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ABSTRACT 

Geometric deformable models for active contours have brought tremendous impact to 

classical problems in image processing such as providing ways to devise efficient compu-

tational algorithms for automatic segmentation. This is achieved by using the level set 

method, which allows handling automatic changes in topology while providing a frame-

work for very fast numerical schemes. However, topological flexibility is not desired when 

an object with known topology is sought. It is natural to capture the target in a way that 

gives the correct topology. A geometric deformable model with topology preserving is 

developed that can guarantee the topology will be preserved while all the computational 

advantages of the level set approach are maintained. 

A key issue in object detection using the shape of the object's boundary and surface 

reconstruction using slice contours is the ability to identify the complete boundaries of 

the segmented abjects in the scene. The segmentation results provided by geometric de-

formable models are usually dependent on the contour initialization, and in most cases, 

the results of the segmentation will only provide partial abjects boundaries. A new 

method based on digital topology is proposed to detect the complete boundary informa-

tion of the segmented abjects. By carrying out a topological analysis of the objects, this 

method can provide the right initialization that can capture all the boundaries of the 

objects in certain cases. 
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In an effort to facilitate a clear and full understanding of these powerful applied math-

ematical tools, this thesis tries to explore these geometric deformable models and their 

implementations. The deformable model with topology analysis and some experimental 

results are also presented. To have a more clear picture on these works, the algorithms 

of surface reconstruction and volume rendering are simply discussed and implemented on 

the resulting data sets from geometric deformable models. 
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INTRODUCTION 

In a variety of applications, involving scanning technology, such as in medical imagery 

(MRI and CT), the data is presented as a three-dimensional scalar field where each value 

is a measure of some physical property, for example, density. The scalar field can be com-

posed of a series of two-dimensional slices and form a three-dimensional volume when 

stacked. There are many methods to interpret this representation for better understand-

ing and for extracting relevant information. However, for most applications, there are 

two basic goals: object detection/segmentation and visualization. In the field of abject 

detection, it becomes the problem of boundary detection when the boundary is defined 

as a curve or a surface separating homogeneous regions. A panoply of methods have 

been developed to salve this problem. The class of geometric deformable models, im-

plemented using the level set method, are the latest and powerful boundary detection 

techniques in two dimensional and three dimensional spaces used for image segmentation. 

They usually start with initial contours, then deform these contours with a curvature-

dependent speed along the normal direction and the deformation stops at the boundaries 

of the abjects to be detected. For the case of 3D object detection, the data can be 

analyzed in two ways. It can be segmented in each 2D slice and then reconstructed to 

a 3D shape presentation, or it can be directly segmented in 3D volume space. Due to 

the complexities and computational expenses on surface reconstruction, more attention 

is focused on direct 3D segmentation. This work will address the basic theorems behind 
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and show implementations of 2D /3D abject detection based on the class of geometric de-

formable model using the level set method. A new geometric deformable model designed 

using a navel topology-preserving level set method which enforces topology-preserving 

constraints through local computations will also be explored to suit the case where the 

abject to be segmented has a known topology that must be preserved. 

The segmentation results provided by these models are usually dependent on the contour 

initialization, and in most cases they only provide partial objects boundaries. However, 

when dealing with object recognition and matching using the shape of the object's bound-

ary and surface reconstruction using planar contours, it is important to extract all the 

boundary components that are useful in the representation and the description of the 

abject. A new method is proposed to achieve this goal by carrying out a topological 

analysis of the abjects and use effectively this information in its higher level processing. 

Once a partial boundary of the abject is detected, we find an estimate of the object's 

interior using some appropriate method that will usually be application dependent. In 

many situations, one can use any available information and carry out this procedure using 

a simple thresholding method. We then initialize a contour that will be deformed using 

the geometric deformable models (GDM) to capture all the boundary components of the 

object under consideration. This initialization is clone using the concept of simple point 

from digital topology. By applying the concept of simple point, we can guarantee that 

the initial curve is set in the right position that will give us the desired result, namely, 

the complete boundaries in an efficient way. We use a novel approach to characterize 

simple points. This approach is based on the notion of cubical homology and a collapsing 

algorithm to reduce cubical complexes while preserving their topology. This approach 

works in any dimension, however it is limited to one configuration of connectedness in 

digital pictures. 

The thesis is organized as follows: Chapter 1 gives the introduction to the level set 
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method in 2D and the geometric deformable models using the level set method, the 

derivation of the contour evolution equation and the numerical implementation of the 

level set method using finite differences. Chapter 2 presents the implementation of 2-

D /3-D geometric deformable models using the level set method and some experimental 

results. Chapter 3 explores a new deformable model using topology-preserving level set 

method and presents a new topology analysis method for geometric deformable models. 

The concept of simple point is reformulated and the identification of a simple point is 

proven by using some collapsing algorithms. Few algorithms are presented together with 

some computational results. A brief conclusion and perspectives of future work are given 

at the end of the thesis. As a complement, some surface reconstruction and visualization 

algorithms will be explored and implemented in Appendix A. 
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CHAPTER 1 

The State of the Art of Geometric 

Deformable Models U sing the Level Set 

Method 

Geometric deformable models for active contours have brought tremendous impact to 

classical problems in image processing such as providing ways to devise efficient compu-

tational algorithms for automatic segmentation. This is achieved by using the level set 

method, which allows handling automatic changes in topology while providing a frame-

work for very fast numerical schemes. In this chapter, we first briefly introduce the level 

set method and then review the geometric deformable models implemented with the level 

set method. 
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1.1 Level Set Method 

1.1.1 Level set method 

By definition, the level set of a differentiable fonction f : Rn -+ R at level c, where c is 

a real constant, is the set of points 

In two dimensional space, where n = 2, the level set is a plane curve referring to a level 

curve; and in three dimensional space, where n = 3, the level set is a surface referring to 

a level surface. 

The Level set method, introduced by Sethian and Osher in [20, 23], is used to track 

interfaces moving under a speed that depends on position, time, the geometry of the 

interface and some external force. This method works in any dimension space without 

significant changes, handles topological merging and splitting automatically and is easy 

to implement. 

The primary goal of the level set method is to compute and analyze the motion of an 

evolving interface by viewing the moving interface as a particular level set of a higher 

dimensional fonction. For a given level set, although there are infinitely many choices of 

the level set fonction, in practice the signed distance fonction is preferred because of its 

stability in numerical computations for image processing. 

In two dimensional space, given an initialized interface C : [ü, 1] -+ R2 , where C is a 

closed curve in R2 bounding a region n, and a speed fonction F which gives the speed of 

C in its normal direction, the level set method treats C as the zero level set of a distance 

fonction cp(x, t) , where x E R2 and t 2: O. The fonction cf> has the following properties: 

cp(x, t) < 0 for X E 0 

5 



q>(x, t) > 0 for X (Î. f2 

c/>(x, t) = 0 for x E an= C(t) 

where x = (x1 , x2 ) E R2 . That is, we have an initial fonction c/>(x, t = 0) : R2 -. R with 

the property that 

c/>(x, t = 0) = ±d 

C(t = 0) = {x I c/>(x, t = 0) = 0} 

(1.1) 

(1.2) 

where dis the distance from x to C, and the plus/minus sign is chosen if the point x is 

outside/inside the initial interface C. 

Let x(t), t E [0, oo) be the path of a point on the propagating interface. Thus we must 

have 

c/>(x(t), t) = 0 (1.3) 

By differentiating with respect to t and using the chain rule, an evolution equation for 

the moving interface may be produced [20], [24], 

(1.4) 

<f>(x, t = 0) = given (1.5) 

This is an initial value Hamilton-Jacobi type equation. This type of equation admits 

an accurate, stable and fast numerical scheme by borrowing the numerical solution from 

viscous hyperbolic conservation law. It is important to define a speed fonction from the 

image plane that can be applied on the propagating interface/front to move and stop 

the the boundaries of given abjects in the scene. In [17], R. Malladi et al split the speed 

fonction into two components: F = k1 (FA + Fe). The terrn FA is defined as an external 

advection force and is independent of the moving front 's geometry. The front uniformly 

expands/shrinks with the speed FA depending on its sign. The second term Fe is defined 
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as an internal force that depends on the geometry of the front, such as its local curvature. 

It regularizes the front and smooths out the front with high curvature variation. The 

term k1 is the controlling factor to stop the propagation when the front reaches the object 

boundary. 

k - l 
I - l+ j "vGrr * J jet 

Here, Grr * I denotes the image J convolved with a Gaussian smoothing filter which the 

characteristic width is O'. k 1 depends on the inverse of the gradient and the index power 

a, that is k1 is close to zero in regions of high image gradient and is close to unity in 

regions of constant intensity. So k1 is computed from the contour location in the image 

plane, where the zero level set lies in, but not from the geometry of the level set fonction 

</>. However, the fonction </> is defined over the whole domain, the evolution equation 

needs a globally defined speed to keep consistent for all the level sets. In [17], the speed 

of a point on a level set </> = c is set to be the same as the speed of the closest point on 

the zero level set. Then the level sets of the fonction </> do not evenly space around the 

front (zero level set) after some time steps because the speed is discontinuous. To fix 

this problem, periodic re-initialization of the level set fonction is needed in order that 

it closely approximates the signed distance fonction. The re-initialization is clone by 

extracting a level set { </> = O} as the current front C(t). 

As shown in [17], there are several advantages to this level set approach: 

1. Since the evolving fonction </>(x, t) always remains a fonction as long as Fis smooth, 

the level set { </> = O} may automatically handle topology changes, such as splitting 

or merging as the fonction </> evolves. 

2. The evolution equation is suitable to be implemented with numerical approxima-

tions. A discrete grid can be used together with finite differences to devise a 

numerical scheme to approximate the solution. Special care must be taken for the 
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spacial gradient term to avoid singularities that may occur during the evolution. 

3. From the level set fonction cp, the intrinsic geometric properties of the front are 

easily determined . For example, the normal vector of a point on the curve/surface 

is fi= ± 1~!1, depends on the sign of cp, and the curvature is then calculated from 

the divergence of the unit normal vector, that is k = \J · 1~!1 = \J · fi. 

4. It is easy to extend the formulation in higher dimensions because there is no sig-

nificant change to the equations. By simply extending the spacial array structures 

and gradients operators, the approximation and motion of the evolving interface 

can, be easily computed and analyzed. 

Figure 1.1 shows an example of an expanding closed curve. (a) is the initial curve 

at t = 0 in the xy-plane(z=O). (b) shows the distance fonction z = cp(x1 , Xz, t = 0) 

according to this initialization. We can imagine that as the curve evolves, it splits into 

two closed curves after some time, as shown in (c). Then the corresponding distance 

fonction z = cp(x1 , x2 , t) is illustrated in (d). This example tells that the evolving curves 

embedded in the evolving surface move in such a way that the level set { cp = O} always 

yields the tracking interface. It also shows that the level set rnethod can handle the 

topological splitting automatically. Figure 1.2 is an experimental example to show the 

ability of the level set method to deal with topology changes naturally. 

1.1.2 Numerical approximation 

As rnentioned above, one of the advantages of the evolution equation is its suitablity to 

derive an efficient numerical approximation. By using finite difference approximations 

on a uniform grid of spacing h with grid nodes i, j, we have 
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(a) (o) 
y 

z = q, (x,y,t=0) 

0 y 

q, = 0 (Level set 0) 

X 
X 

(c) y (d) z = q, (x,y,t) 

OD cp = 0 (Level set 0) 

X 

X 

Figure 1.1: An illustration of an initialized curve evolving as the zero level set of a 
higher dimensional fonction, distance fonction. - (a) and (b) show an initial curve and 
the associated distance fonction, a surface ef>(x1 ,x2 ) at t = O. and (c) and (d) show the 
evolving curve and the corresponding surface ef>(x1 , x2 ) at time t. 

(1.6) 

as a numerical approximation for Equation 1.4. q>~j denotes the value of ef>(ih, jh, nfj,.t), 

where fj,.t is the time step. Since the fonction q> may form sharp corners during the 

propagation, we have to take special care of the gradient magnitude term 1 \Jijc/>~j 1-

Once a corner is developed, if we use central difference scheme for example, the derivative 

is equal to O at the corners no matter how small the approximation step is. Then, it is 

not clear how the interface propagates because the normal direction is not defined. One 

way to salve this problem is using the viscosity solution of the equation to find the 
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Figure 1.2: An experimental example shows that topology changes can be handled au-
tomatically using the level set method. (a) original image. (b) image with an initialized 
curve (zero level set). (c), (d) and (e) the evolution of the zero level set and the result 

correct weak solution to track sharp corners accurately. In numerical implementation, it 

is presented as upwind finite difference scheme which chooses the forward difference or 

backward difference scheme depending on the evolving direction. This upwind scheme 

guarantees that even in the case when a corner is formed, the normal direction is well 

defined at the corner. Detail of the upwind scheme is shown in Chapter 2, section 2.1. 

There are many algorithms to update the level set fonction on a grid. The basic straight-

forward algorithm between two re-initializations is as follows: 

1. Set the iteration number for reconstructing, n = 0 

2. Compute the speed term for all points in the computing domain by searching for 

the closest point lying on the level set { cp = 0}. 

3. Calculate c/J~--;-1 with the speed term and c/Jf,j using upwind finite difference schemes. 

4. Increment n by 1. If the value of n is equal to a desired value, go to step 5, else go 

to step 2. 

5. If the evolving motion c/J~--;-1 - c/Jf,j is small enough, stop the evolution. Otherwise, 

construct an approximation for the level set { cp = O} from cp~f and re-initialize 

the level set fonction, then go to step 1. 
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The re-initialization improves numerical stability and accuracy of the overall computa-

tion. But the above algorithm adds an extra dimension to the problem, it computes and 

updates the evolution of all the level sets, that means all the points in the domain, not 

simply the zero level set corresponding to the front itself which is the only level set of 

interest to us. So it is very computationally expensive. 

1.1.3 Narrow-band algorithm 

As an alternative to the basic straightforward algorithm, an efficient modification is only 

to update the level set fonction at a small set of points in the neighborhood of the zero 

level set instead of updating all the points in the domain. It is known as the narrow-

band algorithm proposed by Mallad et al.[17]. It provides a correct approximation to 

the propagating front problem and is more computationally faster than the previous one. 

The narrow band is bounded on both sicles by two curves with a band width r5 and the 

zero level set ( the front) is in the middle of the band. All the points in the computational 

domain will be labeled as either "alive", "far away", "on contour" or "land mines", 

depending on whether they are inside the band, outside the band, on the zero level set 

(the front) or on the boundary of the band. The front then propagates inside the band 

at most a distance of ±<5 /2. When the front reaches the band boundary, an appropriate 

new narrow band should be reconstructed. This can be triggered by setting the land 

mines or by setting certain number of iterations. A brief description of the algorithm is 

as follows: 

1. Build the narrow band based on the initial front, update the distance of the points 

inside the band only. Set the iteration number for reconstructing, n = 0 

2. Compute the speed term at each point lying inside the narrow band 



y 
z 

y 

X 

Figure 1.3: A narrow band of width 5 around the zero level set. 

3. Calculate </>7,--;-1 with the speed term and c/J":,1, using upwind finite difference schemes. 

4. Increment n by one. If the value of n is equal to a desired value l, go to step 5, else 

go to step 2. 

5. Rebuild the narrow band by treating the zero level set { q> = 0} as the current front 

C(t), go to step 2 or stop if the evolution movement is small enough. 

1.2 Geometric Deformable Models 

In the previous section, the level set method, a curve evolution approach, is discussed. It 

tracks the evolving curve moving under a speed depends on position, time, the geometry 

of the curve and some external forces. It analyzes the motion of the curve by embedding it 

as a particular level set of a higher dimensional fonction. In this section, some geometric 

deformable models for boundary detection will be introduced, such as active contours, 

geometric models and geodesic models. Motivated by the level set method, geometric 

and geodesic deformable models embed the moving contour as the zero level set of a 
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3D fonction. This allows these two models automatically handling the topology changes 

during the curve evolution. 

1.2.1 Active contours - "Snakes" 

The first class of deformable models, so-called 11 snakes 11 , was first published by Kass et al. 

[12]. It is an energy based active contour model. The idea is to match deformable models 

to image data by means of energy minimization. The classical snakes are initialized as 

parameterized contours or surfaces with an energy fonction. The energy is basically 

composed of two parts: one part is an internal energy Eint that depends on the snake's 

geometry. It regularizes the contour/surface to keep it smooth. Another part is an 

external energy Eext that depends on the feature of the image domain. It attracts the 

snake to the object boundary. The deformation of the snake is the trace of minimizing the 

energy fonction such that the energy is minimum when the snake reaches the boundary 

of the object. 

Given an energy based snake model with an initial parameterized curve G(q, t) : [ü, 1]---+ 

R 2 and an image I : [O, a] x [O, b] ---+ R+ in which we want to detect the objects boundaries, 

the classical approach associates the curve C(q, t) with an energy fonction by 

E(C) = Œ 11 

1 C'(q, t) 1
2 dq + (31 1 

1 C"(q, t) 1
2 dq - À 11 

g(I y' I(C(q, t)) l)dq 

11 

(Eint(G(q, t)) + Eext(G(q, t)))dq. 

where a, f3 and À are real positive constants. The first two terms act as internal energy 

and control the smoothness of the contours to be detected with a controls the stretching 

and (3 controls the bending. The third terrn acts as external energy and is responsible 

for attracting the contour towards the abject in the image with À balances the internal 

and external forces. 
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There are two main problems with this model. First, it is not intrinsic because the energy 

fonctional depends on the parametrization, so the final result is sensitive to the initial 

guess. Second, this model can not change its topology during the deformation. The 

topology of the final result is the same as the initial one unless some special interaction 

is performed when splitting and merging are needed. 

1.2.2 Geometric model for active contours 

The second class of deformable models is the geometric model for active contours. It 

was introduced by Caselles et al. [4] and Malladi et al. [17]. These models are based on 

the theory of curve evolution and geometric flows. The initial front is moving along its 

gradient field under a speed related to the curvature of the front. This speed term also 

contains two parts, one related to the regularity of the deforming front and the other 

attracting it to the boundary. Because the front deforms following its geometric flow, 

it is completely intrinsic. By embedding the front into a higher dimensional level set 

fonction, this model can naturally deal with topology changes. Thereby, several abjects 

can be detected at the same time without knowing their exact number in the scene. 

The geometric model proposed by Caselles et al. [4] describes the propagation of the 

level set fonction following the normal direction with a speed depending on the mean 

curvature of the contours. They added a constant force in the direction of the normal 

and a speed fonction to stop the propagation when the zero level set reaches the desired 

position. Consider a level set fonction u : R2 x [O, +oo) .- R and the curve C as the zero 

level set of u, that is C = {x E R2 : u(x, t) = O}, r E R. The model is defined as follows: 

au 'Vu 
at = g(I) \ 'Vu\ (div(\ 'Vu\)+ c) (1.7) 

u(x, 0) = u0 (x) (1.8) 
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where the stopping fonction 

(I) = 1 
g l+IVÎl2 

is the external image dependent force that controls the speed of motion of the C. I is 

a convolved image so that the motion of C is less affected by the noise in the image. 

When C is near the boundary of the detected object, 1 v' Î I is very big, then g is close to 

zero and the propagation stops. The term div( 1~:1) is the curvature at the point x and 

ensures the curve C moves proportionally to the curvature at this point. It acts as the 

internal energy in the snake model 1. 7 which regulates and smooths out the curve. The 

constant force c is a inflation/ deflation speed term that keeps the contour moving in the 

proper direction depending on its sign. Because u changes its sign in the neighborhood 

of C only, the gradient term I v' u I controls the changes at the interior and the exterior 

of C. 

To track boundaries with high gradient variation and enhance the smoothing constraints 

to prevent the moving interface bending away from the image contours, a real positive 

constant 1 is added to the curvature term. 

au at = g(l) 1 v'u 1 ('Yk + c) (1.9) 

1.2.3 Geodesic active contours 

The relation between the snake model and the geometric model is obtained in a framework 

called geodesic active contours by Caselles et al [5]. First they proved that the classical 

energy approach is equivalent to finding a geodesic curve in a Riemannian space with a 

metric derived from the image, which means that the boundary we are looking for is the 

path of minimal distance measured in the Riemannian metric. The length is obtained by 

weighting the arc length ds with g(I v'l(C(q)) 1), which contains the information about 
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the boundary of the abject: 
{L(C) 

LR = Jo g(\ V I(C(q)) \) ds (1.10) 

where LR denotes the length of C(q) in the Riemannian space and L(C) denotes the 

length of C(q) in the Euclidean space. By using the steepest descent method, we reach a 

local minima of LR via the minimizing flow given by the formula: 

ac - -Ct = at = (g(I)k - Vg(I) · N)N (1.11) 

The equation shows how each point in the contour should move in a way that can decrease 

the length LR. The detected abject is then given by the steady state solution of Equation 

1.11, that is Ct = O. Assume that this geodesic active contour C is represented as the zero 

level set of a 3D distance fonction, that is the set u = O. The the embedding fonction 

should deform according to 

Ut= F \Vu\, 

where F is a given fonction computed on the level sets. With a given initial curve as the 

zero level set C0 = u(x, 0) , the geodesic problem starting from C0 amounts to searching 

for the steady state (i~ = ü) of the following evolution equation 

au 
at \ Vu\ div(g(I) \ ~: \) 

. Vu 
g(I) \Vu\ div(\ Vu\)+ Vg(I) · Vu 

g(I) \Vu\ k + Vg(I) · Vu 

V g · Vu, a new component in this geodesic flow, denotes the projection of an attractive 

force on the normal to the moving interface. Because V g points toward the center of 

the boundaries, so this term allows to accurately track boundaries with high gradient 

variation, including boundaries with small gaps unlike in the geometric model, where we 

have to enforce the smoothing constraints to prevent the moving interface bending away 

from the image contours. 
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In practice, a constant term c is added to increase the speed of the convergence. Then 

we have the equation 
âu 
ât = g(I)(c + "fk) 1 'vu 1 +'vg · 'vu (1.12) 

The above Equation 1.12 is the level set representation of the modified geodesic active 

contour model. The solution to the abject detection problem is then given by the zero 

level set of the signed distance fonction (ut= 0), which represents the evolving front and 

stops at the boundary of the detected abject. 

1.2.4 Geometric deformable models in 3D 

The snakes model in three dimensional space is an energy functional for a parameterized 

surface 

<p(r,s) = (x(r,s),y(r,s),z(r,s)) 

where(r, s) E [O, 1) x [O, 1), in the form [6, 26] 

where P = -ll'vill 2 . A geometric model in 3D based on mean curvature motion is 

introduced in [6]. The derived equations are exactly similar to the 2D case presented 

previously. The two formulations are integrated in a new model using the minimal 

surface approach and based on the minimization of weighted area 

AR = J J g(I) da. 

We obtain the general minimal surface model 
âu . 'vu 
ât - 1 'vu I div(g(I) 1 'vu 1) 

g(I)l'vu\ 1,;+'vu-'vg 
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which is similar to the 2D case. Just the u(x, t) is a 4 variable scalar fonction that embeds 

the zero level set, a surface. This minimal surface model has the same properties and 

geometric characteristics as the geodesic active contours. 
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CHAPTER 2 

Implementation of Geometric 

Deformable Models U sing the Level Set 

Method 

In the previous chapter, we introduced a geometric deformable model for abject detection 

based on the computation of geodesics in a given Riemannian space. In this chapter, we 

will discuss in details the numerical implementation of the propagation of 2D /3D fronts 

by applying this geometric deformable model. 

We use the approaches proposed in Osher and Sethian [20], Caselles et al. [4] and Malladi 

et al. [17], where the numerical implementation is based on the algorithm for surface 

evolution via the level set method. In the numerical implementation of this formulation, 

we choose central difference approximation in space and forward difference approximation 

intime. 

Since the data set can be composed of a series of two-dimensional slices, there are mainly 

two approaches for three-dimensional abject detection using this model. The first ap-
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proach is to analyze and compute each 2D slice separately and then reconstruct the 

surface by algorithms of surface reconstruction from planar contours. The second ap-

proach is to treat slice data as a collection of three-dimensional voxels, and directly 

implement the 3D version of numerical approximation of the formula we discussed before 

and visualize the resulting data set via volume based approach. 

2.1 2D Approach 

Segmentation is clone for each slice in the volume, based on equations discussed before 

in 2D approach. Then we reconstruct the shape/object using surface reconstruction 

algorithms. Surface reconstruction will be discussed in chapter ?? . In this section, we 

will focus on the 2D numerical approximation representation and implementation of the 

geometric deformable model using the level set method. 

From chapter 1, we have the 2D numerical approximation of geodesic modelas follows: 

(2.1) 

where 

• u is the 3D scalar fonction embedding the 2D zero level set 

• k is the curvature, 

• g is the stopping fonction, 

• c is the constant term that increases the speed of convergence and keeps the proper 

evolving direction, 

• 'Y is the constant term that controls the curvature dependent speed, 
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• tlt is the time-step size, 

we choose 

(I) = 1 
g 1+ 1 \7 Î IP 

where p = 1, 2, Î is the smoothed image, that is Î = Ga * I, where Ga is a Gaussian 

smoothing fil ter. The mean curvature is obtained from the divergence of the unit normal 

vector as follows: 
2 2 + 2 _, Uxx UY - Ux Uy Uxy Uyy Ux 

k = \7 . n = - ( 2 2)3/2 ux +uy 
For the term \lu, as discussed in the previous chapter, we use upwind difference scheme 

to capture the singularities that might develop along the implicit contour. 

Here we are using a shorthand notation, for example, D;;; means D;;;u. 

and Fij stands for the evolving speed. What we need here is the sign of the speed in 

order to choose the right different scherne to make sure the normal direction of u is well 

defined. 

With the narrow band algorithm of the level set method, we first initialize a set of points 

in a narrow band with band_ width /j bounded by two curves which are the level sets 

{ 1> = ±li /2}. The front we are tracing is the zero level set, which is in the middle of the 

narrow band. There are three statuses for all points/pixels. The pixels inside the narrow 
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band are marked as ALIVE, the pixels on the front are marked as ONCONT, the pixels 

outside the narrow band are marked as FARAWAY. The front will evolve in this narrow 

band through a maximum distance of c5 /2 on either sicle of its initial position, then we 

must reconstruct a new narrow band by treating the current zero level set configuration 

as the current front. We can get the current zero level set by zero-crossing method. 

ldeally the iteration will stop when the evolving distance is 0, which also means g = O. 

But in a real image, there are high variations of gradient values along the edge of the 

abject and it is difficult to guarantee that all those gradient values are high enough to 

stop the propagating front. Although the term Vu• V g can improve this problem, we 

still need to set a small enough value, E, as a condition to declare that the propagation 

stops. Another way is to set a certain iteration number to stop the evolution, the right 

number needs a few tests in advance. The algorithm between two re-initialization is as 

follows: 

1. Set the iteration number n = 0, tn = 0 and initialize u( ., 0) to be the signed distance 

fonction of the re-initialized contour. 

2. Build a narrow band with the initial contour, update the distance and the statues 

of the pixels inside the band. 

3. Update the distance fonction by calculating uff for every point in the narrow 

band with a time step 8.t using equation 2.1. 

4. Increment n by 1. If the value of n is equal to a designed value, go to step 5, else 

go to step 3. 

5. Check the convergence of u by setting a small enough distance E or a certain number 

of iterations. If yes, go to step 6. Otherwise, go to step 1. 
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2.2 3D Approach 

The numerical approximation representation for 3D geodesic deformable model is as 

follows: 

u½f = u0k + t:.t(g(I)(c + ,k) 1 'vu 1 +'vu· 'v g). 

where 

(J) = 1 
g 1+ 1 'v Î IP 

'vu {[max(Fijk, O)D;; + min(~jk, O)D;] 2 

+ [max(~1k, O)D; + min(Fijk, O)D;J 2 

+ [max(~1k, O)D; + min(Fijk, O)D;]2
}

112 

where (Fijk, 0) decides the direction of propagation. For the implementation, we should 

extend the array structures and gradient operators in 3D. 

The narrow band in 3D is not a band like in the 2D approach, but a closed surface with 

certain thickness and the cross section is like a 2D narrow band. The zero level set in 

the center is a closed surface. When re-initialization is needed, we use 3D zero-crossing 

method to get the numerical approximation of the current zero level set. 

2.3 Technical Details 

In this section, some technical details of the implementation of the geometric deformable 

model using the level set method are presented, such as c:alculating the signed distance 

to build the narrow band, finding when to re-initialize the front and how to get a smooth 

polygonal approximation for the zero level set for each re-initialization. 
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2.3.1 Calculating the signed distance 

The signed distance fonction is defined as the distance from a given point to the evolving 

curve/surface and the sign is chosen to be positive if the point is inside and negative 

if outside. Here we want to calculate the distance fonction only in the band domain. 

Outside the domain the value is defined to be ±maxDist depending on whether the 

point lies inside or outside the evolving curve. 

In 2D case, as mentioned above, rather than computing the signed distance fonction for 

each grid point, we just go along the evolving curve first and then evaluate the distance 

fonction at those points that inside the narrow band. We keep an array, e.g. distArray, 

containing the current minimum distances of. Initially, all the entries are set to a large 

value maxDist, e.g., the largest positive integer. Taking a square around each point on 

the front and for every point ( i, j) in that square, calculate the closest distance to the 

curve. If the distance is less than the value in the array entry ( i, j), then update the 

value of distArray( i, j). In 3D case, instead of taking a square around a point on the 

evolving curve, we take a cube around a point on the evolving surface. Then we update 

the distArray(i, j, k) by calculating the distance from (i, j, k) to the point on the surface. 

Finally, we must set the signs correctly. For the 2D case, during the first initialization 

of the fonction field, we set a binary array, i.e. signArray, then we determine the sign 

by finding the close curve intersections and using flood fi.11 algorithm to fi.11 every array 

entry with 1 for points inside the curve and O for points in the background. The sign of 

the distance fonction at a point ( i, j) is negative if signArray( i, j) is 1 and positive if 

signArray( i, j) is O. The distance of points outside the band are set to be +maxDist 

or -maxDist respectively, even though they are not used at each time step. In 3D case, 

we analyze each 2D slice and get the information for each voxel. 
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2.3.2 When to reinitialize 

One obvious technique is to calculate the exact distance between the evolving curve and 

the band boundary. Such an approach is computationally expansive and would dominate 

the time spent in each iteration. However, there is no real need to know the exact 

distance; we need only check if the sign of distance changes at the boundary of the band 

or we can preset a certain number of iteration that can guarantee the evolving curve will 

not pass through the boundary of the narrow band. 

For the first method, we need to store two sets of edge points, one is consisting of the 

points on the outside curve on the band and the other one is consisting of the points 

on the inside curve on the band. If the evolving front passes through these curves, the 

signs of some points will change. Then by inspecting the sign changes, we know when to 

rebuild the narrow band. However, this method is relatively slow. 

Here we choose to use the second method, which just simply sets an iteration number 

that guarantees the front is inside the band. It is computationally fast and will not affect 

the final result. We can find this number after some experiments. 

2.3.3 Choosing an appropriate narrow band width 

For the narrow band width, there are several variants, for example, one can choose a 

fixed size of the narrow band width instead of picking a thin band where the speed 

fonction is small and increase its size at places where the speed fonction is large. In our 

implementation, we choose a fixed size for the narrow band. 

There are two extremes for choosing the width 8. If the narrow band is too large, it 

will never be rebuilt and this is equivalent to the basic straightforward implementation 

which updates the whole computational domain each time. There is no improvement for 
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the computing speed. At the other extreme, if the narrow band is not wide enough, for 

example, three grid point across, one must re-initialize the narrow band almost every 

time step. Then the cost of this rebuilding becomes significant. According to Sethian's 

research [25], we choose a narrow band width of six grid point on either sicle of the 

zero level set which gives a reasonable balance between re-initialization/update costs, 

computing speed and accuracy. 

2.3.4 Zero crossing method 

It is important to get a smooth polygonal approximation { u = O} to keep numerical 

stability and accuracy of the overall computation. Since the level set of interest is the 

zero level set of the signed distance fonction, we can use the zero crossing method to find 

the current numerical approximation for the evolving front. 

The zero crossing method looks for places in the image/domain where the value of the 

distance fonction changes sign, that is, where it passes through zero. In our case, since 

we define the zero level set as the tracing front, such points occur at the current { u = O} 
in the domain. Zero crossings always lie on closed contours, and so the output from 

the zero crossing method is a binary image with single pixel thickness lines showing the 

positions of the zero crossing points that represent the evolving front. 

The simplest way is to simply set the threshold value as zero, to produce a binary image 

where the boundaries between inside and outside regions represent the locations of the 

zero crossing points. These boundaries can then be easily detected and marked in a 

single pass. The problem with this technique is that it will tend to bias the location of 

the zero crossing edge to either the inside of the edge, or the outside of the edge. We 

just linearly interpolate the position of the evolving front and choose the doser point 

as the zero crossing point. One problem with the second method is that the subpixel 
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information is lost. 

2.4 Experimental Results 

In this section, several experiments which apply different algorithms of geometric de-

formable models in 2D and 3D will be presented and discussed. 

Given an image or a stack of images, first we need to provide an initial contour/surface. 

The initial contour can be placed anywhere in the image domain. However, in our exper-

iments, we put the initial contour inside a desired shape or enclosing all the constituent 

abjects. Then the evolving front seeks the abject boundary by either propagating out-

ward or inward in the normal direction. 

2.4.1 2D experiments 

In this section, the experiment of geometric deformable model (GDM) using the level 

set method in 2D will be presented. As we discussed in previous sections, the numerical 

implementation of GDM using the level set method is based on the algorithm for surface 

evolution via level sets. We implemented the narrow band algorithm on a 256x256 grid 

gray scale image. The result in Figure 2.1 shows that the model allows the evolving 

contour to change the topology without monitoring the deformation. The narrow band 

width is set to 6 grid point on each side of the zero level set, the iteration number between 

re-initialization is set to 5 and the time step /),.t is set to 0.3. The index power p of the 

stopping fonction g is set to 2 and the smooth constrain coefficient 'Y is set to O. 75. 

We tested different parameter settings on the same image in Figure 2.1. From the exper-

imental results, we can get the conclusion that for the time step /),.t, the bigger the /),.t, 

the faster the convergence of the contour, as shown in Figure 2.2. For the index power p, 
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if it is high, then the gradient is high, then the weak boundaries are not well detected and 

will be easily crossed over by the evolving contour; if it is low, then the zero level set will 

stop at noisy or isolated edges. Figure 2.3 shows the results of two different p. We can 

see that when p is small, the evolving contour pass across the noisy and weak boundaries 

very easily. Even at the relatively obvious boundary, the contour will cross over it after 

certain iterations. This also explains that during the curve propagation, there are some 

small closed curves appearing and disappearing because of the noise in the image. For 

the coefficient , , when we increase it, the zero level set will become relatively smoother, 

as show in Figure 2.4. 

Figure 2.1: An example of implementation of geometric deformable models using the 
level set method in 2D. (a) is the input image and (b) rv (!) show the evolving result of 
the initial curve. 
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(a) (b) (c) 

Figure 2.2: Experimental results with different ~t value only at nth re-initializatio. (a) 
~t = 0.3. (b) ~t = 0.1. (c) ~t = 0.03. n is the number of re-initializations. 
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(a) (b) 

Figure 2.3: Experimental results with different index power value p of the stopping 
fonction g only at n th re-initializatio. ( a) p = 2. (b) p = l. n is the number of 
re-ini tializations. 
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(a) (b) 

Figure 2.4: Experimental results with different smooth constrain coefficient , only at nth 

re-initialization. ( a) , = 1.5. (b) , = 0.5. n is the number of re-initializations. 
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2.4.2 3D experiments 

In this section, we show the experimental results of GDM using the level set method on 3D 

volume data. There are two results for each experiment data set: one implemented with 

the direct 3D approach, another one with the 2D approach and rebuilt by the marching 

cubes algorithm [16], a surface reconstruction algorithm. We apply surface rendering on 

these two experimental results by using Visualization ToolKit (VTK). 

The example data set we are using in the 3D experiment is a stack of cross sectional 

slices of a 3D ellipse. The 3D ellipse is formed by 63 synthesized cross section slices with 

256x256 pixels each. Figure 2.5 shows the result from direct 3D approach. First, we 

initialize a small sphere inside the ellipse. As certain time steps pass, this initialized sur-

face evolves and finally stops at the boundary of the 3D ellipse. The different parameter 

setting tests are similar in 2D cases. 

Figure 2.5: Experimental result by direct 3D approach: an illustration of an initialized 
surface evolving to a defined 3D ellipse. 

Figure 2.6 shows the result of the implementation on the same 3D ellipse by 2D approach. 

We detect the boundary of the ellipse in each slice in the volume by applying 2D geometric 

deformable model. Then we use marching cubes algorithm [16] to reconstruct the surface 
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of the 3D ellipse. 

Figure 2.6: Experimental result by 2D approach: an illustration of an initialized surface 
evolving to a defined 3D ellipse. 

Sorne work has been done on an MRI volume dataset of a human skull. However, for the 

limitation of the programming and the complexity of the component, such as cortex, we 

could not get the satisfied result yet. This will be part of our future work addressed in 

Conclusion and Future work. 
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CHAPTER 3 

Topology-preserving Level Set Method 

and Geometric deformable models with 

Topology Analysis 

The main advantage of geometric deformable models using the level set method is that it 

automatically handles the changes of topology. There is no need to know in advance the 

exact topology of the objective, for example, the number of components and the homology 

of each component in the image. But topological flexibility is not always desired. In some 

cases, when an abject with known structure is sought, it is natural to capture the target 

in a way that gives the correct structure or topology. In these cases, the topological 

flexibility of geometric deformable rnodels is not considered to be an advantage but 

an unpredictable characteristic that should be under control. In this chapter, we will 

explore a geometric deforrnable rnodel designed using a novel topology-preserving level 

set method proposed by Han, Xu and Prince [8], which achieves topology preservation 

by applying the simple point concept from digital topology and its irnplementation. For 
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now, we concentrate on 2D case study, 3D topology-preserving using the level set method 

will be addressed in Conclusion and Future work. 

The segmentation results provided by geometric deformable models are usually dependent 

on the contour initialization, and in most cases, the results of the segmentation will only 

provide partial abjects boundaries. A new method based on digital topology is proposed 

to detect the complete boundary information of the segmented abjects. By carrying 

out a topological analysis of the abjects, this method can provide the right initialization 

that can capture all the boundaries of the abjects in certain cases. From section 3.3, we 

show the influence of object topology and the initializing position on boundary detection 

and introduce the new topology analysis method for geometric deformable models. We 

reformulate the concept of simple point and prove that a simple point can be identified 

by some collapsing algorithms. Sorne experimental results are also presented. 

3.1 Topology-preserving Level Set Method 

In [8], Han et al. proposed a new approach to preserve the topology of one or multiple 

contours during the evolution of the embedded level set fonction by applying the concept 

of simple point from digital topology. The topology of the zero level set is set as equivalent 

to the topology of the boundary of the aimed digital object. By convention, the grid 

points for which <p 0 are classified as inside the zero level set and the points for which 

<p > O are classified as outside. Because the digital object is extracted by thresholding 

the level set fonction at the zero iso-value, the topology change of the implicit contour 

must be the consequence of the sign change of the level set fonction at some grid points. 

But a sign change does not necessarily change the contour's topology. For example, 

when efJ changes from "-" to "+", which means a point moves out from inside the object 

to the background, the topology of the zero level set may change correspondingly, but 
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not necessarily. The concept of simple point under this context is defined to capture 

those points that will change the topology of the implicit contour. In the following 

subsection, some basic notions of digital topology and the definition of simple point will 

be introduced. 

3.1.1 Basic notions of digital topology 

A 2D /3D digital image I c R2 / R3 is defined as a square/ eu bic array of grid points. 

The image arrays prepared here for topology study are binary arrays, which results from 

segmented image arrays. Digital topology is the study of the topological properties of 

image arrays. To prevent topological ambiguities, it is assumed that the zero level set 

changes sufficiently slowly that it can only pass between neighboring grid points once 

at most, which suits the digital interpretation of the contour topology. We use the 

conventional definitions [2, 8, 14] of n-neighbourhood, n-adjacent and n-connected. 

Definition 1 (n-adjacent) In 2D space, two points are said to be 8-adjacent if they are 

d'istinct and each coordinate of on diff ers from the corTesponding coordinate of the other 

by at most 1; two points are 4-adjacent if they are 8-adjacent and differ in at most one of 

their coordinates. In 3D space, two points are said to be 26-adjacent if they are distinct 

and each coordinate of one differs from the corTesponding coordinate of the other by at 

most 1; two points are 18-adjacent if they are 26-adjacent and differ in at most two of 

their coordinates; two points are 6-adjacent if they are 26-adjacent and differ in at most 

one of their coordinates. 

Definition 2 (n-neighborhood) The n-neighborhood of a point p, denoted as Nn(P), is 

the set of all the points that is n-adjacent to p. 
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Definition 3 (n-connected) A set S of lattice points is n-connected if S cannot be par-

titioned into two subsets that are not n-adjacent to each other. 

m m 
2D: 4-neighborhood 2D: 8-neighborhood 

3D: 6-neighbomood 3D: 18-neighbothood 3D: 26-neighborhood 

Figure 3.1: Left: An illustration of 4-, 8-, 6-, 18-, 26- neighborhood of a lattice point. 
Right: An Example shows that with black points as foreground points, there are 2 4-
connected components or one 8-connected component based on different connectivities. 

Figure 3.1 (left) shows the 4-, 8-, 6-, 18-, 26- neighborhood of a lattice point. We denote 

the set comprising the neighborhood of p with p removed by N~ (p) and the set of of all 

n-connected components of X CI by Cn(X). The topology depends on a pair of digital 

connectivities, one for the foreground and one for the background. To avoid a connectivity 

paradox [22], different connectivities, n and ri (noted (n, n) ), must be used to comprise an 

abject X and a background X. As a connectivity paradox example, in Figure 3.1 (right), 

if 4-adjacency is used for all pairs of points then the black points are disconnected into 

two components but still separate the set of grey points into two components, while if 

8-adjacency is used for all pairs of points then the black points form the discrete analog of 

a Jordan curve but they do not separate the grey points. If 4-adjacency is used for grey 

points and 8-adjacency is used for black points then the black points form a closed curve 

and separate the grey points in two sets. The consistent connectivity rules in 2D are (4,8) 

and (8,4), in 3D are (6,18), (6,26), (18,6) and (26,6). The following definitions[3, 8, 14] 

are important to track the topology changes of a contour: 
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Definition 4 {Simple Point) A point is simple if its addition to or removal from a digital 

abject does not change the abject topology. 

Figure 3.2: Topology equivalence of the embedded contour and the digital object it 
defines on the grid: 4-connectivity for dark points and 8-connectivity for others. Left: 
Original contour. Middle: The contour passes over a simple point 1. Right: The contour 
splits at a non-simple point 4. 

Definition 5 {Geodesic Neighborhood) Let X CI and x CI. The geodesic neighborhood 

of the point x with respect ta the set X of order k is the set N!(x, X) defined recursively 

by: N~(x,X) = N~(x)nX and N!(x,X) = U{Nn(y)nNM(x)nX,yEN!-1(x,X)}, where 

M = 8 in 2D and M = 26 in 3D. 

Intuitively, the geodesic neighborhood N!(x, X) of a point is the set of points in the 

(3 x 3)/(3 x 3 x 3) neighbors of that point x that belong to the object X based on n 

connectedness. k can be interpreted as the number of paths between the given point and 

the neighbor. For example, in Figure 3.2, Nl(l, X)= {2, 3} and Nf (4, X)= {2, 5, 7, 8}, 

where X is the set of dark points. 

Definition 6 {Topological Numbers) Let X C I and x C I. The topological numbers 

of the point x relative to the set X are: T4 (x, X) = #C4(Nf(x, X)) and Ts(x, X) = 

#C8 (Nf (x, X)) in 2D;andT6 (x, X)= #C6 (Nl(x, X,)), T6+(x, X)= #C5(Nf(x, X)), T1s(x, X)= 

#C18 (N't8 (x, X)), and T 26 (x, X) = #C26 (NJ6 (x, X)) in 3D, where # denotes the cardi-

nality of a set. 

38 



The topological numbers of a point Tn(x, X) are actually the number of connected com-

ponents within the set of geodesic neighborhood of that point x that belong to the abject 

X based on n connectedness. For example, in Figure 3.2, T8 (1, X) = #C8 (NJ(l, X))= 1 

and T4(l, X) = #C4(NJ(l, X.)) = 1; T8 (4, X) = #C8(NJ(4, X)) = 2 and T4(4, X.) 

#C4(NJ(4,.X.)) = 2, where Xis the set of dark points. 

The topology of the digital abject will not change if the grid point with a sign change 

is a simple point. It is proven in [8] that a point x is simple if and only if Tn(x, X) = 1 

and Tn(x, X) = 1, where (n, n) is a pair of compatible connectivities. So, to determine 

whether a point is simple, we need only compute two topological numbers Tn(x, X) and 

Tn(x, X) based on labeling inside the (3 x 3)/(3 x 3 x 3) neighborhood of that point. 

To preserve the topology of the evolving contour, the idea is to monitor the potential sign 

changes of the level set fonction during the evolution. If a sign change is going to happen 

at a simple point, it is allowed; but if it is going to happen at a non-simple point, then it 

is prohibited by forcing it to keep the same sign as the previous one at that point. This 

prevents topology changes of the implicit contour of the level set fonction and maintains 

the correct topology of the digital abject. 

3.1.2 Adapting the narrow band algorithm 

As introduced in Chapter 1, geometric deformable models embed the evolving front into 

a level set fonction and the viscosity solution is imposed on the level set fonction to 

capture the singularities during the evolution, so geometric deformable models using the 

level set method are designed to prevent self-intersection and is computationally cheap 

to verify topology changes. The narrow band algorithm of the level set rnethod irnproves 

considerably the computational speed since only a small set of grid points near the zero 

level set are updated during each iteration. The topology preserving approach makes 
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full use of these advantages by only adapting the narrow band algorithm to topology 

preserving level set method. This method differs from the original narrow band algorithm 

only in the step of updating the level set fonction. When the fonction cp is about to change 

its sign at a point, a routine inspection is performed to check if this point is simple or not. 

If the point is not simple point, the sign change is not allowed and the level set fonction 

keeps the previous sign with a very small value at that point. So the motion of the level set 

fonction is limited and the topology stays the same as the one of the digital abject. Only 

nominal computational overhead is added to the standard geometric deformable models, 

so this method maintains the advantages of standard geometric deformable models and 

at the same time the topology is preserved. 

To implement this topology-preserving level set method, Han et al. [8] introduced a 

binary-valued fonction B(·) defined on the digital grid that acts as a labeling indicator. 

For each point Xi in the computing domain at time t, B(xi) equals to O if cp(xi, t) > 0 

and equals to 1 if cp(xi, t) O. The array B is initialized by the initial contour cp(., 0) and 

is updated when the level set fonction changes its sign at a grid point. A sign fonction 

is used to compute the sign changes 

. { 1 if x O; 
sign(x) = -1 if x > O. 

The algorithm for topology preserving level set method is described as following: 

1. Set the iteration number m = 0, t = 0 and initialize u(., 0) to be the signed distance 

fonction of the initial contour. Initialize the binary fonction B. 

2. Build a narrow band with an initial curve/surface, set the statuses of all pixels by 

calculating the distance to the initial curve. 

3. Update the front by calculating u~-;-1 for every point in the narrow band with a 

time step ôt using equation 2.1. 
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(a) If, for every point in the band, sign(u?,j1) = sign(uf,j), keep B(.) unchanged 

and go to next point. Otherwise, go to 3(b). 

(b) compute the topological numbers to check if this point is simple, if yes, then 

set uf,;1 = uf,j B(i,j) = B(i,j) + 1 mod 2 and go to next point. Otherwise, 

go to 3(c). 

( c) This point is not simple. To preserve the topology, the sign change is not 

allowed. Set uf,j1 = E · sign(uf,j), Eisa small positive number. Here B(i,j) 
remains unchanged. 

4. Increment m by one. If the value of m is equal to a designed value, go to step 5, 

else go to step 3. 

5. Check the convergence of u by setting a srnall enough distance ( or a certain number 

of iterations. If yes, go to step 6. Otherwise, reinitialize the narrow band by treating 

the approximation { u = O} as the initial contour and go to step 3. 

6. The iteration stops and the current zero level set is the desired object boundary. 

where Xi is a general grid point in the computing domain and Yi a point in the narrow 

band. We can see that the algorithm inspects each sign change at a grid point of the level 

set fonction. So the topology of the evolving front is preserved as designed. Figure 3.3 

shows an exarnple of the different results between the evolutions with topology preserving 

and without topology preserving. The input image is a synthesized C shaped object with 

two ends touch. 
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Figure 3.3: An illustration of an initialized contour evolution with (left) and without 
(right) topology-preservation. 

3.2 Experimental Results for Topology-preserving Level 

Set Method 

A 2D experimental result for topology preserving experiment is presented. Figure 3.4 

shows the difference results between evolutions with topology preserving and without 

topology preserving. The input image is part of CT image of elbow bones with a weak 

gap between the two bones. Without the topology preserving constraint, the two separate 
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curves merge at the weak gap and one single contour that encloses the two bones is 

produced in the final result, as shown in bottom row in Figure 3.4. But with topology 

preserving method, the boundary of each bone keeps separated throughout the evolution 

and the final contour correctly reflects the shape of the bones, as shown in top column 

of Figure 3.4. 

Figure 3.4: An experimental example of initialized contour evolution with (top row) and 
without (bottom row) Topology-preservation. Bottom row: the two contours merge at 
the weak gap; top row: the two curves keep separated throughout the evolution. 

One problem with this method is that the result is sensitive to the initial contour position, 

that is, the method may lead to wrong results based on different initializations. If, after 

certain iterations, the two initialized contours reach the weak boundary in a relatively 

close time, this method works well; otherwise, the contour that first reaches the weak 

boundary may cross over the boundary and meets another contour in wrong area. Figure 

3.5 shows this situation with one of· the contour is initialized very close to the weak 

boundary and the other one is far from the weak boundary. The contour that first 

reaches the weak boundary stays at the boundary for some iterations and finally pass 

across the boundary before the other contour reaches the boundary. 
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Figure 3.5: An experimental example of initialized contours which reach the weak bound-
ary in different time. The contour that first reaches the weak boundary crosses over the 
boundary and meet the other contour at a wrong place. 

3.3 Geometric Deformable Models with Topology Analy-

sis and Its Experimental Results 

In this section, we first give the new reformulation of the concept of the simple point. 

Then we show the influence of the initialization of the geometric deformable models and 

propose the new topology analysis method followed with some experimental results. 

3.3.1 Cubical image support and characterization of simple points 

A q-dimensional digital picture is defined as a fonction f from a subset P of zq. Usually 

the fonction f will take values in such a way to specify if the point in P is an abject point 

or a background point. We follow the approach in [9] by taking each point p E Pas the 

center of a q-dimensional unitary cube QP whose faces are parallel to the coordinates axes 

in such a way that the final structure yields a cubical complex in the Euclidean space 1Rq 

as shown in Figure 3. 7. As mentioned in [9], the connectivity paradox in digital pictures 

arises because we consider simultaneously the connectivities of given subsets and their 

complementary subsets. But in practice, we are usually interested only in the connectivity 

of a given subset, in which case we avoid any confusion by considering the connectivity 

of the area of the cubical complex defined by this object's points in the Euclidean space 
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IR_q. We follow the conventional definitions of neighborhoods and adjacency for 2D and 

3D digital images [2, 14] and define the neighborhood of a q-pixel Qp (q-dimensional 

unitary cube) V(Qp) as the unidn of the cubes Q8 for all s E Nn(p). Here n = 3q - 1, 

Nn(P) = {s I Doo(s,p):::; 1}, where D00 (x,y) = _max lxi -yil, is the classical definition 
. i=l, ... ,q 

of a neighborhood in digital topology. Figure 3.6 shows the neighborhood of a unitary 

cube in 2D and 3D. 

2D: 8 neighborhood 

• -

,, 
3D: G - neighborhood 18 - neigl?bomood 2G .: nèig_!Jborhood· 

Figure 3.6: An illustration of 4-, 8-, 6-, 18-, 26- neighborhood of a unitary cube. 

In the sequel, we will use the following notations 

IPI = U Qp, N~(p) = Nn(P) \ {p} 
pEP 

and 

V*(Qp) = U Qs = IN~(P)I. 
sEN;'.(p) 

The usual definitions of adjacency and connectivity for subsets of a digital picture with 

this approach match the ones used in the Euclidean space. Following the standard 
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(a) (b) 

Figure 3.7: (a) 2D cubical complex in the plane with one connected component and 
one hole. (b) 3D cubical complex with one connected component and five independent 
tunnels. 

treatment in algebraic topology [18, 19], every subset P of our digital image represented 

by a cubical complex can be broken clown into cells of different dimensions and grouped 

by dimension in subsets Ek, 0 S k S q. A k-chain is a formal sum of integer multiples of 

elements of Ek. This forms a free group denoted Ck(P), and called the k-chain group of 

P. The classical operator that defines the boundary of each cell as an alternating sum 

of its faces is naturally extended to a homomorphism ak : Ck(P) -+ Ck-i(P) for each 

0 S k S q. This allows to form the cubical homology groups {Hk(P)h of P (see [10] 

for a very recent treatment of cubical homology). These groups measure the connectivity 

of P, i.e., they count the number of hales of all dimensions in P. For a subset PC JR3 , 

the situation is fairly intuitive since the holes are connected components in dimension 0, 

independent tunnels in dimension 1 and independent voids or cavities in dimension 2. 

The homology groups of a given cubical complex are calculated using a collapsing or 

reduction process of the size of the chain complex by local simplification (removal of 

cubes across their faces) in such a way that the homology is preserved at each step. After 

each reduction, we obtain a new chain complex with less elements (thus, the algorithm 

always terminates) but with the same homology as the previous one. We may start with 

a cubical complex (C0 , 8°) as shown in Figure 3.8(a). After successive collapsing, one 

gets the final complex (Cf, 8f) underlined by Figure 3.8 (f) which can be proved to be 
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Figure 3.8: Global view of the reduction. 

isomorphic to the homology groups of the initial complex. That is, 

Details about this collapsing algorithm can be found in [1, 10, 11]. 

One of the key notions in digital topology is that of a simple point [2, 9, 14]. Simply 

speaking, if Pis a subset of a q-dimensional digital image, a point p E P is simple in Pif 

its deletion preserves topology, that is P \ {p} has the same topology as P. It was stated 

in [9] that this is equivalent to being able to deform continuously the cubical complex 

defined by P to the one defined by P \ {p} in the Euclidean space. It was also stated in 

the same paper, that this is equivalent to the fact that the removal of p from P does 

not produce a hole in IPI and the subset C = V*(Qp) n IPI consists of one connected 

component. Following a discussion in [21] on reduction of large cubical complexes with 

a method that preserves topology, we reformulate in our setting the concept of a simple 

point as follows. 

Proposition. Let P be a subset of a q-dimensional digital image. A point p E P is 

simple in P if and only ~f C = V*(Qp) n IPI can be collapsed to a point. 

One can very easily prove that C np is a strong deformation retract of C (see [21]), and 

that C n p = 1 P \ {p} 1 n p. If C can be collapsed to a point, C n p can also be collapsed 
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to a point. Therefore, adding p to IP \ {p }I will not alter the topology. This fact can 

be proved rigorously using the concept of Mayer-Vietoris sequence of homology groups 

to prove that the inclusion IP \ {p}I C IPI is an isomorphism in homology in this case. 

Note that our characterization of a simple point works in any dimension, however it is 

limited to one configuration of connectedness in digital pictures as done in [9]. 

3.3.2 Geometric deformable models with topology analysis 

Figure 3.9: An illustration of different initialization and their evolving results 

With different initial positions, as mentioned above, geometric deformable models using 

the level set method may end with totally different segmentation results, and can not 

guarantee to find the correct and complete boundaries. Take a simple example, Figure 

3.9 shows a screw nut shaped object in the image. If we initialize a curve inside the hole 

of the nut, as shown in row (a), the final boundary we get is only the inside boundary 

of the nut and we know nothing beyond this circle. If we initialize the curve between 

the two boundaries of the nut, as shown in row (b), then we will get the outside and 
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the inside boundary of the nut as the final boundary, again we know nothing beyond the 

outside boundary and inside the inner boundary. In these two cases, we set the direction 

of the advection force outward. A common way of the initialization is with the curve 

contains all the abjects in the scene, as shown in case (c), then evolve the curve inward. 

We get partial boundaries of the abjects. However, this is not guaranteed that you can 

find all the abject and we have no idea of high level details of these abjects. In the case 

of finding some abject with known topology structure, then one way that can guarantee 

the right result is to initialize seeds in every small enough area in the image to avoid 

missing any desired abject boundaries. This is very computationally expensive and slow. 

To solve this problem, we propose a new methodology that can choose the right initial 

interface position to finish the desired work by combining topology analysis. Suppose 

we have detected some abjects in an image and we want to get more information about 

these abject or we want to find abjects with some known topology. By applying contrast 

enhancement and thresholding on the image, we can get an estimate of the object's 

interior, a binary image, for topology analysis. 

To optimize the initialization position for the evolving curve, the idea is to choose a point 

that is lying in the region of interest, then put the predefined curve referred to this point in 

the image and check to make sure that all the points included by the curve are non-simple 

points, which means that the initialization is totally in the forground/background as we 

want. This can be done by applying the concept of simple point with new formulation and 

the algorithms mentioned in Section 3.3.1 on the points. We call this topology analyzing 

level set method. For a given image J or a captured abject 0, a brief algorithm of this 

method is described as follows: 

1. Apply contrast enhancement and thresholding on the image J or abject O to get a 

binary image h / 0 B. 
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2. Randomly choose a seed point for a predefined initial curve in the region of interest 

in IB/0B. 

3. For each point within this curve in IB/0B, 

(a) Use the collapsing algorithm on the subset C of the neighborhood of the point 

to check if the point is simple point 

(b) If the subset C collapses to one point, then the point is a simple point, go to 

step 2 

( c) Else the point is a non-simple point, go to next point 

4. Apply GDM using level set method with this optimized initial curve in I /0. Set 

the advection constant term c = 1. 

5. For all the object found in I /0, apply this algorithm again if necessary. 

3.3.3 Experimental results 

In this section, we present some experimental results that were obtained by applying the 

topology analyzing level set method. Given an image, we can initialize a closed curve 

randomly but satisfy the all-non-simple-point principle that for sure will evolve to capture 

all the shapes of the objects in the image. Then for each found object, apply the same 

procedure to find the complete structure inside the object. 

First experimental example is an image with a mug and a pair of glasses. Figure 3.10 

shows two abjects are captured in the image. But we are not able to figure out what 

exactly they are. To get more information of the detected objects, take one of the abjects, 

for example, the up-right one, apply the topology analyzing level set method, we get the 

complete inside boundary information, as shown in row (b). It is guaranteed that the 
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initial curve is in the background of that object, not inside or cross some holes. Combine 

figures in row (a) and row (b), we can clearly see that it is a mug shaped object, as shown 

in Figure 3 .11. 

Figure 3.10: An example shows the importance of initial position to get the correct high 
level boundaries, as shown in row (b). 

Figure 3.11: The correct and complete boundaries show a mug shaped object 

The second experiment is to analyze a captured abject, a mask, as shown in. Figure 3.12 

(a). By applying the topology analysis method, the initial curve is set in the background 

region of the mask and the evolution result is shown in Figure 3.12 (b), which gives 
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satisfactory information about the object. Figure 3.12 ( c) and ( d) show that without 

topology analysis method, the possible initial positions and the corresponding results. 

(a) (b) 

(c) ( d) 

Figure 3.12: The experiment on captured object, a mask. (a) is the captured object, a 
mask. (b) shows the evolution results with topology analysis method. ( c) and ( d) shows 
the possible initial positions without topology analysis method and their corresponding 
results . 

The third experimental example is a cross sectional image of human vertebra phantom. 

As shown in Figure 3.13 , we can see different final boundaries started with different 

initial positions. With our approach by checking that every point in initial curve is non-

simple, we can make sure that the initial curve is inside the foreground and will get the 
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complete boundaries, as shown in Figure 3.13 row (c). This is a good example to see 

that with the detailed complete boundaries, which gives useful description of the abject, 

it will be much easier and efficient to carry out its higher level processing. 

Figure 3.13: An experimental result of different initialization on a cross sectional image 
of human vertebra. With the new approach, it is guaranteed that the initial curve is 
total y inside the foreground, as shown in row ( c). 

However, the topology analysis method also has weak points. some errors may occur 

during the thresholding stage, which may cause the initial contour is not completely set 

inside the region of interest and lead to loss some boundary information. An example is 

shown in Figure 3.14. The initial contour is set across the boundary to be detected and 

this boundary is missing in the result. To find a better adaptive thresholding algorithm 

is addressed in future work. 

Figure 3.14: An example of the initialized curve set across the boundary to be detected. 
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Conclusions and Future Work 

Conclusion 

Geometric deformable models using the level set method are very powerful and successful 

in research areas such as edge detection, image segmentation and shape modeling. They 

usually start with initial contours, then deform these contours with a speed related to the 

mean curvature along the normal direction and the deformation stops at the boundaries of 

the objects to be detected. There are several important advantages of these models. First, 

they are completely intrinsic and therefore are independent of the parametrization of the 

evolving contours. Second, it is very easy to compute the intrinsic geometric properties of 

the contour such as the unit normal vector and the curvature from the level set fonction. 

Third, the geometric models can automatically handle the topology changes during the 

evolution. Fourth, the resulting contours do not contain self-intersections. Finally, the 

computing speed is very fast using some adaptive algorithms, for exarnple, the narrow 

band algorithrn and the fast rnarching method. 

When topological flexibility is not desired, topology preserving geornetric deformable 

models using the level set rnethod are preferred and can guarantee that the final contour 

has exactly the same topology as the initial one. They make use of the properties of 

non self-intersection of the resulting contours and control the topological changes of the 
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evolving contour by applying the simple point criterion borrowed from digital topology. 

The implementation is simple and computationally fast because the topology preserving 

rnethod adapts the narrow band algorithrn frorn the level set rnethod. There is a weakness 

that the result can depend on the position of initialization which we address in a work 

in progress. 

A new rnethod is proposed to capture complete boundaries for object recognition with 

geometric deformable models. We adopt the simple point concept from digital topology 

to optirnize the initial position of the evolving curve. With this approach, the right initial 

position is guaranteed in order to get some higher level information for the detected object 

in an efficient way. This is a very desirable feature in image segmentation, shape recovery 

and surface reconstruction. Although we only discussed examples in 2D, this method can 

be extended to higher dimension without significant difference. 

Surface rendering and volume rendering are very important techniques to display data 

sets in 3D. They have their own advantages and disadvantages. For surface rendering, an 

intermediate geometrical representation, such as lines and polygons, has to be generated 

by making binary decisions of inside or outside for every voxel in the computing domain. 

But it can give very clear and precise abjects boundaries. In contrast with generating 

accurate representation of surfaces, volume rendering provides the possibility to see weak 

or fuzzy surfaces that would normally be hidden by standard surface rendering techniques. 

However, volume rendering can not produce very accurate surface boundaries. 

Future Work 

The basic theory of geometric deformable models is quite complete. Sorne improvement 

on our implementation of 3D geometric deformable model with the level set method is 
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necessary for further study and research. Topology preservation and analyze are very 

attractive characteristics for these deformable models. The current implementation for 

topology preserving method and topology analysis method are far from satisfactory. Im-

proving the algorithm to overcome the weakness of dependence on initialization in 2D 

topology preserving algorithm and designing a better adaptive thresholding algorithm 

for topology analysis method should have the top priority. Then 3D object extraction 

with topology control is the final aim which is also one of the main themes of the future 

study. 

Visualization, based on surface reconstruction and volume rendering, is important to 

display results of implementations in 3D, but is also a domain of research in its own 

right. We have outlined important directions for future research in this domain, such as 

the different problems occurring in surface reconstruction from planar contours. There 

are also several issues of interest in volume rendering and surface fitting including data 

classification that consists of choosing parameters for shading and opacity for different 

layers of a given volume data set. 
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Appendix A 

Surface Reconstruction and 

Visualization 

To present the results of the implementation of geometric deformable models using the 

level set method in 3D, algorithms for surface reconstruction from planar contours and 

volume rendering are explored. One part of this work concerned learning how to use 

the Visualization Toolkit (VTK), a software system for 3D computer graphies, image 

processing, and visualization. 

In this chapter, the state of the art in surface reconstruction and volume rendering are 

reviewed first in section A.1 and A.2. Then in the following section, our implernentation 

results using VTK are presented. 
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A.1 The State of the Art in Surface Reconstruction 

For a given set of cross sectional slices of some abjects or a volumetric data containing 

the abjects, the surface reconstruction is to produce a representation of two-dimensional 

triangles/facades in 3D. In general, there are two basic reconstruction approaches: volume 

based and surface based. Volume based approaches assume that the datais available as 

a three dimensional grid. Surface based approaches assume that the data is sectional 

planes of surfaces. It depends on the nature of the data to choose the more suitable 

method. When the available data is a dense 3D lattice of scalar values, a volume based 

approach such as marching cubes algorithm of Lorensen and Cline [16] may be a better 

choice. If the available data is a set of closed contours representing the surfaces of the 

abjects to be reconstructed, then a surface based approach may be preferred. In this 

section, both methods will be briefly introduced. 

A.1.1 Surface based approaches 

When a series of two-dimensional planar contours are available, the surface reconstruction 

problem is actually to find a correct, stable tiling process to stitch the series of two-

dimensional contours together in order to form a three-dimensional surface. This problem 

is usually broken into four subproblems: 

• the correspondence problem: given two neighboring slices with some number of 

contours, how to decide which contours from one slice correspond to which contours 

on the other slice? This is an important prerequisite to use tiling algorithm. 

• the branching problem: given two neighboring slices with M, N contours respec-

tively within them, how should the tiling process be proceeded? 
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• the tiling problem: how should two contours from two slices be connected? 

• the surface-fitting problem: what is the right geometry of the reconstructed surface? 

There are many methods to salve these problems nowadays. One classical method, the 

simple triangulation method [7, 13], is to fit a triangular strip between the individual 

contours in neighboring slices. Each triangle in the strip has two vertices on one contour 

and the third vertex on the adjacent contour. The triangular strip is built such that it 

has the minimum possible surface area. This is carried out by searching the graph of all 

possible triangular strip configurations. The resulting surface is relatively smooth since 

each triangle's size and orientation can be adjusted. One of the drawbacks of this method 

is that the user must extract contours in every slice that compose the abject. The second 

drawback is the complexity of generating the triangular strip increases significantly when 

there are different number of contours in two neighboring slices. 

Figure A.l: A stitching example: surface reconstruction from serial sections. 
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A.1.2 Volume based approaches 

By using the slice data as a true three-dimensional data set, the volume based methods 

do not need to preprocess the contours in each slice and do not need to stitch individual 

contours together. They automatically handle the corresponding and branching problems 

by treating the stack of slices as a continuous volume space and then extracting the 

surface with some values given by a designed fonction. Here we will briefly introduce 

some well-known volume based methods, such as the marching cubes algorithm. 

Marching cubes algorithm 

Lorensen and Cline created an algorithm called rnarching cubes [16] that is used to 

construct iso-surfaces from a 3D volume data. It first subdivides the space into a series 

of small cubes/voxels. Then it marchs through each of the cubes to test the corner 

vertices. If one or more vertices of a cube have values less than the user-specified iso-

value, and one or more have values greater than this value, then this cube intersects with 

the iso-surface and must contribute some component of the iso-surface. By determining 

which edges of the cube are intersected by the iso-surface, an appropriate set of polygons 

are created that <livide the cube between regions within the surface and regions outside. 

The total surn of all polygons generated will be a surface that approximates the one the 

input data set describes. 

The marching cubes algorithrn is simple and efficient to construct a surface from a volume 

dataset with some threshold values. The algorithm allows us constructing a surface at 

any resolution, it can be as accurate or inaccurate as we please. Since there is only a 

lirnited nurnber of possible cube state combinations (28 = 256 possibilities), the triangles 

associated with each other can be constructed beforehand and kept in a lookup table. 

This is a massive speedup. 
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Figure A.2: For any cube intersects with the iso-surface, there are 256 possibilities that 
the surface can pass through it. When rotation, symmetry and inversions are taken into 
account, these cases can be eut clown to 15 basic cases. 

One obvious problem with marching cubes is the amount of memory needed to store 

the resulting surface. As each boundary cube may generate up to 5 sub-pixel facets, 

the result is quite large. We can reduce this problem by sharing vertices and edges, or 

even merging coplanar patches into larger facets. Another problem of this algorithm is it 

sometimes connects the wrong sets of three points while generating triangles, which can 

result in hales. This can be avoided by polygonising a surface using tetrahedrons rather 

than cubes. 

A.2 The State of the Art in Volume Rendering 

In recent years a large number of volumetric datasets are being produced as the results of 

scanning technology. As we discussed above, understanding the information from volume 

data can be obtained by evaluating each voxel value in the volume and deriving geometric 

surfaces approximated by polygons, for example, using marching cubes algorithm. This 

can give relatively good enough result for volumes with strong and obvious structure. 

However volumetric data might consist of very weak or fuzzy surfaces/edges, or might 

contain too much detailed structural information to be represented geometrically. In 

61 



these cases, the surface rendering technique can not provide satisfactory results. 

Unlike traditional computer graphies techniques which are using intermediate geometrical 

representations, volume rendering takes volume data as 3D entities and conveys the full 

volume nature of the original data. It allows the user to see details of the volume that 

would normally be hidden by standard surface rendering techniques. It also frees the 

user from making a decision for every volume voxel whether or not the surface passes 

through it in order to form an accurate representation of surfaces, which can produce false 

positives (spurious surfaces) or false negatives (erroneous holes in surfaces). The objective 

of volume rendering is to penetrate the volumetric abjects to view the inner information 

that can be either vague or highly complex structure. The scalar property within the 

volume can be assigned with a color and a transparency value. When penetrating rays 

are traced into the volume, they are attenuated and colored depending on their route 

through the volume. 

A.2.1 Direct Volume Rendering 

In this section, the direct volume rendering technique developed by Marc Levoy [15] will 

be explored. Its volume rendering pipeline is shown in the Figure A.3. 

The 3D volume data is presented by a finite number of cross sectional slices and each 

voxel stores a data value that is usually a measure of density. During classification, voxels 

are separated into different feature classes, typically by assigning different opacities and 

colors to voxels. Classification can be clone based on iso-values or boundaries. 

The resampling is carried out by ray casting. Ray casting is a rendering method that 

creates imaginary rays from the viewing plane toward the volume and the pixel color of 

the image is the color of the ray determined using light transport information. As the 

imaginary rays pass through the volume, samples are taken along each ray for accumula-
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Figure A.3: Volume Rendering Pipeline 

tian. These sample points are seldom aligned with exact voxel locations. Interpolation is 

used to generate new values for samples that lie between the actual voxels. Resampling 

is the process of generating new addresses into the voxel space and new values. 

Compositing is accomplished via a composition function that accumulates all scalar values 

of resampled points on the ray path into one value. There are two basic composition 

functions: front-ta-back and back-ta-front. Front-ta-back composting has the advantage 

to stop processing the current ray by using early ray termination when the opacity is 

close to 1. 

The algorithm in [15] can be briefly summarized as follows: 

1. Read in the volume data set and build the data space and viewing space. 

2. Put the volume in the desired position in the viewing space by transformation and 

store the 8 corners of the volume in the viewing space, the range of the volume. 

3. For each pixel in the projection frame, along the projecting direction, create a 
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Figure A.4: Ray casting 

ray passing through the volume and then set the resampling interval. For each 

resampled point in the volume range: 

(a) Apply the inverse transformation to get the position in the volume data set 

(b) Interpolate the scalar values, density and gradient, with the 8 neighbors of the 

sample point in the volume data set by trilinear interpolation. 

( c) Classify each resampled point based on defined transfer fonction and assign 

color and opacity for each sample point. 

4. Composite all scalar values of resampled points on the ray path into one on a 

front-to-back order by a composition fonction: 

n 

I(x, y)= I: Jirr;:,1(1 - ai), 
i=O 

where li is the total light ernitted from a point at position i on the ray, Œj is the 

opacity of that point. If rr;:,b(l - cxj) 0.95, terminate the processing of the 

current ray. 
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5. Set the composition results I(x, y) to pixel values at (x,y). 

However, volume rendering is not very accurate. some error may occur in classification 

because of the deterministic algorithms. Also it is not possible to measure the geometric 

properties of abjects since the boundaries of each object are indiscernible. 

A.3 lmplementation in 3D Surface Reconstruction and 

Volume Rendering 

We use Visualization ToolKit (VTK) to display the results of the implementation of 

geometric deformable model using the level set method. We choose marching cubes 

algorithm to extract surface information for a given 3D dataset because it is efficient and 

simple to implement. 

In the implementation, we set an iso-value for the desired surface and use the vtkMarch-

ingCubes class to rebuild the surface. The following Figure A.5 shows a 3D ellipse 

reconstructed from 63 cross section slices of the ellipse. 

As a comparison, we applied volume rendering on the same data set, as shown in Figure 

A.6. We use an orthographie projection and front-to-back order to render the data set. 

As we can see from Figure A.5 and Figure A.6, volume rendering allows us to see inside 

the object by setting the desired transparency value. 

We also used the volume rendering algorithm to display an MRI volume dataset of a 

human skull. The Figure A. 7 is the volume rendering result showing the structure of the 

head with highlight the cortex by setting the classification isovalue to the desired value. 
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Figure A.5: A simple example of 3D surface reconstruction using marching cubes algo-
rithm. Pictures on the left side are some cross section slices of the ellipse and on the 
right side is the 3D ellipse after reconstruction. 

Figure A.6: View of volume rendering of the same 3D ellipse. 
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Figure A.7: Volume rendering on a human skull 
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