approche mieux 1'histogramme a ete

developpe. Get algorithme est actuellement utilise comme unite centrale de traitement

du segmenteur que nous avons developpe pour la segmentation de petites cibles de type
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vehicule dans les images SAR.

Le premier algorithme est fondamentalement applicable aux histogrammes d'images,

et il est robuste et efficace pour ce genre de donnees. Le deuxieme algorithme a ete con^u

avec plus de consideration concernant sa possible extension aux donnees multidimension-

nelles. En fait, les mesures de similitude et Ie critere de selection dans cet algorithme sont

bases sur des erreurs convenables et peuvent etre plus naturellement etendues.

2 Generation des histogrammes de tests

La generation des donnees de tests est tres importante pour valider des algorithmes.

Dans nos etudes, notre souci est la generation des histogrammes artificiels avec lesquels

nos algorithmes sont valides et compares. Nos principales contributions sont une definition

formelle du taux de recouvrement entre les composants d'un melange de densites nor-

males unidimensionnelles, et Ie developpement de deux algorithmes pour la generation

de donnees tout en controlant leur taux de recouvrement.

Le premier algorithme emploie les largeurs (ecart type) des composants pour controler

Ie recouvrement. II initialise les moyennes des composants Ie long de 1'axe et determine

leur largeur afin d'eviter un recouvrement total entre eux. Le probleme principal auquel

nous devious faire face pendant Ie developpement de cet algorithme etait la complexite des

equations mathematiques engendrees. L algorithme developpe a ete utilise pour generer

des histogrammes artificiels necessaires pour la comparaison entre 1'algorithme EFC et Ie

AIC. Le deuxieme algorithme, en revanche, emploie les moyennes des composants pour

controler Ie taux de recouvrement de deux composants adjacents. Dans cet algorithme,

1'utilisateur a la possibilite de pre-specifier Ie taux de chevauchement que les composants

generes doivent avoir. Compare au premier algorithme, cet algorithme necessite davantage

de recherches pour la generation de composants bien ecartes Ie long de Paxe.

Les algorithmes proposes id peuvent etre etendus au cas de la generation des donnees

multidimensionnelle. En effet, les principaux algorithmes de la litterature ayant affaire

avec la generation des donnees multidimensionnelles exigent que les donnees ne soient

pas recouvertes dans la premiere dimension. Nos algorithmes peuvent etre plus efiicaces

qu and ils sont employes dans un tel cadre, puisqu'ils ofFrent des relations formelles (plutot
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que ad hoc) pour generer des composants non recouverts. En outre, en utilisant Ie meme

concept du recouvrement des composants, nos algorithmes peuvent etre etendus a la

generation des donnees multidimensionnelles (independantes) alignees. Pour la generation

de donnees correlee cependant, plus d'investigations et de recherches sont necessaires.

3 Applications

Dans cette these, nous avons presente deux applications traitant de la detection/segm-

entation automatique de cibles dans les images SAR. La premiere application fait par-

tie d'un projet industriel soutenu par Ie CRSNG et Lockheed Martin Canada pour la

detection et Fidentification de petites cibles de type vehicules dans des images SAR

aeroportees. Nous avons propose un algorithme pour segmenter les cibles et leurs ombres.

La deuxieme application est egalement une partie d'un projet industriel soutenu par Ie

CRSNG et 1'agence spatiale canadienne (CSA: Canadian Spacial Agency). Cette applica-

tion traite de la detection automatique des cibles de type bateaux dans les images radar

SAR.

Nous avons propose un algorithme automatique base sur Phistogramme pour segmen-

ter une cible de type vehicule et son ombre. L'approche utilisant 1'histogramme pour la

segmentation d'images a 1'avantage d'etre simple et efficace. Nous avons utilise notre

algorithme de selection de modeles, presente dans la deuxieme partie du chapitre I, pour

estimer la pdfde Phistogramme d'une image. Des seuils out ete calcules a partir d'un en-

semble de comparaisons en utilisant une approximation mathematique de la Gaussienne.

Nous avons developpe des procedures de pretraitement et de post-traitement appropriees

aux images 1VESTAR. Les procedures de pretraitement permettent la transformation des

images MSTAR de sorte que leurs histogrammes puissent etre approches par un melange

de Gaussiennes, tandis que la frontiere des cibles est bien preservee. Ce segmenteur est

totalement automatique.

La deuxieme application a resulte d'une collaboration avec Q. Jiang. Jiang a developpe

un systeme pour la detection de bateaux dans les images radar SAR en utilisant la tech-

nique de CFAR et a experimente son systeme avec differents algorithmes pour 1'estimation

de la pdf parametrique des histogrammes d'images. Cette collaboration nous a permis de
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developper un algorithme base sur un modele non parametrique d'estimation de pdf. Ma

contribution au developpement de ce nouvel algorithme etait la conception d'un methode

convenable d'estimation de la pd/d'histogrammes en utilisant Falgorithme PNN presente

dans la premiere partie du chapitre I. Compare aux approches parametriques classiques,

notre algorithme a Pavantage d'etre rapide et precis.

Le segmenteur presente dans cette these peut etre applique a la segmentation d'ob-

jets et de cibles dans d'autres types d'images. Cependant, Ie pretraitement et Ie post

traitement doivent etre modifies. Dans 1'application presentee ci-dessus, la segmentation

est faite sur les images qui contiennent une cible simple (cible, ombre et fond). II serait

interessant d'etendre notre algorithme a la segmentation de cibles multiples aussi bien

que des objets a partir d'images de couleur. Les comparaisons avec d'autres segmenteurs

sont egalement necessaires pour comprendre les forces et les faiblesses de cette approche.
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Corrections

Reference [12] dans Ie premier article du chapite I doit etre remplacee par:

S. Kullback and R.A. Leibler. On Information and Sufficiency. Annals of Mathematical

Statistics, 22:79-86, 1951.

Table 4 du second article du chapitre II doit etre remplacee par:

"AIC^

EFC

Noise width o-n = 0
CVSi
0.022
0.008

CVS2
0.047
0.038

CVSs
0.248
0.072

Noise width o-n = 2
~cvsT

0.021
0.019

CVS2
0.043
0.042

CVSs
0.0122
0.0081

TAB. 1 - Average MSE for each set.

Afficher les figures originales du premier article du chapitre I.
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50—1' lllo ' ' lid ' 2^0 ' ' ' 2?

FIG. 1 — An artificial histogram generated from a true mixture of three Gaussians.

FIG. 2 - An optical image and its histogram
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a) b)
FIG. 3 — A typical radar image and its histogram

Input

data

Setting of mixture
parameters

k-means algorithm

Histogram smoothing

PNN algorithm

Elimination of

false clusters
-^-

Refinement of the

estimated parameters

E-M algorithm

Output

parameters

FIG. 4 — A block diagram of the proposed model
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FIG. 5 - Average error E{err), an indicator of the performance of the k-means algorithm, as a
function o/M and K. E{err) is calculated over 10000 histograms. A subset of 15000 points has
been generated according to each histogram with different values of K, the number of clusters.

FIG. 6 - The principle of the deviation 7
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a) b) c)

FIG. 7 - Reconstruction of the estimated histograms. a) K =5, f3 = 0.97, M.SE = 0.0025, b)

K = 6, ?= 0.975, MSE = 0.013, c) K=7,(3= 0.97, M^£J = 0.0096

a) b)
FIG. 8 — Results of the experiment for estimating the best value of the width a to perform a
smoothing. The experiment was performed for a = 0.5 to 9.5 with a step of 0.5 and T] = 1. a)

Mean error, b) Number of images that give rise to the minimum error.
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a)

FIG. 9 - Radar image histogram estimation, a) Smoothing the histogram using the PNN ap-
proach with a- = 2.5, MSE = 0.00026. b) Estimation of parameters by our model with K = 5
and ,0=0.97, M^E = 0.0011.

b)

a) b)
FIG. 10 - On optical image histogram estimation, a) Smoothing the histogram using the PNN
approach with a = 1.5, M.SE == 0.00011. b) Estimation of parameters using our model with

k= 9, (3 = 0.9, MSE = 0.00089.
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a) b)

FIG. 11 - Frequencies of estimated histograms resulting with a given error x 4.10- . a) Histo-

grams estimated with our model (Average Mean Square Error: AMSE = 0.0132^, b) Histograms
estimated with classical method (Average Mean Square Error: AMSE = 0.0308,
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