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Summary

In the current dissertation, we propose three statistical approaches to the analysis of

SAR images.

SAR image is composed of several classes of pixels. In the first part of this thesis, we

assume that each of these classes can be modeled by a Gamma distribution. The multi-

modal SAR image histogram is thus a mixture of Gamma distributions. The maximum

likelihood technique (ML) is used to estimate the parameters of each mode in the mul-

timodal SAR image histogram. The number of looks of the SAR image is estimated by

using either Gamma maximum likelihood or the maximum of the Gamma function.

Second, we use a method taken from statistical inference theory, called the minimum

message length approach (MML) to model SAR images. The MML permits to minimize

the length of a message transmitted from sender to receiver. The parameters of the mes-

sage are random. The message length is the logarithm of the posterior probability of the

model, so the MML approach can also be regarded as finding the model with the highest

posterior probability. The multimodal SAR image histogram is assumed to be a mixture

of Gamma distributions. The MML algorithm finds the best model and estimates the

number of modes and the statistics of the multimodal histogram.

Third, the distribution of a given class in the SAR image depends on the form of the

scene surfaces and on the radar parameters. Due to SAR image preprocessing and other

factors, the use of one distribution is insufficient and we need a method for modeling each
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class (mode) in the SAR image (histogram) by an appropriate distribution. Using a set of

distributions with flexible shapes that are likely to fit the SAR image histogram, we form

a system called GGBL which includes four parametric distributions: Gaussian, Gamma,

Beta and Log-Normal. The selection of a parametric distribution from the GGBL system

for each mode of the heterogeneous multimodal SAR histogram is performed according

to the location of the skewness and flatness coefficients in this space. We propose a dis-

tribution stability method for distribution selection, using the asymmetry and flatness

coefficients. The statistics of heterogeneous multimodal SAR histogram are estimated

using the characteristic points of the histogram.

Algorithms are validated in the context of segmentation of SAR images using threshold

information. Thresholds are computed by minimizing the discrimination error between

classes of pixels in the SAR image. Finally, the major results and key features of the

ML, MML and GGBL proposals are analyzed, and extensions for future research are

discussed.
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Introduction

From some thirty years now, images taken from space have contributed to our know-

ledge of the earth's surface and the environment at the ground level. For the last twenty

years, the researchers have been interested in active radar systems. Synthetic Aperture

Radar (SAR), operating in the microwave range, is an active system which functions in-

dependently of solar illumination. The advantages of a SAR system compared to optical

systems are its insensitivity to the weather conditions of the terrestrial zone observed

and its ability to function night and day. Moreover, since a SAR system depends on the

electromagnetic property, it provides additional information such as relief of the targets

to that obtained by optical sensors [28].

The contribution of radar imagery was confirmed experiment ally when the first SAR

satellite civil system was launched on SAESAT in 1979. After SAESAT, several missions

for ground observation were launched by the National Aeronautic and Space Agency

(NASA), the European Space Agency (ESA), the Japanese National Space Development

Agency, the Canadian Space Agency (CSA) and the space agency of the USSR. The

last decade of the twentieth century has seen the permanent presence of SAR systems in

space. The first European satellite was launched in 1991 (E ERS-1), followed by a Japa-

nese satellite in 1992 (J ERS-1), anadian RADARSAT in 1994. NASA'S multifrequency

polymetric SAR for ground observation was launched in 2000 and that of the Canadian

Space Agency will be launched in the year 2001.

Many civil and military applications use SAR images, in such areas as target detection,



geological cartography, oceanography tasks such as the study of waves and currents, oil

spill and ship detection, agricultural applications such as monitoring of crop growth, and

the study of forest covers and the urban land use. Most applications of SAR images

require a step involving image statistical analysis. The output of this statistical analysis

is then used in segmentation, feature extraction, pattern recognition, classification, etc.

Statistical analysis requires estimation of the distribution of the image. The distribu-

tion of a SAR image can be Gaussian, Gamma, Beta, Log-Normal, K-distribution, etc.

[4, 11, 31, 14, 34, 13, 25, 2, 18, 8, 9]. In the case of unimodal and multimodal histo-

grams, the algorithms used to estimate the distribution of the SAR image are maximum

likelihood (ML), minimum message length (MML), moment, K-means, etc. Moreover, a

SAR image may contain two or more different distributions. In this case the appropriate

algorithm must be used to select and estimate the distribution of each mode in the hete-

rogeneous multimodal histogram of the SAR image. The work conducted for this thesis

is presented here in three principal sections. The first part deals with the use of the ML

algorithm with Gamma distribution to estimate the statistics of homogeneous multimo-

dal histograms of SAR images, and subsequent validation of the estimated statistics on

SAR segmentation. The second part relates the use of a method taken from the statis-

tical inference theory, the MML algorithm with Gamma distribution, to find the best

model for the SAR image and to estimate the number of modes and the statistics of the

homogeneous multimodal histogram. The third part concerns the selection and estima-

tion of a distribution for each mode in a heterogeneous multimodal SAR image histogram.

First part: The speckle appearing in SAR images is a natural phenomenon generated

by the processing of radar echoes [29, 21]. The presence of speckle, not only reduces the

interpreter's ability to resolve fine details, but also makes automatic processing of such

SAR images difficult. The random nature of the data contained in SAR images makes

statistical approaches especially suitable for processing this type of data. In the first part

of this thesis, we consider a statistical approach for SAR images. In the case of an optical

image, the histogram is assumed to be bimodal 19] or a linear combination of several

Gaussians [35]. The maximum likelihood has been widely used in the case of a Gaussian

distribution [26]. However, due to the central limit theorem, the Gaussian can be used



with SAR images only if the number of looks is high. If this is not the case, Gamma and K

distributions are often used to estimate SAR histogram parameters [16, 14]. In this case

we can use the maximum likelihood or some other algorithm and estimate the histogram

parameters. The SAR image histogram is assumed to be a linear combination of two

Gamma functions (bimodal) [4] or only one mode having the form of a K-distribution.

In ship detection for example, only one mode is used, so we can use a K-distribution in

this case 16]. But if the image has more than one class, estimation of its statistics using

a K-distribution is difficult. In this first part of the thesis, we propose a solution for this

problem by assuming that the histogram is a linear combination of several Gamma distri-

buttons (multimodal). The maximum likelihood technique is therefore used to estimate

the histogram parameters. This technique requires knowledge of the number of modes

in the histogram, the number of looks for the SAR image, and the initial parameters of

the histogram. The second derivative of the histogram is used to estimate the number

of modes. We use two methods to estimate the number of looks, the maximum likeli-

hood and the maximum of the Gamma function. Initial parameters are estimated using

the maximum of the Gamma function. The ML algorithm is validated in the context of

segmentation of SAR images using threshold information. Thresholds are computed by

minimizing the discrimination error between classes of pixels in the SAR image.

Second part: In the second part of this thesis, we consider an inductive inference-

based approach with Gamma distribution to model SAR images. The inductive inference

deals with the problem of choosing the parameters, or the model from a model space,

which best 'explain' the existing data. A variety of information criteria have been propo-

sed to select the best model, such as the Minimum Message Length (MML) [32], Akaike's

Information Criterion (AIC) [7], and the Minimum Description Length (MDL) [15, 20].

These methods permit to minimize the length of a message transmitted from sender to

receiver by using the best model. According to Baxter [I], the MML criterion gave better

results than the AIC and MDL criteria for artificial mixtures of Gaussians. However, Ro-

berts et al. found that the MML and MDL are almost identical for Gaussian distributions

[27]. In this part of the thesis, we use the MML approach to Gamma mixture modeling

for SAR images. The minimum message length approach has strong connections with



Bayesian inference, and hence uses an explicit prior distribution over parameter values

[24]. The message length is the logarithm of the posterior probability of the model, so

the MML approach can also be regarded as finding the model with the highest posterior

probability. From an information-theory point of view, the MML approach is based on

evaluating statistical models according to their ability to compress a message containing

the data. High compression is obtained by forming good models of the data to be enco-

ded. The model is a probability distribution of the data to be encoded [1, 10].

Wallace and Boulton (1968) [32] first applied MML encoding to models with continuous

variables and produced a practical program for unsupervised classification called SNOB

[32, 5, 6]. Some applications of MML include decision trees [33] and decision graphs
[23, 22]. Baxter [1] used the MML for mixture of Gaussians to estimate the number of

classes of the data. Dowe 10] used the MML for unimodal histograms to estimate the

parameters of Gaussian, Poisson and Von Misses circular distributions. We use the MML

approach to Gamma mixture modeling and then apply it to the segmentation of SAR

images.

Third part: In this part of the thesis, we discuss the problem of statistical modeling

of heterogeneous multimodal SAR image histograms. In fact, the distribution shape of a

class in the SAR image depends on the form of the scene surfaces [8] and on the radar

parameters [3]. Because of SAR image preprocessing, the distribution of each class can

change. Thus, the use of one distribution is not sufficient and we need a method for

modeling each class (mode) in the SAR image (histogram) by an appropriate distribu-

tion. The statistical formulation is, of interest for optimal radar performance analysis.

Carrying out such an analysis requires a statistical image model, usually obtained by one

of the following two approaches [9]. The first approach consists of considering the physi-

cal mechanism responsible for backscatter from the surface of the scene [8]. The second

consists of modeling the image using parametric distributions [17]. Distributions used

for SAR images include the Gaussian, Gamma, Beta, Log-Normal, Weibull, Rayleigh, K,

W, B and U distributions. Berizzi et al. [3] studied the link between radar parameters

and the Log-Normal, Weibull, Rayleigh and K distributions for homogeneous ocean SAR



images. This link can be described as follows for three different operating conditions:

(i) for low-range resolution radar, the range resolution cell is large so that a Rayleigh

distribution is expected; (ii) for high-range resolution radar with low incident angle, a

longer-tailed distribution than the Rayleigh (e.g. Weibull) is expected; and (iii) for high-

range resolution radar with high incident angle, a long-tailed distribution such as the

K-distribution or the Log-Normal distribution is expected. The Gaussian distribution is

suitable when the number of looks is large. The Gamma distribution is largely used for

analysis ofmultimodal SAR image histograms 4, 11, 31, 14,34, 13, 25 . The Beta, K, W,

B and U distributions have been used for homogeneous SAR images [8, 9, 2, 18]. A set

of distributions can be grouped into a system in order to model a large number of SAR

images. The Pearson system [8] contains a set of four parametric distributions. Each pa-

rametric distribution in the Pearson system can be transformed into another distribution

derived from a physical model. The transformed distributions are grouped in a system,

called the KUBW system, which contains the K, U, B and W distributions. There are

also other systems, such as that of Darmois, Ferrari and Burr [17]. Delignon et al. [8] have

shown that the Pearson and KUBW systems are suitable for radar images. These two

systems were developed for the statistical modeling of homogeneous radar images with

unimodal histograms. This led us to propose a new system which is not derived from a

physical model and which is suitable for SAR images having several classes (multimodal

histograms). This system, called GGBL, is composed of four distributions, the Gaussian

and Beta from the Pearson system, and more of the Log-Normal and Gamma distribu-

tions. The choice of these distributions is motivated by the following considerations: The

distribution of speclde in a SAR image converges towards the Gaussian when the number

of looks is large. For certain values of their parameters (e.g., L, the number of looks for

the Gamma distribution), the Gamma, Beta and Log-Normal distributions converge to-

wards the Gaussian according to the third and fourth moments, providing an additional

flexibility likely to fit SAR image histograms. In our system, these three distributions

are characterized by a set of parameters that are functions of their shapes, not of their

means or variances. These parameters must then be invariant under translation of the

grey level and scale factor. Moreover, the four distributions of the GGBL system can be

used for modeling multimodal SAR image histograms. Given a SAR image, the selection



of a parametric distribution from GGBL system for each mode of the histogram is per-

formed according to the location of the skewness and flatness coefficients of this mode in

the GGBL system. We propose a distribution stability method for the selection and esti-

mation of distributions for heterogeneous multimodal histograms. We use an estimation

method for the set of distributions based on the characteristic points of the histogram.

In Chapter 1, we outline the maximum likelihood technique using Gamma distribu-

tion. In Chapter 2, we describe the minimum message length method with Gamma

distribution for clustering SAR images. Chapter 3 presents the GGBL system for dis-

tribution selection for heterogeneous multimodal SAR histograms. The final chapter gives

conclusions, a discussion, and directions for future research.



Chapter 1

Gamma Maximum Likelihood for

Analysing SAR Images

In the following paper, entitled "Segmentation of SAR Images", we propose a maxi-

mum likelihood algorithm for analysing and segmentation of SAR images. The speckle

appearing on SAR images is a natural phenomenon generated by the coherent processing

of radar echoes [29, 21]. The presence of speckle not only reduces the interpreter's abi-

lity to resolve fine details, but also makes automatic processing of such images difficult.

The random nature of the data contained in. SAR images makes a statistical approach

particularly suitable for processing this type of data. We use a maximum likelihood algo-

rithm for statistical estimation which characterizes by the speckle model, the number of

populations of the SAR image, and parameter estimation. The maximum likelihood has

been widely used in the case of Gaussian distributions [26]. However, due to the central

limit theorem, the Gaussian distribution can be used in SAR images only if the number

of looks is high. If this is not the case, the Gamma or K distributions are often used to

estimate the SAR histogram parameters [16, 4]. In this case we can use maximum likeli-

hood or some other algorithm and estimate the histogram parameters. The SAR image

histogram is assumed to be a linear combination of two Gamma functions (bimodal) [4]



or only one mode having the form of a K-distribution. In ship detection for example,

only one mode is used, so we can use a K-distribution in this case [16]. But if the image

has more than one class, estimation of its statistics using a K-distribution is difficult. In

this paper, we propose a solution for this problem by assuming that the histogram is a

linear combination of several Gamma distributions (multimodal). The maximum likeli-

hood technique is therefore used to estimate the histogram parameters. This technique

requires knowledge of the number of modes in the histogram, the number of looks for

the SAR image, and the initial parameters of the histogram. The second derivative of

the histogram is used to estimate the number of modes. We use two methods to estimate

the number of looks, the maximum likelihood and the maximum of the Gamma function.

Initial parameters are estimated at the maximum of the Gamma function. Thresholds

are selected at the valleys of a multimodal histogram by minimizing the discrimination

error between classes of pixels in the image. The algorithm is applied to the segmentation

of SAR images with different numbers of looks.

This paper has been accepted in Pattern Recognition, an international journal. Ver-

sions of this paper are published in the proceedings of two conferences: 12th Vision

Interface Conference (VF99) [12] and Application Development and Research

Opportunity (ADRO) of RADARS AT SAR Images [14].
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Abstract

This paper presents a new algorithm for segmentation of SAR images based on threshold es-

timation of the image histogram. The speckle distribution in the SAR image is modeled by

a Gamma distribution. Thus, the SAR image histogram is assumed to be a combination of

Gamma distributions. The Gamma maximum likelihood technique is therefore used to estimate

the histogram parameters. This technique requires knowledge of the number of modes of the his-

togram, the number of looks of the SAR image, and the initial estimation of the parameters of

the histogram. The second derivative of the histogram is used to estimate the number of modes.

We use two methods to estimate the number of looks. Initial parameters are estimated at the

maximum of the Gamma distribution. Thresholds are selected at the valleys of a multi-modal

histogram by minimizing the discrimination error between the classes of pixels in the image.

The algorithm is applied to several RADARS AT SAR images with different number of looks.

Keywords: SAR image segmentation, thresholding, Gamma distribution, multi-modal histogram,

number of looks.

1 Introduction

The speckle appearing in SAR images is a phenomenon generated by the coherent processing

of radar echoes [13, 8]. The presence of speckle not only reduces the interpreter's ability to

resolve fine detail, but also makes automatic segmentation of such images difficult. Generally,

segmentation of a SAR image falls into two categories : 1) segmentation based on grey levels

and 2) segmentation based on texture. The present paper deals with SAR image segmentation

based on grey levels and uses global thresholding techniques. We classify pixels by selecting

1 This project is partially financed by Esso Imperial Oil Limited, Toronto, Canada.



thresholds at the valleys of an image histogram. Segmentation therefore, reduces to estimating

thresholds. A survey of thresholding techniques for image segmentation can be found in [14].

Basically, there are two different approaches to thresholding : global and local thresholding. In

local thresholding, the image is divided into smaller sub-images and the threshold for each sub-

image depends on local properties of the point or its position. Global thresholding techniques

segment the entire image with one or more values. Global thresholding techniques are easy to

implement and are computationally less involved. As such, they serve as popular tools in a

variety of image processing applications such as automatic target recognition, oil spill detection,

text enhancement, inspection, and biomedical image analysis. Five classes of algorithms for

thresholding were investigated in [9] : 1) image statistic methods [20, 11]; 2) between-class

variance methods [10]; 3) entropy methods [6]; 4) moment preserving methods [16], and 5)

quadtree methods [18]. In the case of optical images, the histogram is assumed to be bimodal

[7] or a linear combination of several Gaussians [20]. The maximum likelihood has the advantage

of providing, in the case of a normal distribution, an unbiased estimation [12]. However, due

to the central limit theorem, a Gaussian distribution can be used in SAR images only if the

number of looks is high. On the contrary Gamma and K distributions are often used to estimate

SAR histogram parameters. In this case we can use an algorithm of maximum likelihood or

other and estimate the histogram parameters. The SAR images histogram is assumed to be

a linear combination of two Gamma distributions (bimodal) [2] or only one mode having the

form of a K-distribution. In ship detection for example, only one mode is used, so we can use

a K-distribution in this case [4]. However, if the image has more than one class, estimation

of its statistics using a K-distribution is difficult. In this paper, we propose a solution to this

problem by assuming that the histogram is a linear combination of several Gamma distributions

(multi-modal). The Gamma distribution for a homogeneous area can be written as [17]:

^•L)=^?2£-le-L(')2 w

where q = }-^_ ,/:, re is the intensity of the pixel, p, is the mean value of the distribution and^/(L)r(L);^ '" -——j - — i—,
L is the number of looks. Consequently, the SAR image histogram is a linear combination of

several Gamma distributions and the coefHcients of these distributions are a priori probabilities

of the histogram. Each mode in the histogram is a Gamma distribution and represents a region

in the image. Each region is defined by its mean, /^, and a priori probability, p. In this paper,

the maximum-likelihood technique is used to estimate these statistics. This technique requires

knowledge of the number of modes M, the number of looks L, and the initial estimation of

pP(i) and p (i) of each mode. The second derivative of the histogram is used to estimate the

number of modes. We use two methods to estimate the number of looks. Initial parameters



are estimated at the maximum of the Gamma distribution. After estimating the histogram

parameters, we select thresholds at the valleys of a multi-modal histogram by minimizing the

discrimination error between the classes in the image. This paper is organized as follows. In

Section 2 we describe the estimation of the histogram parameters. In Section 3, we determine

the thresholds which separate the modes in the histogram. In Section 4, we present experimental

results. Section 5 contains a conclusion.

2 Histogram Approximation

In this section, we estimate the SAR image histogram parameters using the Gamma distribu-

tion. The maximum likelihood technique is used to estimate several homogenous distributions.

Joughin [5] used K-distribution maximum likelihood estimation for one modal histogram, Beck-

man [1] used Beta maximum likelihood estimation for one modal histogram and Ziou [20] used

Gaussian maximum likelihood estimation for multi-modal histogram. We assume that the SAR

image histogram is a linear combination of several Gamma distributions, and use the Gamma

maximum likelihood technique to estimate the histogram parameters (/-A, p).

Let a SAR image histogram h(xi) have M modes, where X = (rci,..., Xn) is the random vector,

the random variable x^ is the abscissa of the histogram. The histogram can be seen as an

estimation of Gamma probability density p(X/Q) = ]]^^p(xk/Q), where 6 = (O^,...,OM) is
the parameter vector. This means that the determination of a parameter Q{ and the a priori

probability p(i) of each mode is such that p(xk/Q) = Sf4=ip(^A;/J; Oj)p(j). Thus, the problem<7:

of determining 6 = (^i, ...,0M) and P = (p(l), ...,p(M)) becomes 20]:

max^Q^p(X, Q) (2)

with the constraints: p(i) > 0 V% G [1,M] and Y,^p(i) = 1. These constraints permit us

to take into consideration a priori probabilities p(i) in Eq(2). Using Lagrange multipliers, we

maximize the following Lagrangian function:
M~

(i(X,e,A) = ln(p(X/Q))+X,(l-^PW
i=l

+A2p(l)+....+AM+ip(M) (3)

where A are the Lagrange multipliers. For convenience, we replace p(X/Q) in equation (2) by

the function ln{p(X/Q)) in equation (3). The analytical resolution of this problem gives (see

Appendix A) :
E^i h(xk)p(i/Xk, Oi)(qxk)''

Y.^h(xk)p(i/Xk,0i)
,2^\ _ ^k=l"'\-lJk)V\"l^k^i)

^H V.1^ \^(.



E^h(xk)p(i/Xk,Oi)!; ul,

[1) = — ~^fl
Ef=i h(xk)

Equations (4) and (5) are iterative and allow the calculation of the parameters of each mode.

This algorithm requires knowledge of the number of modes M, the number of looks L, and the

initial statistics pQ(i) and p°(i) of each mode. In the following, we will estimate the number of

modes, the number of looks and the initial parameters.

2.1 Estimation of the Number of Modes (M)

Generally, each mode of the histogram has two inflection points. The number M of modes

is equal to half the number of inflection points. An inflection point is computed from the

derivatives of the smoothed histogram. Indeed, it corresponds to a zero-crossing of the sec-

ond derivative or to an extrema of the first derivative. As illustration, consider two bimodal

histograms (see Figure 1). The first histogram denoted hl(x), (see Figure l.a) has two max-

ima and four inflection points. The statistics of these modes are (/^(l) = 50, p(l) = 0.2) and

(,^(2) = 100, p(2) = 0.8). There are four extrema of the first derivative and four zero-crossings

of the second derivative (see Figures l.b, l.c). The second histogram denoted h2(x), (see Figure

l.d) has overlapping modes for which the statistics are (/^(l) = 50, p(l) = 0.6) and (/^(2) = 75,

p(2) = 0.4). There are four extrema of the first derivative and four zero-crossings of the second

derivative (see Figures l.e, l.f). It is clear that the use of inflection points of the histogram for

estimating the number of modes is suitable even for overlapping modes. However, the derivative

of the histogram is sensitive to the noise. To reduce noise, the histogram is smoothed before the

differentiation. The number of zero-crossings, the number of extrema and hence the number of

modes of the histogram are inversely proportional to the degree of smoothing of the histogram.

The choice of this degree depends on later use. The experimentation showed that the majority

of the SAR image histograms are noiseless. For that, this method is suitable for SAR images.

2.2 Estimation of Number of Looks (L)

Many authors such as Frery 3] assume that L is known because the formation of SAR images

is based on I/; others such as Yannes [19] estimate it using a K-distribution. In this section we

will estimate L using a Gamma distribution. We know that L is constant within a SAR image.

Thus, we can take a homogeneous region in the SAR image in order to estimate the value of L.

We have developed two methods to estimate the value of L. The first is based on the maximum

of the Gamma distribution and the other is based on the Gamma maximum likelihood.
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Figure 1: Different case of number of modes estimation.

2.2.1 Estimation of L at the Maximum of the Gamma Distribution

The Gamma distribution in homogeneous areas is f(x,p,,L). It is represented by a uni-modal

histogram. Let Xmax be the location corresponding to its maximum, thus :

9f(x,p.,L)^
Qx

x max) ==

From equation (6), we can obtain the following relation :

2L - 1 2Lq2Xmax

^max P''

F(L+0.5)

(6)

(7)

Using equation (7) and the relation q = );.t-^, we can calculate the value of L :

1 , (^a.)2F2(^+0.5) (8)2 ' /z2 F2(L)

We can use the fixed point method to solve this equation. This method is iterative and requires

knowledge of an initial value of L, denoted by LQ. Using equation (7), we can calculate the

value of LQ :
p2

L0 = 0/..9 .9^9 —^ (9)2(^2 -1^^}
According to Figure 2, the value of q2 is in [0.8, 0.98]. Thus, we can take q2 = 0.89 the median

of this interval in order to estimate LQ.



Figure 2: Value of q2 by function of L.

2.2.2 Estimation of L Using Gamma Maximum Likelihood

Consider a homogeneous region of the SAR image. Equation (4) becomes :

,2_ E?=ih(xk)(qxk)2
/r=

Ef=i^)
F(L+0.5)

(10)

Using equation (10) and the relation q = [^+^),, we can calculate the value of L :

_ 1 E?=i h(x,)xl T2(L + 0.5) _L=^SM~^W"=g(L) (11)

Since |(/(-L)| > 1, the fixed point method cannot be used to solve this equation. For this

problem, we can use the dichotomy method to estimate the value of L.

2.3 Estimation of Initial Parameters

We have h(x) = Y,^p°(i)f(x, p°(i),L), L and M. Let Xmax{i) be the location of the maximum
of mode i, for i = 1 to M. Thus, we can now estimate the values of p°(i) and p°(i). Having

estimated -L, we can use equation (7) to estimate the value of p, °(i) :

,.o^__ / 2L
{1"[Z) = qXmax(i)- (12)

So far, we have estimated the values of M, I/, and p°(i) for i = 1 to M. Moreover, the values

of h(x) and f(x,p°(i),L) are known. We will now estimate the value ofp°(%), for i = 1 to M.

From the relation h{x) = ^^p°(i)f(x,pP(i),L), we form a system of M equations and M

unknowns. We need M grey-level points a;i, ...,XM to solve the system defined by

( an 012 ••• OIM \ I P\ \
(221 ^22 • • • ^2M ^

/ h \
&2

^ O^Ml ^M2 • • • 0'MM ) \ P°M ) \ ^M )



where a^' = f(xi,p,°(j),L) and ^ = ^(rc^). Any ^ € mode % can be used. Experimentation

Shows that Xi = Xmax(i) gives the best results. Therefore a^' = f(xmax{i),PO(j),Li) and 6^ =

^max{i)) •

3 Threshold Selection

In this section, we will estimate thresholds of a multi-modal histogram using the Gamma

distribution. Solberg [15] and Petrou [11] estimated a threshold of bi-modal histogram of SAR

images using Gamma distribution. Moreover, Petrou tackled the problem of estimation the

error of the histogram parameters [11]. In this paper, we do not address this problem. We

will generalize the threshold estimation method for multi-modal histograms. We determine

the thresholds which separate the modes in such a way that the misclassification probability

between classes in the image is minimized. Let Ti be the threshold which separates the two

classes (two modes) Ci and C^+i. Consequently, we have M+ 1 thresholds : To, ...,Ti, ••-,TM

where To = 0 and TM corresponds to the highest level. The misclassification probability of

class Ci for i C [1, M] is given by :

f-Ti-i'-'i-1

Pmisclass(Ci) = ?(%)( / f(x,^(i),L)dx
'0

'+00

+/^ f(x,p,(i),L)dx) (13)

Thus, the misclassification probability for discriminating between classes C7i,..., d, ...,CM is

given by :

J^ ... /-rz-l
Pmisclass(C^,..,CM) = i^P^)(/ f(x,^(l),L)dx

i=l Jo
>+00

+/, f(x^(i),L)dx) (14)
>Ti

The goal is to find Ti, ...,T^ ...,TM-I which minimize the function Pmzsc;ass(C'i? ••; CM). The

solution to this problem is given by :

misdass^li •••> ^Af) = 0

We obtain the following rule :

p(i)f(Ti, ^), L) = p(z + l)f(T,, ^(i + 1), L) (16)

By replacing the probability density Gamma distributions /(T^/^(%),L) and f(Ti^fi(iJr 1)^L)
by their values and taking the logarithm of each member, we find the threshold Ti for i =

7



1,..,M-1:

Log(Ki) (17)
M z^2(,u2^) - /,2(^))

where K, = J^(^)2L.-z — p{i+l) V /^(i) I

Ti is defined when (/^t^)2-L > p^t^. There are some special cases for which Ti is not defined.

For example, consider the histograms shown in Figure 3. Each histogram in this figure has two

modes. In Figure 3(a), the threshold value cannot be calculated. In Figure 3(b), the threshold

can be calculated but it is incorrect. In Figure 3(c), the threshold computed is correct. In

practice, Ti is often defined. Nevertheless, in the case where T{ is undefined, the image can be

split into sub-images and each one can be processed separately.

Real parameters;
N=2, M=2

^(1)=10, H(2)=30
Pr(l)=0.01, Pr(2)=0.99

==> T(l)=NaN

Undefined

Real parameters:

N=2 M=2
^(1)=10. ^(2)=30
Pr(l)=0.02, Pr(2)=0.98

==> T(l)= 6.147
Defined but incorrect

T(l) < H(I) < n(2)

Real parameters;

N=2 M=2
H(l)=10, (i(2)=30
Pr(l)=0.06, Pr(2)=0.94

==> T(l)= 10.717
Defined and correct

^(1) < T(l) < K2)

(a) (b) (c)

Figure 3: Different cases of threshold estimation.

4 Algorithm for SAR Images Segmentation

In this section, we summarize the algorithm for SAR images segmentation. The input to this

algorithm consists of a SAR image. Its output is the SAR image segmented. The segmentation

of SAR images is done in five steps :

1. Estimation of Number of Looks : We choose a homogeneous region of the SAR

image. Let h(x), Xmax, and p, be the histogram of this region, location of the histogram

maximum, and mean of the region respectively. There are two equations (8, 11) for the

estimation of L :



= 1 _i_ ^a. r2(^(fc-l)+o.5) ,^p^ ^f0) ^ . ^2 , anrl n2 -[&) L^' = | + ^-^^(riry-^ w&ere L^' = 2(^_;2^j ana r = u.?

_ j_E^=i/l(a;fc)^r2(^+o.5)
'='P-EL'-(^ rw

In the case where the value of Xmax is easy to estimate (e.g., signal-to-noise ratio of the

histogram is low), the first method gives better result than the second, because the first

equation is obtained form the Gamma distribution and the second obtained from the

Gamma maximum likelihood function. Otherwise, it is recommended to use the second

method.

2. Estimation of Number of Modes : Let h(x) be the SAR image histogram. Let
-a;2

h'(x) = (h 0 </) (re) and /i//(a;) = (^ 0 9")(x)^ where p (re) = e^T is the exponential filter

and cr the scale parameter. Thus, the number of modes M is calculated as explained in

the section (2.1).

3. Estimation of Initial Parameters : We have h(x) = Y^^p° (i) f (x, p,0 (i), L). Let

Xmax(i) be the location of the maximum of the mode %, for % = 1 to M.

(a) mean : /j,°(z) = qxmax(z)\[^i, for % = 1 to M, where q = r^w^

(b) a priori probability : p °(%), for z = 1 to M are the solution of the system of

equations defined by AP° = B, where A is the MxM matrix defined by a^- =

f(xmax{i^P'°U)^) an(l -^ ls ^he vector of dimension M defined by bi = h(xmax{i})-

4. Estimation of Final Parameters : For each mode i of the SAR histogram, i = 1 to

M, we can estimate the value of mean and a priori probability :

(a) mean : ^(z) = E^''(a!t)p('/'tA)(l:ct)2
E^lh(xkW/^k,6i)

(b) a priori probability : p(z) = ^=^WIX^
/k=l

5. Estimation of Thresholds : After having the statistic of the histogram, we can now

estimate the threshold T{ between the modes i and i+l,for%=l,..,M—1 :

^
Log(Ki)

,2( 1 _ 1
< WW ~ /^(z+l)-

where K, = ^^(^dl)2L'l ~ p(t+l) '< p.(l)



6. SAR segmentation : The rule for segmentation an image J(rr, y) is given as :

LM if I(x, y) > TM-I
LM-I if TM-2 < I(X, y) <TM-I

S(x,y) = {

L, iiI(x,y)<T^

5 Experimental Results

In this section, we evaluate the two methods for estimating the number of looks and the seg-

mentation algorithm. We tested our algorithms on several real RADARSAT SAR images. In

this paper, we presented three images for testing the two methods for estimating the number

of looks and other three images for applying the segmentation algorithm.

We consider three homogeneous RADARSAT SAR images (see Figures 4.a, 4.c and 4.e). For

each image, we estimated the number of looks L using the two methods presented in section

2.2. We then compared the original histogram with estimated histograms using the different

values for L. Table 1 gives the histogram error calculated using formula (18) for estimated

values of L.
1 ?55,

'error = 'e^'c ^ j |^5Toriginal^) ^^estimated^,
a;=0

For example, Figure 4.a represents a homogeneous RADARSAT SAR image with a given L of

8. We estimated the value of L = 3.265 using maximum likelihood and the value of L = 3.363

using the maximum of Gamma distribution. Figure 4.b represents the four histograms : (hi)

original histogram, (h2) estimated histogram with L = 3.363, (h3) estimated histogram with

L = 3.256 and, (h4) estimated histogram with L = 8. Another examples are presented in Fig-

ures (4.c, 4.d) and (4.e, 4.f). From Table 1, we can deduce that the L obtained at the maximum

of the Gamma distribution is better than the L obtained by the maximum likelihood method.

Because, the three histograms are not noisy and thus, it is easy to locate the maximum of each

histogram.

The segmentation algorithm was applied to three RADARSAT SAR images with dimensions

512x512, 1000x1000 and 1380x2609. These images are presented in Figures 5.a, 6.a, and 7.a.

In the case of multi-modal histogram, we need a filter to reduce the noise of the image, and to

improve the separation between modes (classes). Since the nature of noise in the SAR image is

multiplicative, we thus applied a median filter to three SAR images. If we use windows (5x5,

7x7, ..) one time of the median filter, the experimentation showed that we loss fine details of

10



the image. Consequently, the histogram will have a great change in its form with respect to

original histogram. For that, we used the median filter (3x3) three times to preserve the fine

details in the SAR images. We then constructed the histogram of each filtered SAR image.

Table 2 presents the estimated initial parameters. We then applied the thresholding method

to each histogram. Finally, the filtered image was segmented. The results for SAR images are

presented in Figures 5, 6 and 7. For these three SAR images, we used the maximum likelihood

method to estimate the value of L by choosing manually a homogeneous region of the SAR

image (See Section 4). It should be noted that the histogram in Figure 6.c has two modes which

are not well separated. From Table 2 and Figures 5, 6 and 7, we can deduce that the initial

parameters estimated at the maximum of the Gamma distribution are close to the parameters

estimated using the maximum likelihood technique. Thus, the maximum likelihood technique

rapidly converges towards the optimal solution. The Gamma maximum likelihood technique is

suitable for SAR image segmentation.

Real Homogeneous
Images with

dimension 800x800

Figure 4a
Figure 4d
Figure 4g

Given
L

L
8
4
1

Estimation of L
using maximum

likelihood
L

3.265
2.599
0.972

Histogram error

1.555
1.236
1.465

Estimation of L
at the maximum

of the Gamma distribution
LO

2.72
2.47
1.12

L
3.363
2.773
0.976

Histogram error

1.249
1.077
1.382

Table 1: Effect of the number of looks on the histogram approximation

RADARSAT
SAR

images

Dimensions

512x512
1000x1000
1380x2609

Initial parameters
estimation using

maximum of Gamma
T'OT
18.22
5.16
4.18

Z(2L
57.12
8.56
26.6

-7<°(3)

104.36

P°W
0.266
0.499
0.075

P°(2)
0.733

0.5
0.109

p^w

0.814

Table 2: Estimation of initial parameters.

6 Conclusion

A new algorithm for the segmentation of SAR images has been proposed. Its principal charac-

teristics are : a) Unlike the methods usually proposed which are limited to bi-modal histograms

11



(hi) : Original histogram

(h2) : Estimated histogram with N = 3.363

(h3): Estimated histogram with N = 3.265

(h4): Estimated histogram with N= 8

(a) 8 looks (b)

(h5) : Original histogram

(h6) : Estimated histogram with N = 2.599

(h7) : Estimated histogram with N = 2.773

(h8) : Estimated histogram with N= 4

(d)

(e) 1 looks

(h9) : Original histogram

N=0.972 (hl0): Estimated histogram with N = 0.972

N=(L976(hll) : Estimated histogram with N = 0.976

N=1 (hl2): Estimated histogram with N= 1

(f)

Figure 4: Comparison between estimated and original histograms for three homogeneous
RADARS AT SAR image of dimension 800x800. © Canadian Space Agency 1997.
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(c)

w

NJooks = 8.99

Number of modes = 2

Maximum Likelihood

|Ll(l)= 17.91 and Pr(l)
pl(2)= 55.51 and Pr(2)=

Threshold T(l) = 28.

>

===>

0.244

0.755

54

(d)

Figure 5: (a) RADARSAT SAR image (512x512), (b) Segmented image, (c) Histogram of
filtered image and (d) Estimated parameters and threshold. © Canadian Space Agency 1997
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(b)

N_looks = 2.

Number of modes

Maximum Likelihood

|J<1)=3.11 and

[i(2) = 12.75 and

Threshold T(l)

.93

1=2

===>

Pr(l)=

Pr(2)=

5.933

0.

0

369

.629

(d)

Figure 6: (a) RADARSAT SAR image (1000x1000), (b) Segmented image, (c) Histogram of
filtered image and (d) Estimated parameters and threshold. © Canadian Space Agency 1997
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(c)

i0 25l

(b)

N_looks =3.6

Number of modes

Maximum

^(1)=
H(2)=
H(3)=

4
22.5
100

Thresholds

Likelihood

and

and

and

T(l)
T(2)

Pr(l) =

Pr(2)=
Pr(3)=

=8.3

=38.5

=3

===>

0.125

0.141

0.732

(d)

Figure 7: (a) RADARSAT SAR image (1380x2609), (b) Segmented image, (c) Histogram of
filtered image and (d) Estimated parameters and thresholds, (c) Canada Center for Remote
Sensing (CCRS)
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[14], the method proposed here involves multi-modal thresholding; b) the Gamma maximum

likelihood technique is used to estimate histogram parameters; c) the estimated initial param-

eters are close to the final estimated parameters, and thus the maximum likelihood technique

rapidly converges towards the optimal solution; and d) thresholds are selected by minimizing

the discrimination error between the classes in the image.

We have proposed two new methods for estimating the number of looks. The maximum like-

lihood method is not sensitive to noise in the histogram and is non-iterative. However, the

number of looks obtained by the maximum of Gamma distribution method is better than the

one obtained by the maximum likelihood method.

Our algorithm can be used in other image processing tasks such as change detection, image

retrieval by contents and classification of objects.
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8 Appendix A

This appendix resolves the optimization problem given in (eq. 3). To do this, we must determine

the solution to the following equation:

9
9Q
9

^(X,6,A)=0 (19)

^(x,e,A)=o (20)
If we assume that the variables Xi,i = 1, ...,n are independent, we can write:

P(X/Q) = n p(^/e) (21)
k=l

M
P(xk/Q)=^p(xk/J,Oj)pW (22)

J=l

Replacing equations (21) and (22), we obtain:

n M M
<^(X, 6, A) = ^ /n(^p(^/z, ^)p(z)) + Ai(l - ][>(z)) + A2p(l) + .... + >M+ip(M) (23)

k=l i=l i=l
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Let H is the maximal value of xi,i = 1, ...,n, for example H = 255. We can then use the

histogram h (x) in (eq. 23) and we obtain :

H M M
<^(Z, 6, A) = ^ /i(^)^Q[>(^/z, ^)^(z)) + Ai(l - ^p(z)) + A2p(l) +....+ AM+IP(M) (24)

k=l i=l i=l

Calculating the derivative with respect to 0^ we obtain:

9^>(X,Q,A.) _ JL^,.,,^.,,,./,^^,h(xk)ln(^p(xk/j,6j]00i 90i ^ J=l

J^ h(x^} Q ^
= I;^p(5^,).y)^5p(3;fc/J'^)pa)

^ h(xi.} 9 ^
= E J^^ ia- EPW^ Wj)^p(We) 90.^3~-

Since:
p(xk/i,6i)P(i)

p(i/xk'ei)=^P'(^/Q)" (25)

Then
H 9 Y^M

94>(X,Q,A) _ ^,,^ ,„/,/, ^w^M=iPW3'W)^—^ = ^ h(xk)p(i/Xk, 6,) ooi "J7_x' ,\ 'u^i^ w / (26)
9ei ^.-v~^v/~.,^ p(xk/i,ei)p(z)

Finally, we obtain:

^(x',e'A) = E ^(^)p(V^, e.)^-i»(p(^/», ff,)) (27)
'i ^^ ^"Ji

The derivative of the objective function <^(X,6,A) is calculated. Now we can estimate the

histogram parameters (mean, a priori probability for each mode).

1. Estimation of mean: Since we assumed that the histogram is a combination of Gamma

distributions, thus

(x/i.e,} = ^q—L—-(qx-}2L-le~L{^?'{xlw=W)'(L~^}'yWf~ ~e '""'

Substituting in equation (27) and using equation (19), we obtain:

c¥(f;,9'A) = E A(^)p(V^,e.)^[(g^)2 - ^(f)] = o (29)
k=l

Therefore:
,2^ _ E^=ih(xk)p(i/xk,0i)(qxk)2

~^ff—7-/- \_/.-sf=̂h(xk)p{i/Xk,Oi)

17



2. Estimation of a priori probability: Since p(xk/i, Oi) is independent ofp(%), straight forward

manipulations lead to:

<9<^(X,e,A) 1 H
v^

9PW P(i)^i'

Now we derive equation (24) with respect to Ai and \i. We find:

h(xk)p{i/Xk, Oi) - Ai + \i (31)

^e^)=l-™)=0 (32)
^ jrl

<^A)^-D=0 (33)
4

Assume that p(i) > 0 V% C [1, M], This means that the first constraints of the problem

in (eq. 2) are satisfied and not saturated, so:

\lj € [2, M + 1] \j = 0 (34)

From equation (31), we obtain:

1 ^
PW = — £ h(xk)p(i/Xk, 0,) (35)

^k^l

Thus, equation (32) gives us:

M 1 M H
EP(I) = ^ E E ^)p(V^, ^.) = 1 (36)
1=1 ^1 i=l k=l

Since
M
^p(V^,^)=l (37)
i=l

Thus
M 1 H M 1 H
EP(I) = T- E E /^)p(»/^, e,) = ^ E /l(a:t) = : (38)
i=l Al k=l z=l Al fc=l

So
H

Ai=^/i(^) (39)
k=l

Finally, the a priori probability is:

^=ih(xk)p(i/Xk,0i)
E?=ih(xk)

p(z) = ^=i^^^,^ (40)
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Chapter 2

Gamma Minimum Message Length for

Modeling of SAR Images

In the second part of this thesis, we use a criterion method taken from the statistical

inference theory to analyze SAR images. A range of criteria for modeling the images have

been proposed, such as the Minimum Message Length (MML) [32], Akaike's Information

Criterion (AIC) [7], and the Minimum Description Length (MDL) [15, 20]. According to

Baxter [I], the MML criterion gave better results than the AIC and MDL criteria for

artificial mixtures of Gaussians. However, Roberts et al. found that the MML and MDL

are almost identical for Gaussian distributions [27]. It should be noted that the MML

criterion was used for mixtures only in the case of Gaussian distribution [1].

In the following paper, entitled "Mixture Modeling Using Minimum Message

Length Inference: Application to SAR Image Analysis" we propose, a cluste-

ring method for SAR images using a mixture of Gamma distributions.

The MML criterion permits to minimize the length of a message transmitted from sender

to receiver. The parameters of the message are random. The minimum message length



method has strong connections with Bayesian inference, and hence uses an explicit prior

distribution over parameter values [24]. The message length is the logarithm of the pos-

terior probability of the model, so the MML approach can also be regarded as finding

the model with the highest posterior probability. The multimodal SAR image histogram

is assumed to be a mixture of Gamma distributions. The MML algorithm finds the

best model, and estimates the number of modes and the statistics of the multimodal

histogram. The MML estimator is iterative; we use the thresholding stability method

to initialize the parameters of the histogram. The MML criterion is tested on several

artificial and real histograms to select the number of modes of the histogram and to

estimate their statistics. Real histograms are taken from RADARSAT SAR images ha-

ving different numbers of looks. MML is also applied to the segmentation of SAR images.

This paper has been submitted to the Journal of Computer Vision and Image Unders-

landing.
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Abstract

This paper discusses the problem of modeling data using a mixture of Gamma distributions.

Mimmum Message Length (MM.L) is an information theory criterion for model selection. MML

is a Bayesian criterion, and hence uses an explicit prior distribution over parameter values.

The message length is the logarithm of the posterior probability of the model, so the M.M.L

approach can also be regarded as finding the model with the highest posterior probability. The

MML consists of searching for the most likely model in the model space given the data. For each

model; we envisage for M.ML a two-part message. The first part encodes the model using only

prior information about this model and no information about the data. The second part encodes

the data in a way that makes use of the model encoded in the first part. The MML estimator

tells us how data is distributed when the model is known. We assume that the histogram of

the data is a mixture of Gamma distributions. The Gamma MM.L estimator can therefore be

used to estimate the histogram parameters for any model. The MML estimator is iterative; we

use the thresholding stability method to initialize the parameters of the histogram. The MML

criterion is tested on several artificial and real histograms. Real histograms are taken from

RADARSAT SAR images having different numbers of looks. The SAR image histogram thus

exhibits a combination of Gamma distributions. The number of classes in SAR images can be

determined using the MML criterion. MML is also applied to the segmentation of SAR images.

Keywords: Minimum message length, Mixture modeling, Clustering, Gamma distribution, SAR

image segmentation.
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1 Introduction

In this paper we discuss the problem of modeling data using the Gamma distribution. An

important part of the modeling problem concerns determining the number of consistent groups

(components or classes) which best describes the data. Many approaches have been suggested

for selecting the number of components in modeling analysis. A comparative study of these ap-

proaches is presented in Milligan and Coop [16]. There are three broad categories: (1) graphic

tools and visual inspection, (2) hypothesis testing, and (3) use of criterion information in com-

paring models [1, 17, 8]. Graphic tools such as histograms and probability plots are used to

count the number of modes. However, there is evidence that visual inspection of such graphs

is not an adequate method. For example, a unimodal histogram may have more than one com-

ponent. Hypothesis testing using the ^2 test as proposed by Wolf [31] has been shown to be

invalid [7]. A range of criteria for selecting the number of classes have been proposed such as

the Minimum Message Length (MML) [27], Akaike's Information Criterion (AIC) [5], and the

Minimum Description Length (MDL) [12, 15]. According to Baxter [I], the M.ML criterion gave

better results than the AIC and MDL criteria for artificial mixtures of Gaussians. But Roberts

et al. found that the MML and MDL are almost identical for Gaussian distributions [23]. In this

paper, we consider an inductive inference-based approach using the minimum message length

criterion. Inductive inference deals with the problem of choosing those parameters or models

from model space which best 'explain' the existing data. We require a measure of goodness

for the model. The minimum message length approach uses the probability of a model as its

measure of goodness. The minimum message length principle is based on information theory.

It has strong connections with Bayesian inference, and hence uses an explicit prior distribution

over parameter values [20].

From an information-theory point of view, the minimum message length approach is based

on evaluating statistical models according to their ability to compress a message containing

the data. High compression is obtained by forming good models of the data to be coded. The

model is a probability distribution of the data to be coded [1]. For each model in the model

space, we envisage for MML a two-part message. The first part encodes the model using only

prior information about the model and no information about the data. The second part encodes

only the data, in a way that makes use of the model encoded in the first part [8].

Wallace and Boulton [27] first applied MML encoding to models with continuous variables

and produced a practical program for unsupervised classification called snob [27, 3, 4]. Some

existing applications of the MML include decision trees [29] and decision graphs [19, 18]. Bax-



ter [1] used the MML on Gaussian mixture models to estimate the number of components of

the data. Dowe [8] used the MML for one component to estimate the parameters of Gaussian,

Poisson and Von Misses circular distributions. In this paper, we will use the MML approach

to Gamma mixture modeling. The Gamma function is defined by :

(x.u,L)=2q£-(c^}2L-le-L^)2?/i'^=7rWl7J~ ~e~""

where x is the intensity of the pixel, q = ^~^T\' , ^ the mean value of the distribution, and L

the number of looks.

The MML approach with Gamma distribution can be used in the analysis of SAR images.

The speckle distribution in the SAR image can be modeled by a Gamma function [25]. The

SAR image histogram is a linear combination of several Gamma functions, where each mode

in the histogram is a Gamma function and represents a class (component) in the image. Thus,

each region is defined by its mean p, and its a priori probability p. The MML framework can

be applied to segment of SAR images.

In the next section, we will explain in detail the MML principle as used in different papers.

In Section 3, we will determine the expression for the MML and give a numerical example to

illustrate the MML framework. In Section 4, we will describe the minimum message length for

continuous parameters of distributions. The expression of the MML for mixtures of Gamma

distributions is given in Section 5. In Section 6, we will explain how to estimate the number of

components in an SAR image using Gamma distribution. Section 7 is devoted to experimental

results.

2 The Minimum Message Length Principle

According to information theory [24, 6], in order to transmit a quantity x efficiently, a sender

and receiver should agree on a suitable probability distribution Pr (x). The minimum amount

of information, in bits, needed for transmitting x is —log'z(Pr(x)). If Pr(x) happens to be the

true distribution of a;, then this minimum amount of information will take a smaller value than

for any other choice of distribution [2]. For convenience we shall measure message length using

logarithm base e instead oflogarithms to the base 2; thus the units here are "nats" rather than

"bits".

The message length is defined using a Bayesian decision rule. Consider a set of data x =



(a;i,n;2, ...a;n). We want to send x from a sender to a receiver using a message of minimum

length. Assume that Pr (x) is a true probability distribution for the data x. Thus we need a

model 0 == (0-^, O^,...., On) which gives a good description of the data x, and transmits informa-

tion about a quantity 6/x (model 0 given the data x) from sender to receiver; i.e., the problem

here is to select from the model space an optimal model 0 which minimizes the message length:

MessLen = -log(Pr(6/x)) (2)

According to Bayes's rule:

^ = Iwfw (3)
x and Pr (re) are assumed to be known. Thus, Pr (re) has no influence on the message length

and is omitted. From equations (2) and (3), the message length will thus be :

MessLen = -log(Pr(0)Pr(x/0)) = -log(Pr(0)) - log(Pr(x/e)) (4)

= MessLen(0) + MessLen(x/0)

This equation can be seen as a sender/receiver paradigm (see Figure 1) [2]. A data set x can

Sender

MessLen(Q ) + MessLen(x/9 )

Receiver

coding 6 decoding Q
and x/6 and x/ 9

Figure 1: Illustration of the concept of minimum message length.

be transmitted from a sender to a receiver by first encoding and sending a prescription for the

model 0, using a message of length MessLen(6). Both sender and receiver have the same prior

information about the models. Second, the sender encodes and sends the discrepancies between

the data predicted by 0 and the actual data; this represents a message of length MessLen(x/0).

The receiver is assumed not to know x and both the sender and receiver know the nature of

the relationship between models and data [8].

The first part of the message must encode some chosen model 0 using only the prior infor-

mation about the models which both sender and receiver share. This part uses no information



about the data x, because the receiver does not have that information and so would not be able

to decode the message. The second part of the message must encode a; in a way that makes

use of the model 9 stated in the first part, so that the encoding will be optimal if that model

is the "true" model (i.e., if the data x does indeed "arise from" it).

The data x is given, and we want to find the model 9 which minimizes the total length of

this two-part message. It is certainly possible to have a model which minimizes one of these

parts without minimizing the other, or one that minimizes the total message length. To illus-

trate, we consider the example of an image which contains three classes. If we assume that

there is only one class, MessLen(6) is short and MessLen(x/0) = —log(Pr(x/6)^ being an

error function, will have a high value because the model fits the data poorly. If we assume that

there are five classes, experimentation has shown that the model fits the data accurately, so

MessLen(x/0) is short; but MessLen(6) is long. In minimizing the total message length, we

are trying to optimize a tradeoff between model simplicity and goodness of fit. Thus, in this

example the total message length has its minimum when model 0 has three classes.

3 The Minimum Message Length Framework

In this section, we resume the encoding procedure for x/0 and 9 discribed in [21]. For a given

distribution, we calculate message lengths using equation (4). To do this, we need to encode

the model 0 and the data x/0. For the sake of clarity, let us consider the encoding of real

numbers. We will start by encoding x/6 and 0.

3.1 Encoding Data x/0 Using a Probability Density Function

In this section, we consider how to estimate the length of the message by encoding real-valued

quantities. Encoding real numbers presents two problems [21]: First, we cannot encode an

arbitrary real number with infinite precision in a finite message. Secondly, the values we

measure are only known to within a finite accuracy of measurement (AOM). For example, the

gray value of a pixel x^ may be known with AOM:

value = I(xi) ±

A convenient method for encoding real-valued measurements, rr, is to use their probability den-

sity function, f(x/0), in conjunction with an AOM. We assume that the AOM is constant

over the range of values considered. To encode real-valued measurements, we use the algorithm

described in [21]. That is, to encode a real value Xi, we construct a probability distribution



Pi ^ f(xi/0)AO]\4 and we need a cell which has message length of —log(f(xi/0)AOM).

For a set of independent measurements Xi € x, with a given AOM, we take

pr(x/e) ^ f(x/e)AOM = n f(x,/e)AOM = n E f(xi/e,)p, (5)
Xi^.X Xi^.X j=l

where k is the number of components. We may re-scale our measurement so that AOM = 1.

Therefore

MessLen(x/0) = -log{f(x/0)) = ^ log(^ f(xi/0,)p,) (6)
Xi^.X j=l

3.2 Encoding Model 0 Using a Uniform Density Function

To encode real-valued parameters, we need to calculate Pr (6) (eq. 4). We use a similar encoding

scheme to that for real-valued measurements. We take h(0), a prior density function over

parameter values. The message length MessLen(0) of the parameter is calculated by dividing

a prior density h(0) into cells of width AOPV (accuracy of parameter value) and associating a

message length with each cell. For each parameter Oi € 0, we allow an AOPVe, = A(^) to be

a function of 9i. Thus, AOPV is used to approximate Pr (6):

Pr(0) w h(0)AOPVe = h(0)A(0) (7)

and hence

MessLen(9) w -log(h(0)A(0)) = -log(h(0)) - log(A(0)) (8)

Since it is difficult to estimate h(6\ we assume that the prior density h(0) is uniformly dis-

tributed. Consider the situation where the parameter value is in the range [a..b], and we divide

this range into cells of width AOPV. Specifying which cell a parameter value belongs in requires

MessLen(0) = log(^y) (9)

Using equations (4), (6) and (8), the general expression for total message length is:

MessLen = -log(h(6)) - log(A(0)) - log(f(x/0)) (10)

In the next section, we will give a numerical example to illustrate the encoding of real-valued

parameters and data.
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Figure 2: A set of grey-levels.

3.3 Example: Encoding a Set of Grey-Levels

Consider the problem of using a two-part message to encode the set of grey-levels (rci, ...,rCn);

where n == 25, shown in Figure 2. In this example, we assume that the sender and receiver

have agreed prior to transmission that:

• The Gamma density function f(x, p,,L = 6) (see Eq. 1) will be used to encode the data

values. The measurements were made to an accuracy of measurement AOM = 1.

• An uniform density function will be used to encode ^ using both the AOPV^ and the

range of/z ([100..244]).

We also assume that the receiver of a message interprets the parameter value p, as being the

midpoint of the specified cell. We use the following symbolism:

• m is the sample mean of the data set estimated by Gamma maximum likelihood using

equation (11) [9]. The value of m = 173.12 will be used to determine the cell containing

fl.
V"JL hist(x,}(ax^2'•w(qxir (11)m2=ÊH^hist(xi)(qxi)2

n
where H is the maximal value of grey-level Xi, i = l..n, and hist{x) is the histogram of

the data.

[L is the mean as interpreted by the receiver, i.e., the midpoint of a cell. This mean is

used to code x^s. For example, if the cell p, is C^ = (mi, 7712), such that m C C^, the

receiver interprets the value of ^ as mi+m'.

We will now calculate the message length. In the case of one Gamma distribution, the model

0 = p.. From equation (10), the total message length will thus be:

MessLen = code-length{p) + code-length(data)

7
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From equation (9), the number of nats required to encode the parameter p, is given by:

^ ^ ^244 — io0,
^OPVn) = iog[ AOPVn

At this point in transmission, both the sender and receiver construct the message length of

each Xi from a Gamma density function /(a;, /^, L = 6) using the approach described in Section

3.1. The receiver of this message can only decode an approximation of the value of p,. It will

interpret ,2 as being the midpoint of the cell C^. The code length for the data part is:

code-length(data) = ^-log[f(x^,L)AOM] (14)

= -f>g[AOM2g^(^)—e-L^2] (15)
s ' ^i w ^

In this example, the total message length depends on the choice of AOPV^ and of cell C^.

• C^. We assume that AOPV^ = 26, therefore codeJiength(p) = 1.71. Consider the

encoding of fJ, using the cell Cl = (172; 198), versus the situation of using the cell C2 =

(152; 178). When we encode the data using Cl, the receiver sets p, = 185; when we use

C2 the receiver sets fi = 165. The use of Cl results in 115.32 being required for the data

part of the message; thus the total message length will be:

MessLen = [codeJength(p) = 1.71] + [codeJength(data) = 115.32] = 117.03 (16)

The use of C2 results in 114.78 being required for the data part; thus the total message

length will be:

MessLen = [codeJength(p.) = 1.71] + [code-length(data) = 114.78] = 116.49 (17)

• AOPV: If AOPVf, = 0.05, then the value of /^ = m = 173.12. The total message length

will be:

MessLen = [code-length(p) = 7.96] + [codeJength(data) = 114.06] = 122.03 (18)

Thus, the use of more accurate parameter values shortens the data part of the message.

The total message length is greater, however, because the model part must be longer to

encode these more accurate values.

The problem here is thus to choose AOPV and C^ such that the message length is minimum.

The choice of AOPV require us to determine a method for establishing an optimal value for



AOPV. For the choice of C^ we calculate an expected message length over p.. We therefore

treat the parameter /J, interpreted by the receiver as a random variable. Using the principle of

indifference, we assume that a parameter value p, is uniformly distributed over a range of width

AOPV [28]:
AOPV, _ , AOPV^

[m-—^....m+—^i] (19)

and hence we view it as being equally likely that p, will be encoded as 185 or as 165. To remove

the arbitrariness of the choice of encoding scheme, we calculate the expected message length

(the average over p,) over the range, and state that the M.ML estimate for the parameter is

that value which minimizes the expected message length. In the next section, we will use the

expected message length in order to obtain the optimal value of AOPV.

4 Minimum Message Length for Continuous Distribu-
tions

In this section, we will resume the expression of MML for mixture of continuous distributions

which is described in [8,1]. To do this, we begin by formulating an expression of the M.ML for

one continuous parameter and then generalize to several continuous parameters.

4.1 Minimum Message Length for One Continuous Parameter

Let us consider a random vector x, where density is defined by one continuous parameter 0.

We will now deal with the evaluation of the term —logf(x/0) in equation (10). We cannot fit

on 0 in the likelihood here and estimate the second part of the message, because any other

0' in the range S(0) = [6 - A^l,6> + A^1] must be considered equally likely to be used. We

assume that 0 is uniformly distributed over the range S(0). So the natural thing to do is to

take the expected message length for the second part (the average of —logf(x/0') over that

range), which is defined by [8, 1]:

1 y^-T
Length of 2nd part = Expected(-logf(x/0')) = -^ / „; -logf(x/9')d0' (20)

10-^L

Let 9' = 0+ a; with a € [-A^1, A^1]. Therefore, equation (20) becomes:

1 yAP 1 y^P
Length of 2nd part = -^ j_2 -logf(x/e + a)da = -^ j_' -logf(x/0')d(0' - 9) (21)

We assume that 0' is not far from 0, so it is natural to try to express —logf(x/0') in terms of

—logf(x/0). Taking a Taylor expansion of —log f(x/9') about 0' == 0, we obtain:

-logf(x/0f) = -logf(x/[0+(0'-0)]) (22)



= -logf(x/0) + (9' - e}^(-logf(x/0)) + |(0' - 0)^(-i(,^(^)) + o{ff)3)

We neglect all the order 3 and above terms, assuming A(0) is small. Substituting Equation

(20) in Equation (22) and evaluating each term separately, we obtain:

1 ^T
A(0) /_^T -lo9f^/0)d(0' - e) = -logf(x/0) (23)

A(0)

-^ff)l+^i(-e'-e^e{~lo9!{xleme'~e) = ° (24)

-Hff)l-!^e'~e)w(~lo9!{xl<))w~e~) = A^W^~logf(xw (25)

This gives the length of the second part:

\2
Expected(-logf(x/e')) ^ -logf(x/0) + '—-^{-log j ~(x / !e)) (26)

Writing

n^ff)=^(-lo9f(:I:/9)) (27)
the message length (eq. 10) can be written as:

\2
MessLen w -log(h(0}) - log(A(6)) - logf(x/6) + ^—F(x, 0) (28)

Select that value for A(6) which minimizes the message length by setting the derivative to 0 :

9MessLen(x,ff) ^ 1 , ,,,,F(x,8) _,
9A(0) ' ' "-A(8)+AW-12-=0

The optimal value for A(0) is therefore the following:

Aw = ^) (30)
We notice that in the first part of the message, we do not use any information about the data x

(see Section 2). For this reason, we cannot use F(x,9) in calculating A(0). The natural thing

to use instead is its average over re, namely

F(0)=^f(x/0)F(x,e) (31)
xEx

which is well known as the Fisher information. Rewriting equation (30) as:

AW =^ (32)
from equations (28) and (32) we obtain:

MessLen(x, 0) ^ -log(h(e)) - logf(x/0) + ^log(F(e)) - ^log(U) + J (33)

10



4.2 Minimum Message Length for Several Continuous Parameters

Now, consider a random vector x defined by parameter vector 9 = (01,0'z, ....,6n). The MML

expression is obtained as in the single parameter case, although its derivation is more involved

(See [17, 26, 28]). In this case the Fisher information F(x^ 0) is the determinant of the Hessian

nxn matrix, where the %, j element is defined by:

»y = g^-(-logf(x/0)), (34)

As in the case of one continuous parameter, the Fisher information F(0) is the expectation of

F (x, 6) over the data:

F(e)=^f(x/e)F(x,0) (35)
x^.x

with this notation, we have :

MessLen » -log(h(0)) - log(f(x/9)) + ^log(F(0)) - J;off(12) + J (36)

5 Expression of Minimum Message Length for a Mixture
of Gamma Distributions

The expression of minimum message length for a mixture of Gaussian Distributions is described

in [1]. In this section, we will use Gamma distribution to calculate the expression for minimum

message length (eq. 36). In previous work, we estimated the Gamma mixture using the

maximum likelihood function log(f(x/0) in [10]. The Fisher information F(9) and the prior

probability density function h(0) will be calculated subsequently.

5.1 The Fisher Information for the Gamma Distribution

We will approximate the Fisher information matrix because its exact expression is difficult to

derive for a mixture model with two or more components. We approximate this matrix by

taking the product of the Fisher information of each component multiplied by the determinant

of the Fisher information matrix of the pj, j =!../>;, where k is the number of components [1].

In the Gamma distribution, the number of looks is assumed to be constant. Then

F(e) ^ F(P) n F(^) (37)
J-l

where F(fij) is the Fisher information for a single Gamma distribution with mean (ij.

11



The pj can be viewed as being the parameters of a multinomial distribution. The determi-

nant of the Fisher information matrix for parameter vector P = (pi, ...,pk) is [1] :

F(p) = ^. (38)
lj=l Pj

where n is the number of data of the population.

We will now compute the Fisher information for a single Gamma distribution. We consider a

population which has one class with mean [L (i.e., a single Gamma distribution) and number of

data n. From equation (27), we have thus :

F(x,p,)=-^(-logf(x/^)} (39)

We can write the negative of the log-likelihood function, —logf(x/p), as follows:

N H
-logf(x/p,) = - ^ logf(xi/p) = - ^ hist(xi)logf(xi/^) (40)

i=l i=l

where H is the maximal value of xi^i = 1,..., N. By using equation (1), we have

-logfWi.) = 2LlogW + L^ + ;o<,(_^_) (41)

Substituting Equation (41) in Equation (40), we obtain:

A A ^\ his+(^.}(n^..}2
-^hist(x,)[logf(x./p,,)] = 2LlogW ^ hist(x,) + L^i=1 ms1-^W (42)
i=l i=l ^

-(2L - 1) ^ /ust(a:,);og(:c.) + log(^^)

The histogram hist(x) is normalized. For a single Gamma distribution, the mean estimated by

Gamma maximum likelihood is as follows [9]:

H
/j2=Y,hist(xi)(qXi)2 (43)

1=1

Substituting equation (43) in equation (42), we obtain:

H H
- ^ hist(xi)[logf(xi/p.j)] = 2Llog(p,) - (2L - 1) ^ hist(xi)log(xi) (44)
i=l i=l

L+l0^^

12



It is difficult to calculate the expression E(i^) = ^^ hist(xi)log(xi) analytically as a function

of p,, but experiment ally, we found that E(p,) w log(p). In Figure 3, we present a comparison

between log(p) and E(p) as functions of p, and L. In Figures 3.a, 3.b and 3.c, we fixed the

value of the number of looks L and constructed the two graphs E(p,) and \og(/j,) as a function of

p,. For these three figures, we found that the error CL = log(/j) — E(/J,) is low and independent

of p, but it depends on L. The average error (eq. 45) is 0.016, 0.033 and 0.076 for Figures 3.a,

3.b and 3.c respectively.
ip. eL

GT 'TOT 'aver age =
p,

Figure 3-d represent the average error as a function of L . For each value of L, we varied the

value of p. (i.e., Figure 3.a) and we calculated the average error. Since the error depends on L,

we can write the following equation:

H
log(iji) = ^ hist(xi)log(xi) + e^ (46)

1=1

Substituting equation (46) in equation (44), we obtain:

- f; hist(x,)[logf(x,/^)] = ioff^) + (2L - l)ei, + L + log(^-,) (47)
i=l

By evaluating (39), we obtain:

F(x, /.) = ^ (48)

Since F(x,p) does not depend on the data re, the Fisher information for a single Gamma

distribution is:

FW = F(x, ^ = ^ (49)

Once we have the Fisher information for a single Gamma distribution, we can use it to calculate

the Fisher information for a mixture of Gamma distributions (eq. 37). We obtain:

n F(^) = ^—, (50)
j~=l llj=l^j

Substituting equations (50) and (38) into equation (37) gives us:

n 1

n^inn^2
Therefore

F(e) = ^—^^ (5i)

^log(F(0)) = ^log(n) - f: log(^) -^ log(p,) (52)
3=1 z 3=1

13



Error = 0.016
average

^
40 60 80 100 120

(a)

4.8^

4.6

4.4^
4.2-3

4-

3.8^

3.6

3.4^

3.2^

3-3

2.8^

2.6^

2.4^

2.2^

2^
1.8

1.6^

L=4
log(^)

••••••E(^)

Error = 0.033
average

^
20 40 60 80 100 120

(b)

Error = 0.076
average

M-
20 40 60 80 100 120

(c)

Error^,verage

2 4 6 8 16 12 14 16

(d)

Figure 3: A comparison of log (,2) with E(p)
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5.2 A Prior Distribution for Parameter Values h(0)

In this section, we will estimate the prior distributions for vectors p and p, for a mixture of

Gamma distributions. The parameters of the mixture are noted as 0 = (/^,p). The performance

of the MML criterion is dependent on the choice of the prior distribution h(0). Experiments

have shown that when h(0) is constant or equal to Jeffrey's prior \/F(0) [13], the MML criterion

works poorly. Instead, we assume that parameters fi and p are independent [17, 26, 28].

h(0) = h^)h(P) (53)

Let h(P) be the uniform prior density. We treat the pj, j = l..k — 1 as being the parameters

of a multinomial distribution. With these parameters, we can have (k — 1)! possible vectors p.

Thus, the uniform prior density will be [8]:

W=(^ (54)
and we assume that p,j, j = l..k are independent:

h(^ = n h(^) (55)
3=1

We take h(p,j), a uniform prior density for the region [m — j,m+ |], where m is the sample

mean of the population x = (rci, ...;rCn) 8Lnd & = AOPVpop is the accuracy of parameter value

for the population [28]. Therefore,

h(^) = ^ (56)
The prior density is

hw - (^ (57)

log(h(6)) = - ^ log(j) - klog(b) (58)
J=l

To estimate the vaule of b, we will use the same approach developed by Wallace [27] in the case

of Gaussian distribution In the following, we will estimate the optimal value of b using Gamma

distribution. Since h(p,j) is a uniform prior density for the region m — j < ,2, < m + j, for

j = 1..A;, we assume the population has one class, of mean p,, and we are attempting to find

-the value of b which minimizes the message length for the population:

MessLen = code-length(p) + codeJength(data) (59)
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We assume that the data is fixed and the sample mean m is also constant and estimated by

maximum likelihood [9]:
H

m2 =^ hist(xi) (qx,)2 (60)
1=1

The length of the first message is:

codeJength(p,) = lo9(j^^-) = lo9(^) (61)

where a is the range of ^. The measurements were made to an accuracy of measurement

of AOM. The probability of getting such a measurement from the Gamma distribution is

approximately:

Pr(^,) . f(../,)AOM = ^M^^-^y (62)
p, i \1^) p.

The information used to encode the population is therefore:

n

codeJength(data) = —log(Pr(x//j)) =—log(^[Pr(xi/iJi)) (63)
i=l

n H
= ^-log(Pr(xi/p,)) =^hist(xi)[-log(Pr(xi//j,))]
i=l i=l

where H is the maximal value of x^, i = 1,..., n. Thus,

J^ ^ J?
code-length(data) = <2Llog(p) ^ hist(xi) + —^ ^ hist(xi)(qxi) + (64)

i=l P' i=[

^^^^^^,TW29AOM,^hist(x.)logC^^)

Lm2 , ^^.:^^^^^VWCl(lAOM^= 2UogW +^-+E hist(x')lo9C-^^T)

Writing p, = m + /, / may be assumed to be uniformly distributed over a range —j to +|.

The third term in equation (64) is independent of p.. We can write the total message length

(eq. 59) as follows:

MessLen == log(a) - log(b) + 2Llog(m + /) + ^'[ u ^ + ^ hist(xi)log(^^^) (65)
<m-l~7J i=[ 1J [Q.xi,

The optimal value of b is estimated by minimizing the expected value of MessLen.

MessLeriExpected(f) = log(a) - log(b) + 2LEf(log(m + /)) + Lm2Ef( ^ ^ ^) (66)
<m

^^^^1^W1(1AOM^+Etet(^(^g^T)
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Ef{log(m + /)) = ^r(2m + b)log(2m +b)- ^-(2m - b)log(2m - b) - log(2) - 1 (67)

JE7((m+7)2) = (2m - b)(2m + b) (68)
Substituting equations (67) and (68) in equation (66), the terms of MessLeriExpected(f) which
depend on b are thus:

-log(b) + ^(2m + 6)^(2m + b) - ^(2m - b)log(2m - b) + _^-^ _^ ^ (69)

The value of b can be estimated by setting the derivative of ]\4essLenExpected(f) to zero.

2Lm(16m4 - Sm2b + &4)^(j^) + 6[-8m2(2m2 - 4m2L - b2 + &2L) + &4(2L - 1)]
62(2m+6)2(-2m+&)2

It is difHcult to resolve this function analytically. Experimentation has shown that this function

is monotonic. Figure 4 represents four examples of this function. The functions in Figures 4.a,

4.b, 4.c, and 4.d are constructed with parameters (L = 2, m = 50), (-L =4, m = 10), (L = 6,

m = 25), and (L = 9, m = 50) respectively. The dichotomy method is used to estimate the

value of b.

5.3 Expression of MML for a Gamma Distribution

The expression of MML for several continuous parameters for a Gamma distribution is obtained

using equations (36), (52) and (58);
k-1 1 k

MessLen = ^ ^0') + klog(b) + ^log(n) - ^ ^o^(^) (71)
3=1 ^ 3=1

-1 E log(p,) - logf(x/9) - ^log(12) + ^
J=l

where b is evaluated using equation (70).

6 Estimation of the Number of Components Using the
Gamma Distribution

The MML approach uses process involving four fundamental steps to determine the number of

components k.

1. For each candidate value of k, the number of modes, such as k = 1..K, where K is

the maximal number of modes, estimate the parameters of the histogram pj and ^ij for

j=l,..,k-l.
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Figure 4: Four monotonic functions. (a) is constructed with parameters L = 2 and m = 100.
(b) is constructed with parameters L = 4 and m = 10. (c) is constructed with parameters
L = 6 and m = 25. (d) is constructed with parameters L = 9 and m = 50.
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2. Select the optimal thresholds of the histogram, Tj, for j = 1,.., ^ — 1.

3. Calculate the associated criterion MML(k).

4. Select the optimal model k* such that:

k" =mmMML(k)

In the first step, the accuracy of estimation for —logf(x/9) and F(0), and hence for the MML

expression, depends on the accuracy of the estimated parameters (p,, p). Therefore, the best

method must be chosen to estimate the parameters of the histogram. In this paper, we will use

the MML estimator to estimate the histogram parameters.

In the second step, on incorrect model in the model space gives us histogram parameters

(p, p), for which we cannot find appropriate thresholds. We can thus use threshold information

to remove the incorrect model from the model space. In fact, for a number of modes k, let Tj be

the threshold which separates two modes j and j'+l. We find the threshold Tj for j = 1,.., k—1

[9]:

•3 ~ ^ Log(R3\ . (72)
w - ^-)

where R, = J?i-(/'f±l)2L. T, is defined when (A(f±l)2L > PA±1. The accepted threshold T, mustPj+lv ^3 ' ' ^^ '" ——^ ,,..^. V ^ ^ " pj • ^'^ —^^^.v.^ .^^..^^ ^j

be in [/^,/^+i]. If one of the thresholds Tj for j = 1, ..,/c — 1 is not defined or is not in its

interval, then this model (k modes) will be eliminated from the model space. To illustrate,

consider three bimodal artificial histograms which have the number of looks (L = 2), two

means (/AI = 10, ^ = 30) and different values of prior probabilities (see Figure 5). In Figure

5.a, the threshold value cannot be calculated. In Figure 5.b, the threshold can be calculated

but it is incorrect. In Figure 5.c, the threshold computed is correct. Thus, using threshold

information, we conclude that the histograms in Figures 5. a and 5.b have one mode, and the

histogram in Figure 5.c has two modes.

6.1 Estimation of Histogram Parameters

Given parameters 6>, prior density h(9\ the negative of the log-likelihood function, —logf(x/0),

and expected Fisher information, F(0\ for a given set of data re, the MML estimate of 0 is the

value of 9 which minimizes message length in equation (36). This is equivalent to:

{x/ey , / ,12,min^)[-logC"'^:') - log(\l^)] (73)
e
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Real parameters:
L=2, k=2

Kl)=10, \i(2)=30
Pr(l)=0.01, Pr(2)=0.99

==> T(l)=NaN

Undefined

Real parameters:
L=2 k=2

H(l)=10, H(2)=30
Pr(l)=0.02, Pr(2)=0.98

==> T(l)= 6.147
Defined but incorrect

T(l) < H(I) < ^(2)

Real parameters:
L=2 k=2

p(l)=10, ^(2)=30
Pr(l)=0.06, Pr(2)=0.94

==> T(l)= 10.717
Defined and correct

^(1) < T(l) < ^(2)

(a) (b) (c)

Figure 5: Different cases of threshold estimation.

The choice of the prior density h(0) plays an important role in the MML estimator. We will

present three cases:

1. If we take the prior density h(0) as constant, the values for the mean and the prior

probability are as follows (see Annex A):

E^i hist(xi)p(j/Xi, 0j)(qxi)2
3~ ZH^hist(xi)p(j/Xi,ej)-^
^=^

pj=

where k is the number of modes.

Z^t=l ib<Jclh\'AJz)JJ\J I -^zi uj) — 2^

^H^hist(xi)p(j/Xi,0j)+^
1+ 2̂

(74)

(75)

2. Assuming h(p,) = n^/i(/^-) = 0^ ^- and ^(P) = ^^^i, the values for the mean and
the prior probability are as follows (see Annex A):

2 EtLihist(xi)p(j/Xi,0j)(qXi)-
^= r£

/-11--f^i hist(xi)p(j/Xi, 0j)
(76)

pj=
sf-H^hist(xi)p(j/Xi,ej)+^

2
(77)

3. Assuming h(p,) = H^ — and h(P) = n^ h(pj) = n^ -^=, equation (36) becomes:^=1 ^ J=l ^pj--

MessLen = -log(f(x/0)) - ^log(l2) + J (78)

20



This formula is similar to the ML criterion, therefore, MML estimator is equivalent to the

ML estimator. The mean and prior probability of each mode are as follows (see Annex

A):
,2 _ EH=ihist(xi)p(j/Xi,0j)(qxi)2
"3 — \^H ^^4.1^, \^t A

2—/Z:

H

Pj = S hist(xi)p(j/Xi, 0j) (80)
i=l

Experimentation showed that the MML estimator (eq. (74), eq. (75)) obtained using the first

choice for the prior density h(0) worked poorly. The MML estimator obtained using the second

choice (eq. (76), eq. (77)) work well but no better than that obtained using the third choice

(79) and (80). In the following we will use the iterative equations (79) and (80) to estimate

the histogram parameters. These equations allow us to calculate the parameters of each mode.

This algorithm requires knowledge of the number of looks L, and the initial statistics p°(i)

and P °(i) of each mode. The number of looks L has been estimated in [9]. To set the initial

parameters, in the next section we will use the thresholding stability method.

6.2 Initialization of Histogram Parameters

As mentioned above, thresholding stability for the Gamma distribution can be used to initialize

the processes of MML estimator. The thresholding stability method is proposed by Kittler et al.

[14] for Gaussian distributions. In the case of Gamma distributions, Petrou et al. have tackled

the problem of estimating the error of the histogram parameters [22]. We do not address this

problem. We will use equation (79) for one distribution to estimate the mean of each mode

using threshold information. We can also use these thresholds to estimate the prior probability

of each mode of the histogram. These means and prior probabilities are then used to recalculate

the thresholds. The procedure can be repeated for these new threshold values. The algorithm

terminates when the thresholds become stable. The algorithm can be summarized as follows:

1. Step 1. This algorithm is iterative and needs initial threshold values. The K- Means

algorithm [2] provides us with an initial estimate for the histogram parameters (,2°, p )

and these parameters are then used to initialize the thresholds T°, j = l..k — 1.

^0 _
•3

Log(R<j)
,2^__ _<(M97-(^D2/•j+1'

where Jt,° = ,,^C^)2L.

2. Step 2. Compute /^+1 and pl+l, j = 1..A;. using the two following equations:
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rpl
a priori probability: p\+l = Y,J._rpi hist(xi\

a;z—-fj_l

mean: (^+1)2 =

_y(

Z/J; hist{xi)(qx^
-z—j-1

~^Fr-

3. Step 3. Compute the updated thresholds using the following equation:

Tl+l=

\
Log(RW)

^TlJ^T^ ~ (i,l+i\2
r ^1-1-1-''3+r

where Rw = ^(^)2£.

4. Step 4. If the new thresholds are equal to the previous ones, then terminate the algorithm;

else go to Step 2.

The statistics obtained by this method are used as initial parameters for launching the MML

estimator (eq. (79), eq. (80)).

7 Algorithm for Estimating the Number of Component
Clusters

In this section, we summarize the algorithm for estimating the number of component clusters.

The input to this algorithm consists of a histogram. Its output is the number of component

clusters. The algorithm is executed in five steps (see Figure 6):

1. Estimation of Number of Looks: We choose a homogeneous region of data. Let hist(x)

and {j, be the histogram of this region and its mean, respectively. The number of looks is

calculated using the following equation [9]:

1 ZH^hist(xi)x2,r2(L+Q.5)
p? E,ffi hist(x.) r2(£)

2. For each candidate value of k the number of modes such as k = 1..K, where K is the

number maximal of modes, we do the following steps:

(a) Estimation of the histogram parameters fij and pj for j = l...k (k modes)

i. Estimation of initial parameters (/^, p(j) for j = 1...^;, using thresholding stabil-

ity algorithm (See Section 6.2).

ii. Estimation of final parameters: For each mode i of the histogram, the values of

the mean and the a priori probability are as follows:
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Figure 6: Design of the MML approach.
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,2 _ 'L^hist{xi)pU/Xi,ffj){qxj)2• mean: ^ = ^^^^^
• a priori probability: pj = Z^i hist(xi)p(j/Xi, 0j)

(b) Estimation of thresholds: Once we have the statistics of the histogram, we can

estimate the threshold Tj between the modes j and j +1, for j = 1,.., fc — 1:

T,= ^
Log (Rj)

w^ - ^-)^J+l

W+l \2Lwhere R, = ^(^)
Pj+1 v P-3

(c) If one of the thresholds Tj, for j = 1,.., /c — 1 is not defined or is not in the interval

[/^•_i, /^'], we eliminate the model which has k modes form the model space and go

to step (2) in the MML algorithm.

(d) Calculation of the associated criterion:

MML(k) = ^log(j)+klog(b)+^log(n)-^log(p,j)
3=1 " 3=1

k H k

-JZ^fe) - ^hist(xi)lo9CEp(xi/^e3)P3) ~ J^(12) + J
j'=l i=l j=l

where that the value of b is estimated using equation (70).

3. Selection of the optimal model k* which minimizes:

k* =mmMML(k)

8 Experimental Results

In this section, we evaluate the MML method for selecting the number of modes in a histogram.

We compare the performance of the MML method with two other methods: MDL and AIC

(see Annex B). Statistics estimated using the MML estimator are then used to calculate the

number of modes with the MML, MDL and AIC methods. First, we tested the performance

of the thresholding stability method. Then we tested the MML, MDL and AIC methods on

a set of artificial histograms. Finally we applied these methods to five real RADARSAT SAR

image histograms, and segmented three of them using the optimal model selected by the MML

method.
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8.1 Thresholding Stability Method

We will illustrate the performance of the thresholding stability method using a numerical exam-

pie. We constructed four bimodal histograms such that the values of their means and a priori

probabilities are fixed (/2i = 10, pi = 0.15) and (,^2 = 40, p<z = 0.85). We varied the number

of looks L = 1, 2,4, 6 (see Figure 7). For each histogram, we applied the thresholding stability

method. The results are shown in Table (1) and Figure (8). For L = 1, the parameters esti-

mated by the K-M cans algorithm are not close to the true values; moreover, the thresholding

stability method needs eight iterations to reach its stable state (Ti = 12.54). In this case, the

histogram error (see Figure 8) took eight iterations to reach 0.0004. For L = 6, the param-

eters estimated by the K-Means algorithm are close to the true values and the thresholding

stability method needs only two iterations to reach its stable state (Ti = 17.15). In this case,

the histogram error (see Figure 8) took two iterations to reach its stable state at close to 0.

From Table (1) and Figure 8, we observe that the number of iterations of thresholding stability

method and the histogram error are inversely proportional to the number of looks L, and hence

to the degree of separability between two modes.

8.2 Artificial Histograms

We tested the effectiveness of the methods for selecting the number of modes in a mixture model

by repeatedly generating histograms from artificial mixture models. We considered histograms

unimodal, bimodal and trimodal histograms. The parameters of the generated histograms are:

(a) the number of modes, (b) the means, (c) the prior probabilities, and (d) the number of
looks.

8.2.1 One-Component Distribution

In this section, we tested the MML, MDL and AIC criteria on four groups of unimodal his-

tograms. For each group, we fixed the value of the mean, p,, and varied the number of looks

L from 0.5 to 8 by increments of 0.5. We generated 304 artificial histograms by taking values

of p. = 10, 20, 30,40. Table 2 shows the results of the three methods applied to this set of

histograms. We observe that all methods worked well in the case of unimodal histograms.

8.2.2 Two-Component Distribution

In this section, we tested the MML, MDL and AIC criteria on four groups of bimodal his-

tograms. For each group of histograms, we fixed the means /^i and p,^. We varied the number

of looks L from 1 to 8 by increments of 1 and for each value of L, we varied the a priori
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Figure 7: Four bimodal artificial histograms. (a) Bimodal histogram with parameters (/^i =
10, pi = 0.15), (//2 = 40, p2 = 0.85) and L = 1. (b) Bimodal histogram with parameters
(/^i = 10, pi = 0.15), (^ = 40, p2 = 0.85) and L = 2. (c) Bimodal histogram with parameters
(/^i = 10, pi = 0.15), (,^2 = 40, p2 = 0.85) and L == 4. (d) Bimodal histogram with parameters
(/^i = 10,pi = 0.15), (/22 = 40,p2 = 0.85) and L = 6.
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Real parameters

For L=l
K-means
First iteration
2nd iteration
3rd iteration
4th iteration
5th iteration
6th iteration
7th iteration
8th iteration

For L=2
K-means
First iteration
2nd iteration
3rd iteration
4th iteration
5th iteration
6th iteration
7th iteration

For L=4
K- means
First iteration
2nd iteration
3rd iteration
4th iteration

For L=6
K-means
First iteration
2nd iteration

~7W

10

19.34
12.62
11.66
10.70
9.76
9.28
8.80
8.31
7.81

21.33
17.78
15.65
13.64
12.44
11.40
10.94
10.51

16.97
13.31
10.90
10.34
10.17

13.13
10.29
10.03

~^w

40

57.06
44.62
43.79
42.98
42.17
41.77
41.36
40.95
40.53

50.07
44.03
42.89
41.95
41.42
40.97
40.75
40.54

42.62
40.66
40.21
40.09
40.04

42.37
40.04
40.00

~WT

0.15

0.588
0.344
0.313
0.282
0.250
0.234
0.217
0.200
0.183

0.494
0.355
0.299
0.252
0.226
0.203
0.192
0.182

0.278
0.194
0.164
0.157
0.154

0.199
0.153
0.150

~WT

0.85

0.411
0.655
0.686
0.717
0.749
0.765
0.782
0.799
0.816

0.505
0.644
0.700
0.747
0.773
0.796
0.807
0.817

0.722
0.805
0.835
0.842
0.845

0.800
0.846
0.849

Estimated
threshold

22.95
20.86
19.12
17.44
15.81
15.00
14.19
13.37
12.54

29.49
25.95
23.05
20.52
19.06
17.78
17.20
16.66

23.71
20.41
17.84
17.21
17.00

20.35
17.45
17.15

Real
threshold

12.361

15.65

16.78

17.10

Table 1: Numerical results of the thresholding stability method applied to four bimodal artificial
histograms

Number of modes

1 true
2
3

MML
304

0
0

MDL
304

0
0

-AlC-

304
0
0

Number of histograms tested

304

Table 2: Results for one-component mixture.
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Histogram error

L=6

L=4

L=2

L=l

leration

Figure 8: Histogram error as a function of iteration number for the four histograms.

probability of the first mode pi from 0.1 to 0.9 by increments of 0.1. Thus, for each group we

generated 50 bimodal histograms, to which we then applied the three methods MML, MDL

and AIC. Table 3 gives the number of modes calculated for each group of bimodal histograms.

1. For /^i = 10 and ,23 = 50, MML and AIC worked well, finding 50 bimodal histograms

from the set of 50. MDL found only 34 bimodal histograms from the set of 50.

2. For /^i = 10 and ,^2 = 40, we found the same result as in the previous case for MML and

AIC. MDL found only 14 bimodal histograms from the set of 50.

3. For /ui = 10 and ^ = 30, MML worked well, finding 50 bimodal histograms from the set

of 50; AIC found 48, and MDL found no bimodal histograms.

4. For /^i = 10 and ,23 = 20, MML worked well, finding 50 bimodal histograms from the set

of 50; AIC found 14, and MDL found no bimodal histograms.

From these results (bimodal case), we observe that MML is better than AIC and MDL.

8.2.3 Three-Component Distribution

In this section, we tested the MML, 1VIDL and AIC criteria on three groups of trimodal his-

tograms. For each group of histograms, we fixed the means /^i, ^ and ^3. We varied the
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Number of
modes

case 1
1
2 true
3
case 2
1
2 true
3
case 3
1
2 true
3
case 4
1
2 true
3

MML

0
~w

0

0
~s_

0

0
B:

0

0a0

MDL

16
~[34T

0

36
~w

0

50

s0

50

a0

AIC

0B0

0
TsoT

0

2
T48T

0

36
n:

0

p'1

10

10

10

10

P'2

50

40

30

20

Table 3: Results of the MML, MDL and AIC methods applied to four groups of bimodal
artificial histograms.
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number of looks L = 2,4, 6 and for each value of L, we varied the a priori probabilities pi, p^

and p3 from 0.1 to 0.8 by increments of 0.1. Thus, for each group we generated 60 trimodal

histograms, to which we then applied the three methods MML, MDL and AIC. Tables 4, 5 and

6 give the number of modes calculated for each group of histograms.

1. For p,i = 10, ,22 = 90 and ,^3 = 170, the M.ML criterion appeared to be the best choice

for selecting the number of modes (see Table 4). It found 40 trimodal histograms from a

set of 60; AIC found 9, MDL criterion found no trimodal histograms.

2. For jUi = 10, ,^2 = 70 and ,^3 = 130, the MML criterion appeared to be the best choice

for selecting the number of modes (see Table 5). It found 47 trimodal histograms from a

set of 60; AIC found 11 and the MDL criterion found no trimodal histograms.

3. For /^i = 10, ,22 = 50 and ,23 = 100, the MML criterion appeared to be the best choice

criterion for selecting the number of modes (see Table 6). It found 48 trimodal histograms

from a set of 60; AIC found 9, and the M.DL criterion found no trimodal histogram.

In the artificial histograms from trimodal mixtures, we found that the MML criterion appeared

to be the best for selecting the number of modes.

Number of
modes

For L=2
1
2
3 true
4
For L=4
1
2
3 true
4
For L=6
1
2
3 true
4

MML

0
9

JUL
0

0
5

TsT
0

0
6

T4f
0

MDL

5
15

a0

7
13

s0

8
12

H°L
0

~MC

0
19

JEL
0

0
17

a0

0
15

IL
0

Table 4: Results for a three-component mixture with /^i = 10, ^ = 90 and ,^3 = 170; number
of looks L= 2,4, 6
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number of
modes

For L=2
1
2
3 true
4
For L=4
1
2
3 true
4
For L=6
1
2
3 true
4

MML

0
2

~w
0

0
5

~w
0

0
6

TJT
0

MDL

7
13

a0

8
12

a0

8
12

s0

AIC

0
18

s0

0
16

B:
0

0
15

J5L
0

Table 5: Results for a three-component mixture with ^\ = 10, ,^2 = 70 and ,^3 = 130; number
of looks L= 2,4,6

number of
modes

For L=2
1
2
3 true
4
For L=4
1
2
17 true
4
For L=6
1
2
3 true
4

MML

0
1

~w
0

0
1L

15
1

0
6

TT
0

MDL

3
17

a0

7
~w

0
0

9
11

a0

AIC

0
20

H°L
0

0
TTT

3
0

0
14

a0

Table 6: Results for a three-component mixture with /^i = 10, ^ = 50 and ,^3 = 100; number
of looks L= 2,4,6.
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8.3 RADARSAT SAR Images

In this section, we applied the MML, MDL and AIC criteria to five real RADARSAT SAR

images. The first two SAR images are presented with their histograms in Figure 9; they have the

same dimensions 800x800. The other three images which have dimension 512x512, 1000x1000

and 1380x2609 are presented in Figures 10. a, 11. a and 12. a. respectively. For each of these

SAR images, we applied a median filter to reduce the speckle noise. We then constructed its

histogram. The histograms of these images are presented in Figures 10.c, 11.c and 12.c. Table

7 presents the estimated initial parameters obtained using the thresholding stability method

for the histograms presented in Figures 10.c, 11.c and 12.c.

RADARSAT
SAR

images

Dimensions

512x512
1000x1000
1380x2609

Initial parameters
estimated using

thresholding stability
~1°~

18.37
4.2

5.01

j3:
55.38
14.01
26.58

j4_

103.25

^K
0.251
0.468
0.150

P̂2
0.748
0.531
0.144

TPs

0.714

Table 7: Estimation of initial parameters using thresholding stability

The numbers of modes are: one, two and three. Table 8 gives the numbers of modes

calculated.

1. We have two unimodal histograms. The first is presented in Figure 9.b, with number of

looks L = 1; the second in Figure 9.d, with number of looks L = 2.77. The MML, MDL

and AIC criteria easily found the number of modes, which is equal to one (see Table 8).

2. We have two bimodal histograms. The first is presented in Figure 10.c, with number of

looks L = 9; the second in Figure 11.c, with number of looks L = 2.93. The MML and

AIC criteria found two modes for each of the two histograms. MDL found one mode for

both two histograms.

3. Figure 12.c presents a trimodal histogram. The MML criterion selected k = 3 and the

other two selected k = 2.

In real histograms from SAR images, we found that MML appeared to be the best criterion for

selecting the number of modes. AIC worked well in the case of one and two modes. When the

histogram has three modes, neither AIC nor MDL can find the number of modes correctly.
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In general, we can conclude that, for unimodal histograms, all three methods (MML, iMDL

and AIC) worked well. In the case of bimodal histograms, MML and AIC worked well but

MML was better than AIC. MDL had some difficulty determining two modes. MML appeared

to be the best criterion for selecting the number of modes in the case of trimodal histograms.

Real histograms

Figure 9.a,
L=l, n=800*800
k=l
k=2

Figure 9.c,
L=2.77, n=800*800
k=l (true)
k=2

Figure 10.c,
L=9, n=512*512
k=l
k==2 (true)
k=3
k=4

Figure 11.c,
L=2.93,
11=1000*1000
k=l
k==2 (true)
k=3
k=4

Figure 12.c,
L=3.6, n=1650*2609
k=l
k=2
k=3 (true)
k==4

MML

[11.79]
14.21

[6.73]
12.57

16.6
TU^T

12.5
13.8

18.77

B:
13.7
15.7

20.24
14.89

[14.50]
15.56

MDL

[16.67]
21.71

TimT
17.79

[23.5]
29.6
41.8
54.2

[25.8]
32
45
58

24.72
[23.02]
29.64
36.13

AIC

[14.54]
22.68

[11.85]
14.85

28
~ww

26.7
32.7

30
J2L6T

25.5
30.8

37.34
[21.86]

23
23.88

Histogram
error

1.38
1.33

1.16
1.16

22.22
11.32
3.62
3.23

6.61
3.30
1.9

1.5

41.70
18.13
21.71
19.60

Table 8: Numerical results of the MML, MDL and AIC methods applied to six real RADARSAT
SAR image histograms.
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0.0

0.0

0.0

0.

0.0

0.0

0.0

0.0

L=l
11=800x800

s'o ' lio ' ' ' ' lio ' 2fc-'' zio

(b)

"iW-

L=2.77
11=800x800

(d)

Figure 9: A set of real RADARS AT SAR images with their histograms.
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8.4 Application of MML to SAR Image Segmentation

When the minimum message length algorithm has selected the optimal model (k*) from the

model space, we also obtain the statistics for the SAR image histogram, the number of looks

L, and the optimal thresholds T^ j = 1..A;* — 1. The rule for segmenting an image I(x,y) is

given as:

Lk. if I(x,y) > T^-i
L,._i ifT^-2<^2/)^T^-i

S(x,y)={

Li iiI(x,y)<T,

The segmentation algorithm was applied to the three RADARSAT SAR images presented in

Figures 10.a, 11.a and 12.a. For each SAR image histogram, we have optimal thresholds and

the filtered image has been segmented using the segmentation rule. The results for SAR images

are presented in Figures 10.b, 11.b and 12.b. It should be noted that the histogram in Figure

11.c has two modes which are not well separated. From Table 7 and Figures 10, 11 and 12, we

can deduce that the initial parameters estimated using the thresholding stability method are

close to the parameters estimated by the MML estimator. Thus, the MML estimator rapidly

converges towards the optimal solution.

9 Conclusion

The Minimum Message Length (MML) has been used to obtain the number of components in

data using Gaussian mixture models [1 . It has also been used to estimate the parameters of

single distributions such as Gaussian, Poisson, or Von Miss circular distributions [8]. This pa-

per has studied the use of the minimum message length principle as a way to solve the problem

of clustering using Gamma distribution. The use of histograms in the MML approach with

Gamma distribution gives a new formula of the MML, allowing us to determine the number of

classes. We have shown that the maximum likelihood estimator (ML) is a particular case of

the minimum message length estimator (MML). In a series of experiments, the MML criterion

with Gamma distribution was found to perform favorably in the task of selecting the "true"

number of modes in a histogram.

The performance of the MML criterion in determining the number of components is directly

related to the performance of the MML estimator. The MML estimator is an iterative process

which converges on local maxima. Thus, the initial parameters play an important role in the

performance of the MML. In his experiments on Gaussian distributions, Baxter [1] generated
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(c)

NJooks = 8.99

Number of modes = 2

MML estimator ===>

|Ll(l)= 17.91 and Pr(l) = 0.244

|^(2) =55.51 and Pr(2)= 0.755

Threshold T(l) = 28.54

(d)

Figure 10: (a) RADARSAT SAR image (512x512), (b) Segmented image, (c) Histogram of
filtered image and (d) Estimated parameters and threshold. © Canadian Space Agency 1997
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Figure 11: (a) RADARSAT SAR image (1000x1000), (b) Segmented image, (c) Histogram of
filtered image and (d) Estimated parameters and threshold. © Canadian Space Agency 1997
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(c) (d)

Figure 12: (a) RADARSAT SAR image (1380x2609), (b) Segmented image, (c) Histogram of
filtered image and (d) Estimated parameters and thresholds. © Canada Center for Remote
Sensing (CCRS)
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a set of data from artificial mixture models. But he initialized the ML estimator with the

correct values of the parameters, thus obtaining good results for the MML method in the case

of artificial mixture models. In our case, we focused on estimation of the initial parameters.

The K-means algorithm was used to estimate the initial parameters, but when the number of

looks was small. The estimated initial parameters provided by this algorithm was not close

to the local maxima of the MML estimator. We therefore proposed another algorithm called

thresholding stability in order to refine these parameters. Experiments showed that, the pa-

rameters obtained are close to those estimated by the MML estimator, and thus we obtained a

good result for MML. Moreover, the use of threshold information improved the results of three

methods, MML, AIC, and MDL. We observed that MML appeared to be the best criterion for

selecting the number of modes, where AIC and MDL produced poor results.

We applied the MML criterion to the segmentation of RADARSAT SAR images. The initial

parameters estimated using the thresholding stability method are close to those estimated by

the MML estimator. Thus, the MM;L estimator rapidly converges towards the optimal solution.

The MML approach using Gamma distribution is suitable for SAR image segmentation.
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11 Annex A

The objective of this Annex is the use of MML expression to estimate the parameters of the

histogram. Let a histogram hist(x) have k modes, where x = (rci, ...,rEn) is a random vector,

the random, variable Xi being the abscissa of the histogram. This can be seen as an estimation of

Gamma probability density p(x/0), where 0 = (0i, ...,0k) is the parameter vector. This means

that the determination of a parameter Oj and the a priori probability pj of each mode is such

that hist(xi) = p(xi/0) = j^J=ip(xi/j, 6j)pj. Thus, the problem of determining 0 = (^i,..., 0^)

and p = (pi, ...,pk) becomes:

{xl
mm^,p')[—^og{——f====^—) +

with the constraints: pj > 0 Vj € [1,M] and Z^iPj = 1- These constraints allow us to

take into consideration the a priori probabilities pj. Using Lagrange multipliers, we minimize
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the following function:

^,0,A) = log(hwx^)+X,(l-ip,)
'AOM\/F(0)' ' J^l

+A2pi+....+Afc+i^ (82)

where A are the Lagrange multipliers and f(x/0)AOM = p(x/9). Calculating the derivative of

the function cf)(x, 6, A) with respect to 0 and A, we obtain the following equation:

^<t,(x,8,A)=0

^M,A)=0
If we assume that the variables Xi,i = 1,..., n are independent, we can write:

p(x/e)=]],p(x,/e)
1=1

k
P(xi/0) =^p(xi/j,0j)pj

J=l

Substituting equations (86) and (85) in equation (82), we obtain:

(83)

(84)

(85)

(86)

^x,e,K) = log(h(0)) +t,log(t,p(^/j,e,)p,) - ^log(F(ff)) (87)
z==l j=l

k
+Al(1 - Z/Pj) + x2Pl +....+ Xk+lPk

J=l

Let H be the maximal value of x^i = 1, ...,n. We can then use the histogram hist(x) in (eq.

87) to obtain:

<f>(x,0,A.) = log(h(0))+^hist(xi)log(^p(x./j,0,)p,) - ^log(F(e)) (88)
i=l j=l

k
+Al(l - ^Pj) + \2Pl + .... + ^k+lPk

J=l

Calculating the derivative with respect to 0j, we obtain:

Q(f>(x,e,K) 9log(h(0)) , 9^,.^,, ^, ,.,, , 19log(F(6))"if = '^y + w, g ^)^(E!W^ ^,) - i^^ (89)
We have:

9j^_ ,_ ,J^, __ ^ J^ hist(x.} 9 J^
^-^hist(xi)log(^p(xi/j^j)pj) = E^fc '33^.^. ^-Ep(^/^^)^'
7 3 z=l J=l i=l 2^'j=lP{Xi/J,Oj)Pj UUj jr-^

_H_ hi.R+.i 'T.A n A
•I) ^ \-^. / I .= E^Mte-f^310^
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Since:
•i,'x..0.)-p(xt/3'e3)pj
/xi^j)= p^/e)

Then

a^,,../ ,, /^ //.,,. v^,. ./././ ,,^7E,Mip(^/j,^)p,
^hist(xi)log(^p(xi/j,0j)pj) = J^hist(xi}p(j/Xi, 6j) 3 ^ ,/^ ^ (91)

/3 i=l j=l i=l P\djil J^3)f3

^._ . . -, ^9
= ^ hist(xi)p(j/Xi, 6j)-^-log(p(xi/j, 0j)pj)

SL • " QOj

Substituting equation (91) in equation (89), we obtain:

(x,0,A) 9logM0)) , ^., .,/.../ ^^, // /.^ ^ 1'^-^ = "~uyQQ'"" +E hist(x,)p(j/Xi, e,)-^-log(p(x,/j, ff,)p,) - J "-"^ ^" = 0 (92)

Calculating the derivative of (f)(x, 0, A) with respect to pj, we obtain:

w^, ww ^ 1 ^ ^^ e,) - A. + A, - ;9^ = 0 (93)
')3 °PJ Pj ^~1 ~ ~ z °P3

Now we take the derivative of (f)(x, 0, A) with respect to Ai and \j. We find:

9^A)=1-E.,=0 (94)
\1 ,—1

^A)=P,-.=0 (95)

Assume that pj > 0 Vj G [1, A;]. This means that the first constraints of the problem in (eq.

82) are satisfied and not saturated, so:

\/j e [2, k + 1] A, = 0 (96)

The derivative of the function (f> (x, 0, A) is calculated. We assume that the two parameter

vectors p, and p are independent. Thus, h(6) = h(p)h(P) and I71(0) = F(p)F(P). Now we can

estimate the histogram parameters (mean and a priori probability for each mode).

1. Estimation of mean: Since we assumed that the histogram is a combination of Gamma

functions,

M^=2A^-^2i-le-^ (97)
PJj L[-L) ^j

Substituting equation (97) in equation (91), we obtain:

^ ^ ^ ^... . . /., „ . 2L,
^ hist(xi)log(^p(xi/j, Oj)pj) = ^ hist(xi)p(j/Xi, Oj)-j[(qxi)'2 - p2j] (98)5

L3 iri 'j^i ' "' "' ^i ... - ^
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Using equation (52), we can calculate the derivative of log(F(0)):

1 9log(F(0)) _ 1
2 Qfij p,j

The value of p, depends on the choice of the prior density h(fji).

(99)

If we assume a uniform prior density, h(p) by substituting equations (99) and (98)

in equation (92), we obtain:

^ _.2L., o. 1
^ hist(xi)p(j/Xi, 6j)^[(qxi)2 -^2] +— = 0 (100)
^ .... "• ^J - • • - - p,j

From this equation, we can calculate the mean:

.2 _ EH=ihist(xi)p(j/Xi,6j)(qxi)2

(102)

If we assume a prior density, h(p) = F[^=i ^7, we have:

9log(h(6)) 1
9p,j p,j

Substituting equations (102), (99) and (98) in equation (92), we obtain:

J^ ^L
^hist(xi)p(j/xi,0j)^[(qxi)2 - ^] = 0 (103)
i=l ^J

From this equation, we can calculate the mean:

.2 _ EH=ihist(xi)p(j/Xi,0j)(qxi)2

2. Estimation of a priori probability: Since p(xi/j,0j) is independent ofpj, straightforward

manipulations lead to:

9^. ... .J^. . _.. 1 ^
^ hist(xi)log(^p(xi/j, 0j)pj) = — ^ hist(xi)p(j/Xi, Oj) (105)

')3 i=l j=l PJ i=l

and using equation (52), we can calculate the derivative of log(F(0)):

1 9log(F(0)) 1 1
2 9p, 2p,

The value of P depends on the choice of the prior density h(P).
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If we assume a uniform prior density h(P) by substituting equations (106), (105) in

equation (93), we obtain:

1^ ,... _ 11
- ^ hist(xi)p(j/Xi, 0j) -Ai+ ^- = 0 (107)
Pj i^l ' z ^J

From this equation, we can calculate the pj:

1J^ .... _. 1.
P3 = ^-(E hist(x,)p(j/x^ 0,) + ^) (108)

vi i^I

We have:

En = -l(EE/li^.)pO/^,,0,) + ^ = i (io9)
3=1 Al j=li=l

Since

Ep07^)=i (no)
J=l

the value of A i is:

X,=(^hist(x,)+k;)=(l+k;) (111)
1=1

Finally, the a priori probability is:

EH^hist(xi)p(j/Xi,6j)+^
PJ = —1 , A;

2

If we assume a prior density, h(P) = F[^=i -^, we have:

9log(h(e)} _ 1 1
-8p—=2K

Substituting equations (113), (106) and (105) in equation (93), we obtain:

1 ^
^ ^ hist(xi)p(j/Xi, 9j) - Ai = 0 (114)
PJ i=l

From this equation, we can calculate the pj.

1 ^
PJ = ^T S hist(xi)p(j/Xi, 0j) (115)

xiirl

We have:
^ ], ^ -ff
Y,Pj = ^- S S hist(xi)p(j/Xi, Oj) = 1 (116)
i=l ^1 j=l i=l

Since

EPO'A;.^)=I (ii7)
1=1
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the value of Ai is:
H

\^=^hist(xi) =1 (I18)
i=l

Finally, the a priori probability is:

H
Pj = S hist(xi)p(j/Xi, 0j) (119)

i=l

12 Annex B

12.1 Minimum Description Length (MDL)

In 1987 Rissanen [12] gave his MDL criterion for model selection, and in the same year Shwarz

[11] independently developed the same criterion:

MDL(k) = -logf(x/0) + ^riplog(n) (120)

where —logf(x/6) is the negative of the log-likelihood function and rip is the number of param-

eters estimated. We select k for the minimum value of ]\4DL(k).

12.2 Akaike's Information Criterion (AIC)

A number of interpretations of the AIC criterion have been applied to unsupervised learning.

We use the following AIC criterion offered by Bozdogan [5] and used by Windham and Cutler

[30] in their comparison of mixture modeling methods. The AIC is defined as:

AICW=-2(n-l-d-K^-lo9f^\3n, (121)

where K is the largest number of components considered, —logf(x/0) is the negative of the

log-likelihood function, n? is the number of parameters estimated, and d is the number of

parameters describing each component. We select k for the minimum value of AIC[k).
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Chapter 3

Distribution Selection and

Estimation for Each Class in SAR

Images

The distribution shape of a class of a SAR image depends on the form of the scene

surfaces [8] and on the radar parameters [3]. Due to SAR image preprocessing, the dis-

tribution of each class in the image may be changed to another one. Thus, the use of a

simple distribution to model grey level distribution is insufficient. Therefore, we need a

method to determine the appropriate distribution of each class (mode) in a SAR image

(histogram). A set of distributions can be grouped into a system in order to model a

large number of SAR images. The Pearson system [8] contains a set of four parametric

distributions. Each parametric distribution in the Pearson system can be transformed

into another distribution derived from a physical model. The transformed distributions

are grouped into a system called the KUBW system. There are also other systems, such

as that of Darmois, Ferrari and Burr [17]. Delignon et al. [8] have shown that the Pearson

and KUBW systems are suitable for radar images. These two systems were developed for

the statistical modeling of homogeneous radar images with unimodal histograms. Until
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now there has not been a system for the statistical modeling of heterogeneous multimodal

histograms. In the following paper entitled "Statistical Modeling of Heterogeneous

Multimodal Distributions for SAR Images", we propose a new system which is

suitable for SAR images having various classes (multimodal histograms). This system,

called GGBL, is composed of four distributions: The Gaussian and Beta from the Pearson

system, and of more Log-Normal and Gamma distributions. The choice of these distribu-

tions is motivated by the following considerations: These four distributions are suitable

for SAR image analysis [4, 11, 31, 14, 34, 13, 25, 2, 18, 8, 9]. The distribution of speckle

of the SAR images converges towards the Gaussian when the number of looks is large.

For certain values of their parameters (e.g., L, the number of looks for the Gamma distri-

bution), the Gamma, Beta and Log-Normal distributions converge towards the Gaussian

according to the third and fourth moments, providing an additional flexibility likely to

fit SAR image histograms. In our system, these three distributions (Gamma, Beta and

Log-Normal) are characterized by a set of parameters that are functions of their shapes,

rather than of their means or variances (e.g., L for the Gamma distribution, (o;, /?) for

the Beta distribution, and a for the Log-Normal distribution). These parameters must be

invariant under translation of the gray level and scale factor. Moreover, the four distribu-

tions in the GGBL system can be used for modeling multimodal SAR image histograms.

Given a SAR image, the selection of a parametric distribution from the GGBL system

for each mode of the histogram is performed according to the location of the skewness

and flatness coefficients of this mode in the GGBL system. We propose a distribution

stability method for the selection and estimation of distributions for heterogeneous mul-

timodal histograms. The GGBL system is applied to real histograms of RADARSAT and

ERS SAR images to select and estimate distributions for each class (mode) in the image

(histogram).

The paper has been submitted to the International Journal of Remote Sensing.
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Abstract

This paper discusses the statistical modeling of heterogeneous multimodal SAR image his-

tograms. We use a set of distributions with flexible shapes that are likely to fit the SAR image

histogram. We then form a system called GGBL, composed of four parametric distributions

(Gaussian, Gamma, Beta and Log-Normal). Selection of a parametric distribution from the

GGBL system for each mode of the heterogeneous multimodal SAR histogram is performed ac-

cording to the location of the skewness and flatness coefficients in this space. We propose a

distribution stability method for distribution selection, using the asymmetry and flatness coef-

ficients, and a feature method for the estimation of the parameters of these distributions based

on the characteristic points of the histogram. The GGBL system is applied to real histograms

of RADARS AT and ERS SAR images with different numbers of looks. The results obtained are

promising.

Keywords: Heterogeneous distributions, Multimodal histogram, Image segmentation, Supervised

learning.

1 Introduction

The speckle noise appearing on SAR images is a natural phenomenon generated by the co-

herent processing of radar echoes [16, 14]. The presence of speckle noise not only reduces the

interpreter's ability to resolve fine details, but also makes the automatic filtering, segmenta-

tion and classification of such images difficult. Statistical formulation is therefore of interest

for optimum analysis of radar performance. Such analysis requires a statistical image model,

This project was supported in part by Esso Imperial Oil Limited, Toronto, Canada.



usually obtained by one of two approaches 6]. The first approach involves considering the

physical mechanism responsible for the backscatter from the surface of the scene [5]; the second

is to model the image using parametric distributions [12]. Familiar distributions used for SAR

images include the Gaussian, Gamma, Beta, Log-Normal, Weibull, Rayleigh, K, W, B, and U

distributions. The Gaussian distribution is suitable when the number of looks is large. Berizzi

et al [2] studied the link between radar parameters, and the Log-Normal, Weibull, Rayleigh

and K distributions for homogeneous ocean SAR images. We can summarize this link for three

different operating conditions as follows: (i) for low-range resolution radar, the range resolution

cell is large so a Rayleigh distribution is expected; (ii) for high-range resolution radar with a

low incident angle, a longer-tailed distribution than the Rayleigh (e.g. the Weibull) is expected;

and (iii) for high-range resolution radar with a high incident angle, a long-t ailed distribution

such as the K or Log-Normal distribution is expected. The Gamma distribution is largely used

for the analysis of multimodal SAR image histograms [3, 9, 8, 17, 11, 21, 10, 15]. The Beta,

K, W, B and U distributions have been used for homogeneous SAR images [5, 6, 1, 13]. A

set of distributions can be grouped into a system in order to model a large number of SAR

images. The Pearson system [5] contains a set of four parametric distributions. Each para-

metric distribution in the Pearson system can be transformed into another distribution derived

from a physical model. The transformed distributions are thus grouped in a system called the

KUBW system, which contains the set of K, U, B and W distributions. There are also other

systems, such as that of Darmois, Ferrari and Burr [12]. Delignon et al [5] have shown that the

Pearson and KUBW systems are suitable for radar images. These two systems were developed

for the statistical modeling of homogeneous radar images with unimodal histograms. This led

us to propose a new system which is not derived from a physical model and which is suitable

for SAR images having various classes (multimodal histograms). This system, called GGBL,

is composed of four distributions, the Gaussian and Beta from the Pearson system, and more

of the Log-Normal and Gamma distributions. The choice of these distributions was motivated

by the fact that the distribution of speckle in SAR images converges towards the Gaussian

when the number of looks is large. For certain values of their parameters, the Gamma, Beta

and Log-Normal distributions converge towards the Gaussian according to the third and fourth

moments, providing an additional flexibility likely to fit SAR image histograms. In our system,

these three distributions are characterized by a set of parameters that are functions of their

shapes, not of their means or variances. These parameters must then be invariant to translation

of the gray level and the scale factor. Moreover, the four distributions of the GGBL system can

be used for modeling multimodal SAR image histograms. Given a SAR image, the selection of

a parametric distribution from the GGBL system for each mode of the histogram is performed



according to the location of the skewness and the flatness of this mode in the GGBL system.

We propose a distribution stability method for the selection of distributions for multimodal

histograms. This method requires an estimate of the thresholds and parameters of the his-

togram. Thresholds are selected at the valleys of a multimodal histogram by minimizing the

discrimination error between the classes of pixels in the SAR image [10]. We use two estimation

methods for the set of distributions in the GGBL system, one based on the moment and the

other based on the characteristic points of the histogram.

The paper is organized as follows. The next section gives a detailed description of how dis-

tributions are represented in the GGBL system. In Section 3, we explain the distribution

stability method for selecting distributions for multimodal SAR image histograms. In Section

4, we present an algorithm for threshold estimation. In Section 5, we present the two estima-

tion methods for each distribution in the GGBL system. Section 6 is devoted to experimental

results.

2 Distributions in the GGBL System

In this section, we will present the GGBL system which is composed of four distributions

(Gaussian, Gamma, Beta and Log-Normal). This system is built using shapes of distribution

which are determined from higher moments. Consider a random variable X; the rth moment

about zero of the distribution of X is denoted by m^ = E[Xr]. The rth centered moment of

the distribution of X is denoted by m[ = E[(X — mi)r]. The second, third and fourth centered

moments about the mean are as follows:

m/2 = m'i— m[ (1)

^3 = m3 — 3mlm2 + 2m^

m'4. = m4 ~ 3mf — 4mim3 + Gm^m^

where m'g is a measure of skewness. When the probability distribution is symmetrical about

the mean, then mg = 0 (see Figure l.b). If the probability distribution has a longer "tail" to

the right (to the left), the measure of skewness is positive (negative), and we say that the dis-

tribution is skewed positively or to the right (negatively or to the left) (see Figures l.a and l.c).

The fourth moment m^ indicates the degree of peakedness or kurtosis of the distribution

[20]. If there is a strong concentration of the values of the random variable around the mean,

the distribution is leptokurtic (kurtosis positive) (see Figure 2), whereas the concentration of

the values of the random variables is weak, the distribution will be spread or platykurtic (kur-

tosis negative) (see Figure 2) . The distribution is called mesokurtic when the distribution is
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Figure 1: Different forms of skewness of a distribution.

Kurtosis negative
(platykurtic)

,/

/i
Kurtosis positive

(leptokurtic)

^ Normal
(mesokurtic)

s

Figure 2: Different forms of kurtosis of a distribution.



Gaussian (see Figure 2).

Recall that for certain values of their parameters, Gamma, Beta and Log-Normal distribu-

tions converge towards the Gaussian, according to the third and fourth moments, offering an

additional flexibility likely to fit the SAR image histograms. These three distributions are char-

acterized by a set of parameters that are functions of their shapes and not of their means or

variances. These shape parameters must then be invariant to translation of the gray level and

the scale factor. The shape parameters of the distribution of X can be obtained by normalizing

the third and fourth centered moments of this distribution. Let /?i and /3-z respectively be the

coefficients of asymmetry and flatness of the distribution of X, defined as follows [6]:

<A = 3 (2)m
mh = 3, (3)
m'2z

Let Cf(/?i,/?2) be the graph of the distribution of X. The parametric representation of the

graph C may be a point, line or area, depending on the number of parameter shapes of the

distribution of X. The GGBL system is the (ft, ^2) plane formed by the union of the graphs

of the Gaussian, Gamma, Beta and Log-Normal distributions.

For a given mode of an histogram, the moments mi, ms, rris and m^ are estimated using

equation (62); then /?i and ft are estimated using equations (2) and (3). The selection of a

theoretical distribution in the GGBL system is therefore performed according to the location

of (/?i, /y in the (y^i, ft) plane. In what follows, we will firstly compute /?i and /?2 for each

distribution of the system, and then construct the graph C(/?i,/?2) of the GGBL system.

2.1 Gaussian Distribution

The probability density function of a Gaussian distribution is given by [21]:

f,(x,^^=-^e^x-"y (4)
aA

where p, C JR is the mean, a > 0 the variance, and x e JR. The Gaussian distribution is

represented by a point (0,3) in the (/3i,ft) plane [6] .

2.2 Gamma Distribution

The probability density function of a Gamma distribution is given by [21]:

f^,>,L)^^x2L-le->xl (5)
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where A > 0 is a parameter, L > 0 the number of looks, and x > 0. The rth moment about

zero of the Gamma distribution is defined by:

T(L+r/2)
mr = '-f/^ (6)

The second, third, and fourth centered moments of the Gamma distribution are:

< = ^[72(1) - 7(2)] (7)

m'3 = ^,[7(3)-37(1)7(2)+273(1)]

"4 = ^[7(4)-47(1)7(3)+672 (1)7(2)-374(1)]

where j(k) = p^n • That is, the coefficients of asymmetry and flatness are:

[7(3)-37(1)7(2)+273(1)]2
A(L) = L"/ [^(1);^2)]3'"/1 (8)

[7(4) - 47(1)7(3) + 672(1)7(2) - 374(1)]AW =L" '!'"^-,y (9)

These two functions /3i(L) and ft (I/) depend on the value of parameter L. Figure 3.a shows

Pi(L) and ^(L) as a function of L. Figure 3.b gives three histograms of Gamma distribution

with the same mean p, = 50 and different numbers of looks L = 1, 2, 8. When the number of

looks L is small (see Figure 3.a), then m'^ > 0 and the Gamma distribution is skewed positively

(see Figure 3.b, for L = 1). When L tends to +00, the function Pi(L) is zero and ft (L) is 3

(see Figure 3. a). In this case the Gamma and Gaussian distributions have the same values of

ft and ft (see Figure 3.b, for L = 8).

2.3 Beta Distribution

The probability density function of a Beta distribution is given by [21]:

f3(x'a'p)=]^§)xa~l(l~x)13~1 (10)

where a > 0 and ? > 0 are two parameters of the distribution and x € [0,1]. The rth moment

about zero of the Beta distribution is defined by:

T(a+r)r(a+P)
mr=T(a)r(a+P+r)
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Figure 3: (a) Graph of/0i(L) and h(L) as functions of L. (b) Three Gamma distributions with
the same mean p, = 50 and different numbers of looks L = 1,2, 8.

The second, third, and fourth centered moments are:

aft
(a+/?)2(o/+/3+l)

-2a/3(a - f3)

m'o = (12)

m'q =

m^

(Q'+^)3(Q'+/?+1)(Q/+/3+2)
3ap(a2? + t2a2 - 2o^ + aft2 + 2/?2)

(a + /3)4(o/ + /? + l)(o' + /? + 2)(c, + f3 + 3)

Consequently, the co efficients of asymmetry and flatness are:

4(o;-/?)2(a+/5+l)
^a'p)=^P(a+^+^'

3(o'2/? + 2a2 - 20^/0 + af32 + 2/?2)(a + P + 1)
^2^,P) =

(13)

(14)ap(a+(3+2)(a+(3+3)
These two functions /3i(o/,/3) and ^(a^) depend on the value of two parameters a and /3,

which are commonly called the shape parameters of the Beta distribution. Figures 4.a and 4.b

describe /?i(o/, /3) and /^(o', P) as function of (o;, /3). Figure 5 represents three Beta distributions

with parameters (a = 2, /3 = 8), (a = 100, /? = 100), and (a = 8, (3 = 2). For a = /3 tending to

+oo, the function /3i(a,/3) is zero and (3^(a,f3) is 3 (see Figure 4). In this case the Beta and
Gaussian distributions have the same values of ^ and ft (see Figure 5, for a = /3 = 100). If

a < f3, then m'^ > 0 and the distribution is skewed to the right (see Figure 5, for a == 2, /5 = 8).
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If a > /3, then 7713 < 0 and the distribution is skewed to the left (See Figure 5, for a = 8, ,5=2).

7Mfffi

(a) (b)

Figure 4: Representation of /?i(o;,/?) and ft (o',/?) as functions of two parameters a and /?.

2.4 Log-Normal Distribution

The probability density function of a Log-Normal distribution is given by [21]:

f,(x,^,a) = —L=e^i09^-"'2 (15)
xa^

where x G iR+, and fi > 0, and (T > 0 are two parameters of the distribution. The rth moment

about zero of the Log-Normal distribution is defined by:

mr = e^{^

The second, third, and fourth centered moments are:

^2 = e2^uj(uj-l)

m; = e3/V/2(^-l)2(a;+2)

m; = e4/V(a;-l)2(cj4+2a;3+3cj2-3)

(16)

(17)

where uj = ea". Consequently, the coefficients of asymmetry and flatness of the Log-Normal

distribution are:

/?l((7)=(a<-l)(^+2)2 (18)
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Figure 5: Three Beta distributions with parameters (o; = 2,/0 = 8), (a = 100, (3 = 100), and
(a=S,?=2).

/?2 (a) = cj4 + 2a;3 + 3cj2 - 3 (19)

These two functions A (a) and h(a) depend on the value of parameter a. Figure 6.a shows

/3i(a) and ^(cr) as functions of a. Figure 6.b gives three Log-Normal distributions with p. = 4

and different values ofcr=0.1,0.3,l. When a tends to zero, the function Pi(o~) is zero and the

function AM is 3 (see Figure 6.a). In this case the Log-Normal and Gaussian distributions

have the same values of /?i and ft (see Figure 6.b, for a- = 0.1). When a- > 0, then mg > 0 and

the distribution is skewed to the right (see Figures 6.a and 6.b, for a = 1).

2.5 GGBL System

It should be recalled that the GGBL system is the (/?i,/?2) plane formed by the union of the

graphs of the Gaussian, Gamma, Beta and Log-Normal distributions. The graph of the Gaus-

sian distribution is represented by a point (0,3) in the (A, ft) plane (see Figure 7). By using

equations (8) and (9), we can construct the graph ^(^(L), &(^)) of the Gamma distribution.

The parametric representation of the graph C-z is given by a line in the (/?i,A) plane (see

Figure 7). The graph C^(P-i(a, P), ^(a, (3)) of the Beta distribution obtained using equations

(13) and (14) is given by an area in the (ft.,/^) plane (see Figure 7). By using equations (18)

and (19), the graph C4(/?i(cr),/?2(o')) of the Log-Normal distribution is given by a line in the

(Pi, A) plane (see Figure 7). The selection of a theoretical distribution in the GGBL system is

therefore performed according to the location (/?i, ft) of a given data in the (/?i, ft) plane. We



or^" 0:1' ' ' o:2' ' ' 0:3 ' 0:4' ' ' 0:5' ' ' 0:6' ' ' 0:7' ' 0:8' ' ' '0:

Figure 6: (a) Graph of /?i(cr) and ^2(0') as functions of a. (b) Three Log-Normal distributions
with the same parameter fi = 4 and different parameters cr=0.1,0.3,l.

encountered two problems with this system. The first is that the Gamma, Beta and Log-Normal

distributions converge towards the Gaussian distribution at the point (0,3). In the case of a

point (/?i, /3'z) that is close to (0,3), it is difficult to choose a distribution. The second problem is

that the Gamma distribution line lies within the Beta distribution area. If a point (/3i, f3^) falls

on the Gamma line, it is difficult to choose the distribution. These two problems may result

from the use of the third and fourth centered moments to characterize a distribution. If other

statistics are used, we can distinguish between Gamma and Beta distributions in the GGBL

system. However as the dimensions of the system increase, too much calculation is required.

When these two problems occurred, we used the histogram error to choose the distribution

which best fit the histogram.

3 Selection of Distribution

The distribution shape of a class of the SAR image depends on the form of the scene surfaces [5]

and on the radar parameters [2].Due to SAR image preprocessing, the distribution of each class

in the image may be changed to another one. Thus, the use of a simple distribution to model

grey level distribution is insufficient. Therefore, we need a method to determine the appropriate

distribution of each class (mode) in a SAR image (histogram). We did not find such a method in
the literature. One might think that estimation of the histogram distributions could be carried

10



Figure 7: GGBL system represented in the (/?i, ft) plane.

out by minimum message length, maximum likelihood or the K-means algorithm. However these

algorithms are intended for homogeneous distributions [7, 3, 9, 8, 17, 11, 21, 10, 15, 1]. In this

section, we propose a distribution stability method for estimating and selecting a distribution for

each mode of a heterogeneous multimodal histogram using the GGBL system. We assume that

the number of modes in the histogram is known. The selection of a distribution for each mode is

therefore performed according to the location of the asymmetry and flatness coefficients of this

mode in the GGBL system. Distribution stability is an iterative method that uses threshold

information to estimate the coefficients of asymmetry and flatness for each mode. In fact, the

initial step provides a distribution for each mode of the histogram. In order to carry out this

step, the borders of each mode of the histogram must be determined; we used inflection points

to do this. After selecting a distribution for each mode, we can estimate the thresholds of

the histogram, and select a new distribution for each mode of the histogram using the GGBL

system. If all distributions are stable, the algorithm is terminated, else we reestimate thresholds

until stable distributions are achieved. In what follows, we will summarize the principal steps

in the distribution stability algorithm:

1. Initial selection using inflection points of the histogram: Let M be the number of

modes in the histogram h(x). We therefore have 2M inflection points for the histogram,

Xi, i = 1..2M. Each mode j of the histogram is defined by two inflection points Xi and

11



a;t+i. The kih sample moment of the mode j is denoted by m^ and defined by:

"i—EN^? (20)
"J l=Xi

where nj is the length of [:z;t,a^-)-i]. By using equations (2), (3) and (20), we obtain an
•^ - ^

estimate of (/?i(j), h(j)) for the mode j^ j = 1..M. The initial selection of a distribution

in the GGBL system of the mode j is therefore performed according to the location

of (A(j'), ?2 (j)) in the (/3i, ft) plane and the histogram error. This step provides a
distribution for each mode of the histogram.

2. Estimation of thresholds: After selecting a distribution for each mode of the histogram,

we can now estimate the thresholds of the histogram using the algorithm described in

Section 4.

3. Distribution selection using threshold information: The difference between this

step and the first one is the use of thresholds instead of inflection point information. The

kih sample moment of the mode j will be:

Tj+l

"I = ^- E hW (21)
"3 l=Tj

where nj is the length of [Tj,Tj+i], To = 0, and TM =maximal gray level. This step

provides a new distribution for each mode of the histogram.

4. Stability: If the variation in (/?i, ,^2) is small, the algorithm is terminated. Else go to

step (2).

Steps 1, 3 and 4 of this algorithm are not difficult to realize. In the following section, we will

present the algorithm for estimating the thresholds of a multimodal histogram.

4 Threshold Selection

In this section, we will estimate the thresholds of a heterogeneous multimodal histogram.

Thresholds separate the modes such that the misclassification probability between classes in

the image is minimized. Let Tj be the threshold which separates the two classes (modes)

Cj and Cj^-i. Consequently, we have M+ 1 thresholds: TQ, ...,Tj, ...,TM; where To = 0 and

TM =maximal gray level. The misclassification probability of class Cj for j € [1,M] is given

by [9, 8, 17, 11, 21, 10, 15, 22]:
r.Tj-l f+00

Pmisclass(Cj) = Pj ( J fo{j}(x}dx + /^ fo(j)(x))dx (22)
0 JTj
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where fo{j) is the j-th mode of the histogram. Thus, the misclassification probability for

discriminating between classes (7i,..., C^ ..., CM is given by:

J^L rTj-i . . r+°°
Pmisdass(C^ .., CM) = ^Pj /„ fo(j}(x)dx + /^ fo^)(x)dx (23)

j=l Jo JT3

The goal is to find Ti, ...,Tj, ...,TM-I which minimize the function Pmisciass(C\^.., CM)- The

solution to this problem is given by:

•Pmisclass(Cl, .., Cu) = 0 (24)

We obtain the following rule:

n/oO)W)=^+i/oO+i)W) (25)

By replacing the probability density functions fo{j){Tj) and /o(j-+i)(r.) by their values and tak-
ing the logarithm of each member, we can find the optimal threshold Tj separating the two

modes j and j + 1 for j = 1,.., M — 1. We distinguish two cases for two consecutive modes:

Homogeneous: If the distributions of two modes j and j + 1 are homogeneous, the esti-

mated threshold Tj will be (see Annex A):

^-4AiC'i
1. Gaussian: Tj = ^^\^

,; _ /A2+B2;og(Tj-1)2. Gamma: T\ = ^^_^z^j_

1-1-
3. Beta: Tj = 1 - eA3+B3log^n ^C:

-2J34±-\/5J-4A4C'4

4. Log-Normal: T^ = e2A^

Heterogeneous: If they are heterogeneous, from equation (25), we can write:

e(T,) = E OWoy+D ? + k) - p,fow (T, + k))2 (26)
k=-N

where N is the length of the neighbor of Tj. We search for the threshold Tj € [/^j, ^j+i] which

minimizes e(Tj), where p.r is the mean of the fo{r) distribution.

The threshold estimation algorithm requires an estimate of the parameters of each mode of

the heterogeneous multimodal histogram. In what follows, we will present algorithms for esti-

mating of the histogram parameters.
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5 Estimation of Histogram Parameters

Given a data sample X = (rci, ..,^n); let ^•(a;) be the histogram of X. In this section, we will

estimate the parameters of the histogram using the four distributions of the GGBL system.

A multimodal histogram can be modeled by heterogeneous distributions. Recall that in the

literature, there are several methods for multimodal histogram estimation using homogeneous

distributions: maximum likelihood [22] and the K-means algorithm [4] for the Gaussian, maxi-

mum likelihood [9, 8, 10] and minimum message length [7] for the Gamma distribution. Yanasse

et al used a moment estimator for a set of distributions to estimate a unimodal histogram [21].

Until now, no method had been found for multimodal histogram estimation using heterogeneous

distributions. For these reasons, we propose an algorithm based on the characteristic points of

the histogram which is similar to the one proposed in [9, 8, 10]. A comparison between this

method and the moment estimator is done for a unimodal histogram.

5.1 Moments Estimator

This section resumes the moment estimator method for Gaussian, Gamma, Beta and Log-

Normal distributions [21]. The kth sample moment of the mode j is given by:

^3 _ ^i^modej h{xi)xi
mk=~^ —~hT^\

^-/a;z6mode, <u\JJi.

The moment method consists of using rhk to estimate the parameters of the histogram.

• Gaussian Distribution: The moment-based estimators for p. and a are:

,2 = mi (28)

a m2 - mi (29)

Gamma Distribution: The moment-based estimators are the solutions of the following

system:

lm^T(L+0.5) _ _
mir(^)

I3 = ^- (31)
m-2

Beta Distribution: The moment-based estimators for a and /3 are given by:

mi (mi - 7712)
a =

(m2 - m?)

14
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(mi-l)(m2-mi)
~^ —"^(ms - m^)

Recall that the support of this distribution is the interval [0,1]. However, since the data

to be tested are in the set {0, ...maximal gray level}; before using this distribution, the

data are divided by the maximal gray level.

Log-Normal Distribution: The estimators of p, and a2 are [19]:

m2
^ = ;off(^=) (34)

'm'2

a2 = ioff© (35)

5.2 Feature Method

In this section, we will propose an algorithm for estimating the parameters of each distribution

of the GGBL system based on the characteristic points of the histogram of the data. This

algorithm is similar to the one proposed in [9, 8, 10]. Let f{x) be a density function; we want
to estimate its parameters using the normalized histogram h(x). To do this we assume that

h(x) = f(x), which yields equations a complicated form. To simplify the form of the equations,

we set f(x) = Cg(x), where C is independent of x. Then, by taking the logarithm of each

member, we obtain the following equation:

log(g(x)) + log(C) - log(h(x)) = 0 (36)

If we have m unknowns, we can form a system of m equations. To solve this system, we need

m points of the histogram. For estimating the distributions of the GGBL system, three points

(a;i,rz;2,rc3) a're sufficient. The relevant points of the histogram are the two inflection points x\

and xs and the maximum x^ (see Figure 8).

5.2.1 Gaussian Distribution

Using equation (4), we can rewrite the Gaussian function as follows:

f,(x, /., a) = (^L-e^)e^-2^ (37)

The first factor of this function is independent of x and makes the form of the density function

more difficult to estimate its parameters. To simplify, we define the function G\ as follows:

G,(x,^a,C)=Ce^^-^x) (38)
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^ h(x)

maximum

h(x)

second inflection point

^-x

Figure 8: Estimation of distribution using three characteristic points of the histogram.

where C is a multiplicative constant. To illustrate the difference between the functions /i and

C?i, we consider a numerical example (see Figure 9). In this figure, we constructed three his-

tograms (hi(x), h^(x\ hy,(x)) using p, = 100 and a = 20. The two histograms h\(x) and hs(x)
are constructed using the function G\ with C = 9.4336e — 08 and 5.4336e — 08, and h^(x) using

the function /i. Histogram h^ (x) is a density function whereas h-^(x) and ,13 (re) are not.

When we approximate h(x) by the function Gi, the later must be a probability density. In

order to estimate the three parameters (,2, o-, C<), we assume that h(x) = G?i(rc,^,a,C') in at

least three points. By taking the logarithm of each member, we obtain the following equation:

E^, a, C) = -^x2 + —,(Jix - log(h(x)) + k = 0
a'

where k = log (C). To estimate these three unknowns, we form the following system :

-^x2^^-log(h(x^)+k = 0

(39)

1
-X; + ^2 - log(h(x2)) + k = 0-2a2'2'

~"^2xl +^a;3- log(h(x3)) + A; = 0

The solution of this system is given by (see Annex A):

Al(rci, 3:2,^3)
^ =

^ =

A2(a;i,a;2,^3)
A3(a;i,a;2;a;3)
A2(a;i, 2:2,^3)

16
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Gaussian distribution form

hi (x) = GKx, 100, 20, 9.4336e-08)
not a deusity function

h2(x) = tl(x, 100, 20)
==> C=7.4336e-08
density function

h3(x) = Gl(x, 100, 20, 5.4336e-80]
not a density function

Figure 9: Three histograms (h\(x)^h'i(x)^hy,(x)) with the same parameters (p, = 100,a = 20)
and different values of C = 9.4336e - 08, 5.4336e - 08, 7.4336e - 0.

k = A4(a;i,a;2,rc3)

A3(a;i,rz;2,^3)
(42)

5.2.2 Gamma Distribution

Using equations (5) and (6), we can write the density function of the Gamma distribution in

terms of L and p, such that:
F(L+0.5)

^= V\r(L)
Thus, the probability density function of the Gamma distribution will be [18]:

'•^L^^"-e-L"tl-
r(L+0.5where q = ^^'r^. This equation can be written as follows:

^^=^W)^L~^e~L(y'
We define function G^ as follows:

a^.\2G^(x, ^ L, C) = Cx2L-le~~L{y

(43)

(44)

(45)

(46)
where C is a multiplicative constant. To illustrate the difference between the functions ,2 and

^2, we consider a numerical example (see Figure 10). In this figure, we constructed three his-

tograms (,2,1(2;), h^(x), h^(x)) using ,2 = 50 and L = 1. The two histograms h^(x) and ,13(2;) are
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constructed using the function G^ with C = 0.001 and 0.0005, and h^(x) using the function ,2-

Histogram h^(x) is a density function whereas h\(x} and hs(x) are not.

Gamma distribution form

hl(x) = G2(x, 50, 1, 0.001)
not a density function

h2(x) = £2(x, 50, 1)
==> 0=0.000628
density function

h3(x) = G2(x, 50, 1, 0.0005)
^\ not a density function

i5T 5tT

Figure 10: Three histograms (h^(x), ,12(^)5 h3(x)) with the same parameters (p, = 50,L = 1)
and different values of C = 0.001,0.0005,0.000628.

When we approximate h(x) by the function G^ the latter must be a probability density. In

order to estimate the three parameters (/A, L^C), we assume that h(x) = G^(x,p,,L,C) in at

least three points. By taking the logarithm of each member, we obtain the following equation:

E2(^ L, C, r) = (2L - l)log(x) - (~,)x2 - log(h(x)) + k = 0
^

(47)

where k = log(C) and r = Lg2 = ( ?^ )2- To estimate these three unknowns, we form the

following system:
'my

(2L - l)log(x^) - (-^)xi - log(h(x^)) + k = 0
P'

(2L - l)log(x^) - (-^)xi - log(h(x^)) + k = 0
P'

(2L - l)log(xs) - (-^)x2s - log(h(x,)) + k = 0
/2

The solution of this system is given by (see Annex A):

lAl(a;i, x^xz)
2A2(a;i,a;2,^3)

18
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^ ^A2(a;i,3;2,^3)
A3(a;i,a;2,^3)

k=
A4(a;i,rz;2,^3)

A2(a;i,a;2,^3)

(49)

(50)

<r(L+_0.5)^
T(L)) •

5.2.3 Beta Distribution

Using equation (10), we define the function Gs as follows:

Gs (x, a, /3, C) = Cxa-1 (1 - x)(3-1 (51)

where C is a multiplicative constant. To illustrate the difference between the functions ,3 and

G'3, we consider a numerical example (see Figure 11). In this figure, we constructed three

histograms (^i(rr), h^(x\ hs(x)) using a = 8 and /? = 3. The two histograms h-^(x) and h^(x)
are constructed using the function Gy, with C = 470 and 250, and h^(x) using the function ,3.

Histogram h^{x) is a density function whereas h\(x) and ,1,3 (x) are not.

Beta distribution form

hl(x) = G3(x, 8, 3, 470)
4- not a density function

h2(x) = f3(x, 8, 3)
sf ==>C=360

density function

h3(x) = G3(x, 8, 3, 250)
not a density function

Figure 11: Three histograms with the same parameters (a = 8,/? = 3) and different values of
0=470,360,250.

When we approximate h{x) by the function G$, the latter must be a probability density. In

order to estimate the three parameters (o^, /3, C), we assume that h(x) = Gs(x,a,f3, C) in at
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least three points. By taking the logarithm of each member, we obtain the following equation:

E^a, /3, C)=(a- l)log(x) + (P - l)log(l - x) - log(h(x)) + k = 0 (52)

where k = log(C). To estimate these three unknowns, we form the following system:

(a - l)log(x^) + (/? - 1)^(1 - a;i) - log(h(x^)) + k = 0

(a - l)log(x^) + (/3 - l)log(l - x^) - log(h(x^)) + k = 0

(a - l)log(xs) + (P - l)log(l - x^) - log(h(x^)) + k = 0

The solution of this system is given by (see Annex A):

Al(2;i,a;2,^3)
a =

A2(a;i,a;2,a;3)

,_A3(^2^3)
A2(x^x^xs)

k = M^'^^ (55)
A2(x^x^xs)

5.2.4 Log-Normal Distribution

Using equation (15), we can rewrite the Log-Normal function as follows:

f,(x, ^ a) = (-^=e^2)le^log^-^log^ (56)
'aV27r 'x

We define the function G^ as follows:

G^x, ^ a, C) = c-e^log2(x)-2tllo9(x)} (57)
x

where C is a multiplicative constant. To illustrate the difference between the functions ,4 and

G?4, we consider a numerical example (see Figure 12). In this figure, we constructed three

histograms (h-i(x), h'z(x), hy, (re)) using p, = 4 and a = 0.6. The two histograms h-^(x) and ,13(3;)

are constructed using the function G^ with C = 2.08515e — 10 and 0.98515e — 10, and h-^ (x)

using the function ,4. Histogram h<z(x) is a density function whereas h\(x) and ,13(2;) are not.

When we approximate h(x) by the function G^ the latter must be a probability density. In

order to estimate the three parameters (p,, a, C\ we assume that h(x) = G^(x,p,,a^C) in at

least three points. By taking the logarithm of each member we obtain the following equation:

E^ a, C) = -^(log(x))2 + -^^log{x) - log(x) - log(h(x)) + k = 0 (58)
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Log-NormaI distribution form

hl(x)=G4(x, 4, 0.6, 2.08515e-l0)
not a density function

h2(x) = f4(x, 4, 0.6)
==> C=1.48515e-10
density function

h3(x)=G4(x, 4, 0.6, 0.98515e-10)
not a density function

Figure 12: Three histograms with the same parameters (p, = 4,o- =0.6) and different values of
C = 2.08515e - 10, 0.98515e - 10,1.48515e - 10.

where k == log (C). To estimate the three unknowns, we form the following system:

;log2(x^) + -t^log(x-L) - log(xi) - log(h(x-i)) + k = 0
(Jt

-^log2(x^)-\--^log(x^)-log(x2)-log(h(x^))-\-k = 0

^log2(x3)+-^log(x3)-log(x3)-log(h(x3))-{-k = 0
a'

The solution of this system is given by (see Annex A):

lA3(rz;i,a;2,a;3)
= -2A2(a;i,a;2,a;3)

Al(rri,rc2,rc3)
A2(rz;i,rz;2,2;3)

5.3 Estimation of the A Priori Probabilities

(72 =

(59)

(60)

In this section, we assume that the distribution of each mode of the histogram is known, along

with their parameters. The objective of this section is to estimate the a priori probabilities

of a heterogeneous multimodal histogram h(x), using the method proposed in [9, 8, 10]. The

histogram h(x) can be written as follows:

M
_ v^h(x) = ^Pjfo(j)(x,Qo(j){j))

J=l

(61)
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where 0(j) = 1..4 is the rank of distributions and Qo(j) is the parameter vector for mode j.

When 0(j) = 1, the jih mode of the histogram is a Gaussian function /i and its parame-

ter vector is Qi(j) = (/^•,a,). When 0(j) = 2, the jth mode is a Gamma function ,2 with

Q^(j) = (/jtj, Lj). When 0(j) = 3, the j'th mode is a Beta distribution ,3 with 63^') = (aj, Rj).

When 0(j) = 4, the jth mode is a Log-Normal distribution ,4 with 64 (j) = (/^', ay).

So far, we have the histogram h(x), the number of modes M, the parameters of each mode

/o(j)(2;5 €)o(j)())5 J = 1..M. We will now estimate the value ofpj, for j = 1..M. From equation

(61) we can form a system of M equations and M unknowns. We thus need M gray-level points

a;i,..., XM to solve the system defined by

( a-n
a'2i

^12

022
aiM \
0-1M.

\ 0'Ml ^M2

( pl \
P2

0'MM ) \ PM )

( bl \
&2

\ ^M I

where a^- = fo(j)(xi, ©o(j)O)) and ^ = ^(^)- Any Xi € mode ^ can be used. Experimentation

shoWS that Xi = Xmax{i} gives the best results. Therefore a^- = fo(j)(xmax(i), ©o(j)O')) and

)i == ri{xmax{z))-

6 Experimental Results

Let h(x) be the histogram for the given data sample, X = (rri,.., x^)- The kih sample moment

of the mode j is given by:
'a;,:Gmode, rl\xi)xi^ i ^—'Xi^mode',^ ^ —^z^,,^^j
^XiCmodej rl{xi,

(62)

By using equations (2), (3) and (62), we obtain an estimate of (A(j'), h(j)) for the mode j,

j = 1..M, where M is the number of modes in the histogram. The selection of a distribution in

the GGBL system for mode j is then performed according to the location of (A^'), AO)) m

the (/?i, ,02) plane and the histogram error. For all the trials, we used the euclidean distance to

measure the location of the point (/?i(j), AO)) with respect to a point or a line in the GGBL

system.

In this section, we apply the GGBL system to unimodal histograms and then to multimodal

histograms using real SAR images.
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6.1 Real Homogeneous SAR Images

In this section, we will apply the GGBL system to the four real homogeneous SAR images

given in Figures 13.a, 14.a, 15.a, and 16.a. For each SAR image, we calculate the coefficients

of asymmetry (/?i) and flatness (ft).

For the RADARS AT SAR image of dimensions 800x800 shown in Figure 13. a, we found that

the point (/?i = 0.423, ^ = 3.316) is located on the area of the Beta distribution and on the

line of the Gamma distribution (see Figure 17, point 3). In this case we chose the distribution

which minimizes the histogram error. Table 1 presents the estimates of the four distributions,

using the feature and moment methods. We found that the Gamma distribution estimated the

histogram better than the Beta distribution. Consequently, the data in the image is modeled

by a Gamma distribution. For this image, we found that the feature method is better than

the moment method, according to histogram error. The three characteristic points used in the

feature method are x\ = 16, x^ = 33, and x^ = 64.

For the RADARSAT SAR image of dimensions 800x800 shown in Figure 14. a, we found that

the point (ft = 0.369, ^ = 3.637) is located on the border between the Beta and Log-Normal

distributions (see Figure 17, point 2). Table 2 presents the estimates of the four distributions,

using the feature and moment methods. We found that the Beta distribution estimated the

histogram better than the Log-Normal distribution. Consequently, the data in the image is

modeled by a Beta distribution. For this image, we found that the feature method is better

than the moment method, according to histogram error. The three characteristic points used

in the feature method are a;i = 12, x^ = 20, and 2:3 = 28.

For the RADARSAT SAR image of dimensions 800x800 shown in Figure 15. a, we found that

the point (/?i = 0.185, ft = 3.3) is located on the border between the Beta and Log-Normal

distributions (see Figure 17, point 1). Table 3 presents the estimates of the four distributions,

using the feature and moment methods. We found that the Beta distribution estimated the

histogram better than the Log-Normal distribution. Consequently, the distribution of the data

in the image is modeled by a Beta distribution. For this image, we found that the feature

method is better than the moment method, according to histogram error. The three charac-

teristic points used in the feature method are x\ = 38, x-z = 53, and xy, =70.

For the ERS SAR image of dimensions 436x374 shown in Figure 16.a, we found that the

point (/?i = 0.045, /?2 = 2.603) is located on the area of the Beta distribution, close to Gaussian
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point (see Figure 17, point 4). Table 4 presents the estimates of the four distributions, using

the feature and moment methods. We found that the Gaussian distribution estimated the

histogram better than the Beta distribution. Consequently, the data in the image is modeled

by a Gaussian distribution. For this image, we found that the feature method is better than

the moment method, according to histogram error. The three characteristic points used in the

feature method are x\ = 56, x-z = 98, and 2:3 = 160.

Tables 1, 2, 3 and 4 shown that the histogram error with the Gamma distribution is mini-

mat or almost minimal. We conclude that these four images can be modeled by the Gamma

distribution.

IOCH

Real histogram

Gamma distribution

(b)

Figure 13: (a) RADARSAT SAR image of dimensions 800x800. (b) Comparison between image
histogram and Gamma distribution.

6.2 Multimodal Histograms

In this section, we will apply the GGBL system to three multimodal RADARSAT SAR image

histograms which are presented in Figures 19.b, 21.b and 24.b. Since we found that for uni-

modal histograms the feature method provided a better estimation of the parameters, according

to histogram error, than did the sample moment method, in what follows we will use only the

feature method to estimate the parameters of each mode of the histogram.
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Distribution

Gamma
Gamma
Gaussian
Gaussian

Beta
Beta

Log-Normal
Log-Normal

Estimated
fi = 45.37
p, = 45.26

,^=45.51
p, = 39.06

a = 2.74

a = 2.75

^=3.69
,^=3.91

parameters

L = 0.94
L= 0.98

o = 24.14

a= 26.11

(3 = 12.61
,3 = 12.26

a- = 0.49

a =0.67

Method
Moment
Feature

Moment
Feature

Moment
Feature

Moment
Feature

Histogram error

2.03
1.84

10.31
4.91

4.23
3.55

17.02
16.45

Distance

0.034

0.528

0.215

Table 1: Estimation of parameters of four distributions, by the feature and moment methods,
for the unimodal histogram presented in Figure 13.b.

250-1

200-1

150-1

100-1

50-1

Real histogram

Beta distribution

(b)

Figure 14: (a) RADARSAT SAR image of dimensions 800x800. (b) Comparison between image
histogram and Beta distribution.
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Distribution

Gamma
Gamma
Gaussian
Gaussian

Beta
Beta

Log-Normal
Log-Normal

Estimated
^=21.62
,^=21.07

^==21.62

,,=20.5

o;= 9.16

a = 9.36

,^=3.02

^ = 3.05

parameters

L = 2.63
L = 2.77

0=6.8

a = 6.48

f3 = 98.94
(3 = 101.42

a =0.3

a = 0.32

Method
Moment
Feature

Moment
Feature

Moment
Feature

Moment
Feature

Histogram error

1.21
0.79

2.58
1.8

0.23
0.17

1.60
1.12

Distance

0.301

0.735

0.050

0.0120

Table 2: Estimation of parameters of four distributions, by the feature and moment methods,
for the unimodal histogram presented in Figure 14.b.

zoo-I

150-1

100-1

Real histogram

Beta distribtuion

50 100 150 200 250

(b)

Figure 15: (a) RADARSAT SAR image of dimensions 800x800. (b) Comparison between image
histogram and Beta distribution.
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Distribution

Gamma
Gamma
Gaussian
Gaussian

Beta
Beta
Log-Normal
Log-Normal

Estimated
,^=56.52
,^=55.98

,^=56.52
p, = 54.76

cr= 9.71

a = 9.96

li = 3.99
p, = 4.03

parameters

L = 3.30
L = 3.44

(7=15.81

a = 15.53

0 = 34.12
/?= 35.14

a = 0.27
a- = 0.28

Method
Moment
Feature

Moment
Feature

Moment
Feature

Moment
Feature

Histogram erroi

1.48
0.96

4.32
3.02

0.89
0.61

4.36
3.21

Distance

0.182

0.353

0.0143

0.015

Table 3: Estimation of parameters of four distributions, by the feature and moment methods,
for the unimodal histogram presented in Figure 15.b.

150-1

50-|

...... Real histogram

Gaussian
distribution

50 100 150 200 250

Figure 16: (a) ERS SAR image of dimensions 436x374. (b) Comparison between image his-
togram and Gaussian distribution.
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Distribution

Gamma
Gamma
Gaussian
Gaussian

Beta
Beta

Log-Normal
Log-Normal

Estimated parameters

,2=81.66
p, = 105.44

p, = 67.38

[i = 102.45

0^=0.71

a = 4.4

^=3.92
// = 4.66

L= 1.37
L= 1.99

a = 58.54
a = 39.14

,3=1.9
,3 = 6.24

a = 0.74

a = 0.39

Method
Moment
Feature

Moment
Feature

Moment
Feature

Moment
Feature

Error

54.17
23.58

37.64
23.07

78.74
23.45

75.99
30.85

Distance

0.398

0.398

0.398

Table 4: Estimation of parameters of four distributions, by the feature and moment methods
for the unimodal histogram presented in Figure 16.b.

Figure 17: Four homogeneous SAR images represented by their points (/?i, ,^2) in the (/?i, /3^)
plane. Numbers 1, 2 ,3 and 4 for images in Figures 15.a, 14.a, 13.a and 16.a respectively.
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Concerning threshold estimation, when N = 0, e(Tj) is a monotonic function (see equation

26). Consequently, we used a dichotomy method to find the threshold. We thus need two

initial values of Tj. Let T° be the mean of the distribution fo{j) and TJ be the mean of the

distribution f 0(3+1). Figure 18 represents the graph of e(Tj) with two initial values of Tj. If

the threshold Tj exists, then e(T°)e(r/) < 0; e(T°)e(r/) > 0 elsewhere.

Consider a RADARSAT SAR image of dimensions 512x512 (see Figure 19.a). Its bimodal

Figure 18: Estimation of threshold using the dichotomy method

histogram is presented in Figure 19.b. The three abscissa points for the first and second modes

are respectively (a;i = 10,2:2 = 16,a;3 = 22) and (x^ = 37,2:2 = 56,3:3 = 69). We applied

the distribution stability method to the bimodal histogram and obtained the following results.

Using the inflection points, the initial step provided an estimate of the asymmetry and flatness

coefficients for each mode: we obtained (/?i[l] = 0.075, /^[l] = 2.438) for the first mode and

(/3i[2] = 0.711, /?2[2] = 3.765) for the second mode (see Figure 20.a). The first point is located

in the Beta area and the second is located in the Beta area, close to the Gamma line, such

that the distance between the second point and the Gamma line is (d = 0.13). For the second

point, we found that the Gamma distribution fits the mode better than the Beta distribution.

Thus, the first step gave us two initial distributions (Beta, Gamma). In the second step, using

these two distributions, we estimated the parameters for each mode and the threshold of the

histogram (see Table 5, first line). The third step used the threshold information Ti = 25.30

to estimate the two points (/?i[l] = 0.016, ^[l] = 2.343) and (/?i[2] = 0.320, ^[2] = 3.209)
of the histogram (see Figure 20.b). The first point is located in the Beta area and the second

is approached form the Gamma line (d = 0.02). We found that the two distributions didn't
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change, and the algorithm was terminated. Thus the histogram is composed of two different

distributions, Beta and Gamma. In Table 5, we compare the estimates of the histogram given

by all four distributions. We found that with two distributions (Beta, Gamma) we can fit the

histogram well (see Figure 19.a). We observed that two Gamma distributions also give a good

-^ Beta

Real histogram

Artificial histogram

Gamma

(a) (b)

Figure 19: (a) RADARSAT SAR image of dimensions 512x512. (b) Comparison between SAR
image histogram and artificial histogram constructed using Beta and Gamma distributions.

fit for the histogram, according to histogram error (see Table 20, second line).

Consider a RADARSAT SAR image of dimensions 1000x1000 (see Figure 21.a). We applied a

median filter to this image and then constructed the bimodal histogram (see Figure 21.b). The

three abscissa points for the first and second modes are respectively {x\ = l,x^ = 2,2:3 = 5)

and (x-i = 8,2:2 = 9; ^3 = 14). We applied the distribution stability method to the bi-

modal histogram and obtained the following results. Using the inflection points, the initial

step provided an estimate of the asymmetry and flatness coefficients for each mode: we ob-

tained (A[l] = 0.043, ^[l] = 1.932) for the first mode and (ft[2] = 2.454, ^[2] = 6.873) for
the second mode (see Figure 20.a). The first and second points are located in the Beta area.

Thus, the first step gave us two initial distributions (Beta, Beta). In the second step, using

these two distributions, we estimated the parameters for each mode and the threshold of the

histogram (see Table 6, third line). The third step used the threshold information T\ = 3.49 to

estimate the two points (A[l] = 0.065, ^[1} = 2.068) and (/?i[2] = 1.422, ft[2] = 5.180) of the

histogram (see Figure 20.b). The first and second points are again located in the Beta area.
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with inflection points

first mode

pl

with threshold

firstnibde

pl
0 0.5 1.5 2

(a)
1.5 2 2.5 3

(b)

Figure 20: (a) and (b) represent the corresponding points (A,^) of each mode of the SAR
image histogram, using inflection points and threshold information respectively.

Distribution

Beta +
Gamma
Gamma +
Gamma
Beta +
Beta
Gaussian +
Gaussian
Log-Normal +
Log-Normal

Parameters of
the first mode

Q/l =

9.85
/AI=
16.84
ai =
9.85
p-l=

16.29
/Ul=

2.85

~w^
133.38
^1='

3.21
~A^
133.38
ai =
4.57
ai =
0.33

pl =
0.232
pl =
0.216
pl =
0.243
pl =
0.173
pl =
0.264

Parameters of
the second mode

1^2 =
54.10
^2 =
54.10
Q'2 =

6.96
P'2 =

50.51
^2 =
4.00

^=
2.27

~L^
2.27

~h^
25.74
0-2 =

20.45
(72 =

0.33

P2 =
0.767

P2 =
0.783
P2 =
0.756
P2 =
0.826
P2=
0.735

Histogram
error

1.82

1.78

2.10

2.34

3.66

Threshold

25.30

24.44

25.59

22.37

27.90

Table 5: Estimation of parameters by the feature method, using different distributions, for the
SAR image histogram presented in Figure 19.b.
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We found that the two distributions didn't change, and the algorithm was terminated. Thus

the histogram is composed of two Beta distributions. In Table 6 we compare the estimates

of the histogram given by all four distributions. We found that with two distributions (Beta,

Beta) we can fit the histogram well.

0 50 100 150 200 250

Figure 21: (a) RADARSAT SAR image of dimensions 1000x1000. (b) Comparison between
SAR image histogram and artificial histogram constructed using two Beta distributions.

Distribution

Gamma

Gaussian

Beta

Log-Normal

Parameters of
the first mode

/Zl=
2.38
1^1 =
2.25
Q/l =

5.69
^1=
0.93

-3T=

1.86
ai =
0.85

~7i^~

566.18
ai =
0.48

pl =
0.204
pl =
0.133
pl =
0.275

pl =
0.328

Parameters of
the second mode

^2 =
10.00

^ =
6.93
Q'2 =

3.80
^2 =
2.40

^=
0.87
(72 =

7.37
~h=
83.19
0-2 =

0.49

P2 =
0.795
P2 =
0.866

pl =
0.724

P2=
0.671

Histogram
error

0.46

0.621

0.493

0.649

Threshold

3.41

3.03

3.496

4.73

Table 6: Estimation of parameters by the feature method, using different distributions, for the
SAR image histogram presented in Figure 6.b.

We observed that two Gamma distributions give a good fit for the histogram, according to

histogram error (see Table 6, first line).
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Figure 22: (a) and (b) represent the corresponding points (/?i,/?2) of each mode of the SAR
image histogram, using inflection points and threshold information respectively.

Consider a RADARSAT SAR image of dimensions 1380x2609 (see Figure 23.a). We ap-

plied a median filter to this image and then constructed the trimodal histogram (see Figure

23.b). The three abscissa points used in the parameter estimation for the first, second and

third modes are respectively (x^ = 1,3:2 = 2,rz;3 = 6), (x^ = 19,a;2 = 26,3:3 = 32) and

(x^ = 65,2:2 = 100,3:3 = 120). We applied the distribution stability method to the trimodal

histogram and obtained the following results. Using the inflection points, the initial step pro-

vided an estimation of the asymmetry and flatness coefficients for each mode: we obtained

(/?i[i] = 6.204, /yi] = 8.151) for the first mode, (/?i[2] = 0.016, ^ = 1.714) for the second

mode and (^[3] = 1.919, A?[3] = 6.524) for the third mode (see Figure 23.a). The first and

second points are located in the Beta area and the third point is located on the Log-Normal

line. Thus, the first step gave us three initial distributions (Beta, Beta, Log-Normal). In the

second step, using these three distributions, we estimated the parameters for each mode and

the threshold of the histogram (Ti = 12, T^ = 50). The third step used the threshold informa-

tion obtained by the second step to estimate the three points (/?i[l] = 0.269, (3^\\\ = 2.296),

(/?i[2] = 0.099, /?2[2] = 2.178) and (/?i[3] = 0.865, ^} = 4.856) of the histogram (see Figure
23.b). The first and second points are located in the Beta area and the third point is located on

the Log-Normal line, close to the Beta area. For the third point, we found that the Beta distri-

bution fits the third mode better than the Log-Normal distribution. Thus, the third step gave

us three distributions (Beta, Beta, Beta). These three distributions are not stable; we therefore
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returned to the second step of the algorithm and estimated the parameters for each mode and

the threshold of the histogram (Ti =12, T^ = 47). The third step used the threshold informa-

tion obtained by the second step to estimate the three points (/3i 1 = 0.269, /3^[1] = 2.296),

(/?i[2] = 0.060, /?2[2] = 2.177) and (A[3] = 0.767, ^[S] = 4.742) of the histogram (see Figure
24.c). We found that the three distributions didn't change and the variation in /3i and ft was

small; the algorithm was terminated. Thus the histogram is composed of three distributions

(Beta, Beta, Beta). In Table 7 we compared the estimates of the histogram given by all four dis-

tributions. We found that with three distributions (Beta, Beta, Beta) we can fit the histogram

well (see Figure 24.b).

step 1
with inflection points

third mode

first mode!

second mode

pl

step 2
with threshold

third mode

../..^/^^>^^-
^'./--"'"

first

///

••>->
>-< -"I

and second mod^

pl
0 1234567

(a)
0 1234567

(b)

Figure 23: (a) and (b) represent the corresponding points (/?i,/?2) of each mode of the SAR
image histogram, using inflection points and threshold information respectively.

Distribution

Gamma

Gaussian

Log-
Normal
Beta

Parameters of
the first mode

/il =
3.43
^1 =
2.32
p'1 =
1.88
Ctl =
1.74

L^
0.69
0-1 =

2.40
0-1 =

1.12
~J^
95.30

pl =
0.124
p\ =
0.136
pl =
0.213
pl =
0.145

Parameters of
the second mode

^2 =
27.82
^2 =
25.76
^2 =
3.40
02 =
6.37

T^
2.00
0"2 =

10.50
0-2 =

0.41
~w^
49.37

P2 =
0.158
P2 =
0.152
P2 =
0.112
P2 =
0.157

Parameters of
the second mode

^3 =
100.69
^3 =
98.33
^2 =
4.61
as =
8.31

L3=
3.59
0-3 =

27.79
0"2 =

0.28
~w^
12.88

P3 =
0.717
P3 =
0.711
P2 =
0.673
P3 =
0.696

Histogram.
error

3.62

3.82

4.15

2.74

Threshold

Tl == 9.51,

T-i = 46.37
Tl = 8.00,
T-2 = 43.30
Tl =18.07,
T-i = 50.80
TI = 12.26,
T2 = 47.16

Table 7: Estimation of parameters, by the feature method, using different distributions, for the
SAR image histogram presented in Figure 24.b.

34



200-f

150

100-1

50

0-1

-^- Beta

Beta Beta

16

14

12

10

8

6

4-

2

100

/

'y^^^.^ ^--""^-^ .^

150 200 250

(b)

/

^
/

/ ^
.-'' /<

-';><'--"

Figure 24: (a) SAR image of dimensions 1380x2609. (b) Comparison between SAR image his-
togram and artificial histogram constructed using three Beta distributions, (c) Corresponding
points (Pi^P'z) of each mode of the SAR image histogram, using threshold information.
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7 Conclusion

In this paper we have introduced a method for the statistical modeling of multimodal SAR

image histograms. We used a set containing known distribution functions with very flexible

shapes that are assumed to fit SAR image histograms. We formed a system called GGBL,

composed of four parametric distributions (Gaussian, Gamma, Beta and Log-Normal). The

selection of a parametric distribution from the GGBL system for each mode of the multimodal

SAR histogram is performed according to the location of the skewness and flatness of this mode

in the GGBL system. We proposed a distribution stability method for multimodal histograms

based on the coefficients of asymmetry and flatness, and on the thresholds of the multimodal

histogram using the GGBL system. This method requires an estimate of the parameters and

thresholds of the multimodal histogram. As nothing is known about these parameters, we

proposed a feature estimation method for the set of distributions based on the characteristic

points of the histogram. The advantage of the GGBL system over other system is its ability to

model multimodal as well as unimodal SAR image histograms. The GGBL system was tested

on several real histograms of RADARSAT and ERS SAR images with different numbers of

looks. Due to its two shape parameters, the Beta distribution can be used to model several

SAR images. We also found that the Gamma distribution models SAR images comparison with

other distributions. The GGBL system provided a good selection of distributions for SAR im-

ages. Experimental result show that the feature estimation method based on the characteristic

points of the histogram provided better results than the moment estimator.

One possible extension of this work would be to study the application of the MML, MDL

and ML methods to heterogeneous multimodal distributions.

8 Annex A

In this annex, we will estimate the thresholds of the histogram for the case of homogeneous

distributions.

8.1 Gaussian Distribution

For the Gaussian distribution, fj(x) = f^(x, ^j,o~j). Thus equation (25) will be:

pjflj (Tp ^ aj) = Pj+iA,+i ?, ^-+1, ^+i) (63)

When we replace functions f^ and f^^ by their values in equation (63), we obtain:

A{T] + BiT, + Ci = 0 (64)
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The solution of this equation is given by:

„ _ -2Bi + ^/B? - 4AiCi
T. =Lj ~ 2Ai

^ -2Bi - ^/B? - 4AiC-i

where

I//
L3 ~ 2Ai

A, = Ifl-^--1 - 2^-^
B, = (/^±1-^)

KaL. oV^•+1 U3

C, = ^_^L_tog(W±l)-/1 - 2of - 2o^ - w^p^<T/

The threshold T, exists if and only if B2 - 4.AC > 0, i.e.

,PjO-j+l(^ - ^Y > 2(aJ - a^)logC^-) (65)

The accepted threshold must be in [/2,,/^+i].

8.2 Gamma Distribution

For the Gamma distribution, fj(x) = f^(x,p,j,Lj). Therefore, equation (25) will be:

Pj/2, (Tj, /2j, Lj) = pj+i/2,+1 W, ^'+1, ^+i) (66)

When we replace functions f^ and /2j+i by their values in equation (66), we obtain:

A2+ B^log(Tj) - C^T] = 0 (67)

Because this equation is non-linear, we will use an iterative approach called the fixed-point

method.

T\'; _ ^
A^B^log(TJ-1)

C2
where

_^_r^(L,+o.5) r2L^+l(£,+i) /^\,,
"2 = '""^ P^^(£,) P^(^+0.5)^
B-2 = 2{Lj - Lj+i)

/r(L,+i+o.5)^ _, /r(£,+o.5)^
'2 - -v r(L,+o^,+i; Tv r(£,)/.,

Since Tj € [^, p'j+i], we can take the initial value of Tj as T° = ^'+^'+i
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8.3 Beta Distribution

For the Beta distribution, fj(x) = f^{x,aj,f3j). Thus, equation (25) will be:

Pj/3, (Tj^aj, (3j) = pj+i/3,+1 (Tj, o'j+i, ft'+i) (69)

When we replace functions f^ and ,3^ by their values in equation (69), we obtain:

As + Bslog(Tj) + 63^(1 - Tj) = 0 (70)

Since equation is non-linear, we will use an iterative approach called the fixed-point method.

^p,^+i)+^-(w^Tj-l)
Tj = 1 - ei3^^ (71)

where

As = lo9(^)
BS = (Q;j - Q;j+i)

GZ = (Pj - Pj+l)

where Kr = ^^fg ^ • Since Tj € [/-Aj, /^+i], we can take the initial value of Tj as T° = ^'+^'+1,

where ^ = ^^, r ^j,j + 1.

8.4 Log-Normal Distribution

For the Log-Normal distribution, fj(x) = ,4. (re, /^•,o-j). Thus, equation (25) will be:

Pj/4, ffi, /^j, ^j) = Pj+ihj+i (Tj, P-j+i, cTj+i (72)

When we replace functions ,4. and f^^ by their values in equation (72), we obtain:

A^t] + B^tj + Ot = 0 (73)

The solution of this equation is given by:

^, _ -2^4 + ^Bj - 4A4C4
u3 ~ 2A

1-4

-2^4 - ^Bi - 4A4C4
f". =
hj ~ 2A
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where

t, = log(T,)
I/1 1

A4 = 2(^-^7)°] aj+l
^J'+l ^J.54 = (^-^)

C, = ^_^L_^(W±L)
2a] 2a]^ U^VP,+i^/

A real solution of this equation exists if and only if B2 — 4AC > 0, i.e.

(^ - W+i)2 > 2(^J - ^)log(^) (74)

The accepted threshold Tj = etj must be in [/^,/^+i].

9 Annex B

In this annex, we will estimate the statistics of the Gaussian, Gamma, Beta and Log-Normal

distributions based on the characteristic points of the histogram.

9.1 Gaussian Distribution

For the Gaussian distribution, we need three points (a;i, x^, x^) of the histogram h(x) to obtain

the following system:

-^x2^^xz-log(h(x^))+k = 0

^+-^x'2-log(h(x-2))+k = 0
a'

-^4+-^xs-log(h(x3))+k = 0

The solution of this system is: ^ = -^j, a2 = ^| and A; = ^|, where

Al = (—log(h(x-^))x^ + ^o^(/i(a;3))a;i — x^log(h(x^)) — x^log(h(x^)) + log(h(x^))x^
+x2^log(h(x2)))

A2 = (x^og(h(x^)~) - x^log(h(xy,)) - log(h(x-t))x-2 + log(h(x^))xs - x^log (h(x^))

-\-log(h(x3))x-2)

A3 = (rc^2 — x^xs — x\x^ + x^x\ — x\x^ + x^x^)

A4 = (—log(h(x'i))x\x'^ + rcj^op(/i(a;i))rc2 — x^log(h(x-^))x3 + log(h(x'2))x'^xs

-log(h(x3))x^x-2 + x^log(h(x3)))
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9.2 Gamma Distribution

For the Gamma distribution, we need three points (rci, a^; x^) of the histogram h(x) to obtain

the following system:

(2L - l)log(x,) - (-^)xi - log(h(x^)) + k = 0
P'

(2L-l)log(x2)-(-^)x2^-log(h(x2))+k = 0
/z

(2L - l)log(x3) - {-^)xi - log(h(x^)) + k = 0
P'

The solution of this system is: ^=j^?/22=—r^j an(i k = ^|, where r = (p ^f^"5 )2; where

Al = —log(h(x^)x\)x'^-\-log(h(x-[)x\)x^-\-log(x^h{x^))x^

-log(x'2h(x-2))x^ + log(x3h(xs))x^ - log(x^h(x^)~}x^

A2 = —log(x-[)x^ + ^(a;i)a;j + log(x^)x^ + x^log^x^) — x^log(xs)

-xtlog(x<2)

A3 = log(x^log(h(x3)) - log(x^log(h(x^) + log{x^)log(h{x'z)) - log(h(xs))log(x'2)

+log(h(x^))log(x2) - log{h(x^))log(xs)
A4 = (x^log(h(x^))log(x3) - x^log(x^}log(h(x^)') - x^log(h(x-L))log(x'2)

-\-log(h(x3))x^log(x<2) + x^log(x-L)log(h(x^)) - log(h(x-2))x^log(x3))

9.3 Beta Distribution

For the Beta distribution, we need three points (rci, 3:2, x^) of the histogram h(x) to obtain the

following system:

(a - l)log(xi) + (/3 - 1)^(1 - x^) - log(h(x^)) + k = 0

(a - l)log(x2) + (/3 - l)log(l - x^) - log(h(x^)) + k = 0

(a - l)log(xs) + (f3 - l)log(l - x^) - log(h(xs)) + k = 0

The solution of this system is: o/= ^j, ,3= ^j and k = ^|, where

,h(x-2)x-2(-l+X-2)^ ,_^ ^ ,,_^(^2)^2(-1+^2).
Al = -(^(1 - ^)^(^)^(_^^)) - ^(1 - ^)^(ft(;;);;(_i +;;))

^<?£)S:;t;3!)^(1 - ^) - ^(^S)!:;t:3!)^(1 - -))[x^x^-1 +a;2)/ "v ^/ "v/i(a;2)a;2(-l +

A2 = (log(x^)log(l - x^) - log(x^)log{l - x^) - log(l - x^)log[x^) + log(l - x^)log(x-2)

-log(x2)log{l - xs) + log(l - x<i)log(x^~)
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^3^3)(-1+^ ,_^ ^_^2;3/l(2;3)(-l+3;3).A3 = (^(^i)^(r?vf———?Y) - log{x^)log(:
)3;2(-1 +^2)/ "-'^"^"-'^ h(x-2)x-2 (-1+2:2^

,h(x2)x^(-l^X2)^_^ , ,_^(a;2)^2(-l+a;2),+lo9('i^^T—~\)lo9(x3) - lo9('T^^T-T--^)lo9(x^)
[-l+a;i)/ "v u/ "v/i(a;i)a;i(-l +

,x^h(x^)(-l+x^.
A4 = (-^o^(rri)^(^—ff——^^-)^(l-a;2)

[x^x^-1+

+log(l - x^)log(x2)log(^_ _^ /^ , , Q + log(x^log(x<2)log(l - 2:3)
[x^x^—1 +

-log(x<2)log(l - x^)log(x3) - log(x2)log(x^log(l - x-^)

+log(x^)log(l - ^^(T?^—;-—-^-) - log(l - x^)log(l - x^log^) (75)
[X-L)X-L[—I +

+log(l - x^)log(x-2)2 - log(x^flog{l - x^) - log(x^)log{l - x^)2

^2,_/„ ^ 7^^ „ ^_^(^2)^2(-1+^2).

+
+log(x-2)log(l - x'2)log(xs) - log(l - x'2)log(x^log{l - x^)

-^-log(l - x<2)log(l - x^)log(x-i) + log(l - x'2)log{x^}log(l - 3:3)

+log{h(x-2))log(x^)log(l - x$) - log(h(x^)log(x^)log(\ - x<z)

-log(h(x-2))log(l - x^)log(xs) + log(h(x^)log(l - x^log^)

-log(h(x^))log(x-2)log(l - x^) + log(h(x<2))log(l - x-2)log(x^))

9.4 Log-Normal Distribution

For the Log-Normal distribution, we need three points (rz;i, a;2, ^3) of the histogram h(x) to

obtain the following system:

^og2(x-L)+-^log(x^)-log(xz)-log(h(x^))+k = 0
(7'

-—^log2(x2)-}--^log(x^)-log(x2)-log(h(x^))-^-k = 0

~2a21 og ^ + ~^2lo9(x3) ~ lo9(xs) ~ lo9(h(x3)) + k = 0

The solution of this system is: /^=—j^J!<72=^ and k = ^|, where

Al = ~(-log(x^h(x^))log2(x2) + log(x^h{x^))logl2(x^ - log(x^h(x-2))log2(x^

+log(x'2h(x2))log2(x^)+log(x3h(x3))log2(x^) - log(xs h(xs ))log2(xi))

A2 = log(x^)log(h{x2)) - log(x^log(h(xs)) - log(x^)log(h(x-2)) - log(h{x^)log(x^

+log{h(xz))log(x3) + log (h(xs) )log(x^)
A3 = -log(x-2) + log (xs)) (log (x^) - log (x^)) (log (x^) - log(xs)

A4 = (log(h(x^))log2(x^)log(x3) - log(h(x-2))log(x^)log2(x3)

41



-log2(x-2)log(h(x^))log(x3) + log2(x'2)log(x^log(h(x^}~)

-log(h(x3))log2(x^)log(x^) + log'2{xz)log(h{x^')log(x^)~}
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Conclusion and Future Research

In this thesis, we have presented a statistical approach to the analysis of SAR images.

Let us summarize our achievements before pointing out directions for future research.

1 Achievements

In the following, we will cite our contributions in the thesis:

1.1 Gamma Maximum Likelihood for SAR Images

A new algorithm for the segmentation of SAR images has been proposed. Its princi-

pal characteristics are the following: a) Unlike the methods usually proposed, which

are limited to bimodal histograms [30], the method presented here involves multimodal

thresholding. b) The Gamma maximum likelihood technique is used to estimate histo-

gram parameters, c) The estimated initial parameters are close to the final estimated

parameters, and thus the maximum likelihood technique rapidly converges towards the

optimal solution, d) Thresholds are selected by minimizing the discrimination error bet-

ween classes in the image.

We have proposed two methods for estimating the number of looks for SAR images.

The first is the maximum likelihood and the other is the maximum of the Gamma func-

tion.
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The paper describing this work has been accepted to Pattern Recognition which is an

international journal. Early versions of this paper were published in the proceedings of

two conferences: 12th Conference on Vision Interface (VP99) [12] and CD-ROM

Proceedings of Application Development and Research Opportunity (ADRO)

of RADARSAT SAR Images [14].

1.2 Minimum Message Length for Clustering of SAR Images

The minimum message length (MML) method has been used to obtain the number of

classes in a body of data, using Gaussian mixture models [1]. It has also been used to

estimate the parameters of a single class such as Gaussian, Poisson, or Von Miss circular

distributions [10]. In the second part of this thesis, we studied the use of the minimum

message length principle as a way to solve the problem of clustering using Gamma dis-

tribution. We showed that the maximum likelihood estimator (ML) is a particular case

of the minimum message length estimator (MML). In a series of experiments, the MML

criterion with Gamma distribution was found to perform favourably in the task of com-

puting the number of modes in a histogram.

The MML estimates the parameters of multimodal histograms and is an iterative process

which converges on local maxima. Its performance is directly related to the initialization

step. In his experiments on Gaussian distributions, Baxter [1] generated a set of data

from artificial mixture models. However he initialized the maximum likelihood with the

correct values of the parameters, thus obtaining good results for the MML method in

the case of artificial mixture models. In our case, we focused on estimation of the initial

parameters. The K-means algorithm was used to estimate the initial parameter, when

the number of looks is small. The estimated initial parameters provided by this algorithm

were not close to the local maxima of the MML estimator. We therefore proposed another

algorithm called thresholding stability in order to refine these parameters. Experiments

showed that the parameters obtained are close to those estimated by the MML estima-

tor, and thus the MML gave good results for parameter estimation. We compared three

algorithms, 1VEML, AIC, and MDL. We observed that MML appeared to be the best cri-
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terion for computing the number of modes, whereas AIC and MDL produced poor results.

We applied the MML criterion to the segmentation of RADARSAT SAR images. The

initial parameters estimated using the thresholding stability method are close to those

estimated by the M.ML estimator. Thus, the MML estimator rapidly converges towards

the optimal solution. The MML approach using Gamma distribution is suitable for SAR

image segmentation.

This paper has been submitted to the Journal of Computer Vision and Image Unders-

tanding.

1.3 Distribution Selection and Estimation for Each Class in SAR
Images

In this paper we introduced a method for the statistical modeling of heterogeneous mul-

timodal SAR image histograms. We used a set containing known distribution functions

with flexible shapes that were assumed to fit SAR image histograms. We formed a system

called GGBL, composed of four parametric distributions: Gaussian, Gamma, Beta and

Log-Normal. The selection of a parametric distribution from the GGBL system for each

mode of the heterogeneous multimodal SAR histogram is performed according to the lo-

cation of the skewness and flatness coefHcients in this space. We proposed a distribution

stability method for distribution selection using the asymmetry and flatness coefficients

and a feature method for the estimation of the parameters of these distributions based

on the characteristic points of the histogram. The advantage of the GGBL system with

respect to other systems is its the ability to model multimodal as well as unimodal SAR

image histograms. Concerning parameter estimation, we found that the method based

on the characteristic points of the histogram is better than the one based on the moment

estimator. The GGBL system was applied to several real histograms from RADARSAT

and ERS SAR images, with different number of looks. The GGBL system provided a

good selection of distributions for SAR images.
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The paper has been submitted to the International Journal of Remote Sensing.

2 Extension and Future Research

One extension of this work is the use of MML, MDL and ML methods in the case

of heterogeneous multimodal distributions, and the extension of these three methods to

the higher dimensions. A further extension is the use of MML and GGBL in different

applications such as change detection, ship detection, image retrieval by content, etc.
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