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Notations 

 

T Maturity 

K Default barrier 

r Risk-free interest rate 

γ Growth rate of the firm’s liabilities 

A Asset value (firm value) 

L Liabilities value 

E Equity value 

D Zero-coupon bond value 

K Face value of bond D 

μ Mean rate of return on the assets (drift rate) 

σ Asset volatility 

R Recovery rate 
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1. Summary 

Credit risk models are generally separated into two families: structural models and reduced-form 

models. The first structural model was introduced by Merton (1974) and relies on public financial 

information. On the other hand, reduced-form models use mainly the credit spread as an input and 

benefit from easy implementation. The following research aims at deepening our understanding of 

public and private debt credit risk. In our study, public debt (bonds) is modeled with a structural 

model while private debt (loans) is modeled with a simple reduced-form model.  

The first objective of our study is to compare credit risk between both markets through default 

probability estimations. Public and private debt markets are known to be only partially integrated 

which led to studies on the information discrepancies for market participants. Mostly studied 

through credit risk ratings and derivative markets, the general consensus is that private debt 

markets benefit from non-public information. The implications of possessing additional non-

public information for lenders are manifold. For instance, the information asymmetry could benefit 

lenders active in both markets and disadvantage lenders restricted to public debt investments.  

Our second objective is to determine how both credit models, structural and reduced-form, adjust 

to new information by analyzing the trends over time for both models. Identifying such trends can 

help in understanding the inherent credit risk perceived by both markets. More importantly, we 

can deduce which market integrates new information faster, as well as what justifies the difference 

in terms of information assimilation.  

The third objective is to identify which variables significantly influence the probability of default 

(PD) from each model. Parameters estimations is essential in structural models. Knowing which 

variables are responsible for the PD can help point towards future research in parameter estimation 

techniques. Estimates that are more accurate will lead to increasingly more precise probability of 

default outputs for not only the original Merton (1974) model but all structural models.  
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2. Introduction 

Managing risk is one of the many tasks undertaken by financial institutions to guarantee their 

survival in a time of crisis. From equities to options, bonds and currencies, these institutions have 

a duty to their investors, which entails optimizing their investment returns while respecting a range 

of predefined constraints. Depending on the asset, different risks may be more concerning than 

others. A sound risk management framework is essential to monitor the risks faced by banks and 

pension funds (Wong and Li, 2006). When a country faces a financial crisis, a vast majority of 

asset returns become negative and financial institutions experience considerable financial pressure. 

Of all the assets held by banks, corporate bonds and loans are possibly the most difficult to assess 

in terms of risk. Since default is rare, assessing the risk of default on such bonds is a challenging 

task (Kliestik and Cúg, 2015). Even if defaults are rare, the loss incurred in such events is of the 

utmost importance due to its severity. Here, we introduce a formal definition of credit risk: ‘’the 

possibility for the borrower not to meet the financial obligation previously assumed in an 

agreement, thereby causing a loss for the credit counterparty’’ (Ammann, 2001). For convenience, 

we will use default risk and credit risk interchangeably. 

With the creation of the Basel Committee on Banking Supervision, which recommends regulatory 

capital requirements, financial institutions are pushed towards evaluating credit risk more 

accurately (Kazemi and Mosleh, 2012). Credit risk models have two main objectives: evaluating 

the risk of default and pricing credit derivatives (Wong and Li, 2006). Different methodologies are 

suggested in order to achieve these goals. Ideally, the chosen methodology would be based on 

sound financial theory and be empirically approved (Wong and Li, 2006). There are two main 

families of credit risk models: structural and reduced-form models. Both have their pros and cons. 

If simplicity is the objective, reduced-form models can provide a PD estimation from a minimal 

set of inputs; a significant advantage when limited information is available.  

Credit risk affects different financial instruments and different debt markets. There exist two 

complementary debt markets: public and private. There has been evidence that both markets 

converge but are not fully integrated (OECD, 2003). One would expect both markets to generate 

similar PDs if fully integrated. However, although similar in nature, public and private debt seem 

to not be evaluated similarly. It has been proposed that credit ratings on public and private debt 

are not based on the same model (Yi and Mullineaux, 2006). Such a difference can be justified by 



6 

 

the different set of information available to each market. It is expected that private debt investors 

have access to private information which can influence their valuation of loans. Moreover, the 

private debt market seems to integrate new information more rapidly than the public debt market 

when a firm is approaching default (Altman et al., 2006).  

In this study, we are interested in how credit risk is accounted for in the public bond market and 

the private loan market. Credit risk management relies heavily on PD analysis. Different markets 

could have access to different information that could influence the credit risk assessment of a firm.  

We tackle this issue by comparing PDs from syndicated loans using a simple reduced-form model 

and PDs on a hypothetical bond using a structural model of credit risk. The structural model used 

relies solely on public information. However, private debt information is not easily accessible, but 

we are able to determine a credit spread from our database which is used as the main input in the 

reduced-form model.  

 

3. Research Objectives and Contributions 

The general research objective is to better understand the disparities of credit risk evaluation 

between public and private debt markets.  This general objective is divided into three specific 

objectives.  

The first specific objective is to compare PDs from the public and private markets for a similar 

horizon when a private loan is issued. This will allow us to determine if both markets imply similar 

PDs probabilities at a given time.  

The second objective is to determine how both models (public and private) react at a future 

revaluation date, when the syndicated loan is traded. Given that both models require different 

inputs, it is expected that they will produce different outputs.  

The third objective is to explain what variables influence the PD for each model. Identifying such 

variables will either confirm or suggest next areas of study for credit risk modeling.  
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4. Theoretical Framework 

4.1 Literature Review 

This literature review focuses strictly on structural models. However, reduced-form models are 

often compared to structural models, and both types of model tackle credit risk modeling in a 

different way. We provide a brief summary of reduced-form models for the reader. The reduced-

form approach was pioneered by Jarrow and Turnbull (1995) and Duffie and Singleton (1999). It 

was motivated by the difficulty in implementing structural models (Iazzolino and Fortino, 2012).  

The reduced-form approach does not consider the evolution of the firm’s assets and how the assets 

may fail to cover the outstanding debt. Instead, an exogenous shock representing the default of the 

firm is modeled and the capital structure of the firm is ignored (Iazzolino and Fortino, 2012). As 

opposed to structural models, reduced-form models offer an exogenous explanation for default. 

Two classes of reduced-form models exist: intensity and credit migration models (Kliestik and 

Cúg, 2015). Intensity models focus on modelling default risk as a jump process which arrives at a 

random time (Kliestik and Cúg, 2015). The jump process most commonly used is the Poisson 

process. Next, credit migration models aim to explain the possibility of transitions regarding credit 

ratings (Kliestik and Cúg, 2015). Although reduced-form models are not founded on strong 

economic theory such as structural models, they have an important advantage over their 

counterpart: they do not require any information about the capital structure of the firm, which 

facilitates their implementation.  Moreover, a striking difference with structural models is how 

credit spreads are considered by reduced-form models. Credit spreads are the additional yield of a 

corporate bond over a government-issued bond of the same maturity (Treasury bonds). This spread 

is due to several factors such as, principally, credit risk, call and conversion features, illiquidity 

and tax treatments (Huang and Huang, 2012). Reduced-form models do not provide credit spread 

as an output, but instead use it as an input to find the probability of default (Kliestik and Cúg, 

2015). There is a definite contrast in how structural models and reduced-form models treat credit 

spreads in modeling credit risk. Both methodologies have their advantages and drawbacks. 

However, the economic theory supporting structural models is undeniable and favors further 

development and empirical analysis. 
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4.2 Classical Structural Models 

 

4.2.1 Merton (1974) 

 

Robert C. Merton was the first to use the so-called structural approach to credit risk. His vision of 

credit risk is very similar in spirit to the popular Black and Scholes (1973) model of option pricing. 

Merton (1974) developed a methodology in which the shareholders’ position is a European call 

option on the assets of the firm. On the other hand, bondholders are viewed as holding a short 

position on a European put option with a strike price equal to the face value of the debt and being 

long the same bond. In Merton’s world, many assumptions are made to allow for a closed-form 

solution. Despite the fact that a closed-form solution is obtained, some assumptions are overly 

restrictive and do not represent the environment in which markets operate (Mišanková and 

Kočišová, 2014). For example, the following two assumptions are made: i) the term structure of 

interest rate is flat (constant interest rate), and ii) the value of the firm follows a diffusion process. 

The model also includes other assumptions such as the well-known perfect market assumptions 

commonly used in the finance literature. Other restricting features of the model include the time 

of default (i.e. only at maturity) and the amount recovered by bondholders in the event of default. 

Essentially, the model only allows for the use of a zero-coupon bond (i.e. zero) and common shares 

in the capital structure of the firm. Thus, a company does not have any coupon bonds issued. It 

only has a single zero available to investors. As a result, the only possible time of default of such 

bond is at maturity, an unrealistic condition since firm usually default before their assets are 

exhausted (Jones, Mason and Rosenfeld, 1984; Longstaff and Schwartz, 1995). If default is only 

observed at maturity, it is possible that the asset value was too low, prior to maturity, to assure the 

survivability of the firm. If the firm does not default (i.e. asset value is higher than the contractual 

bond payment, see Appendix 1), the firm would pay the bondholder at bond maturity. Conversely, 

in the case of default, it is assumed that bondholders receive the full remaining value of the firm 

and shareholders are left with nothing. Unsurprisingly, the resulting probability of default and 

matching credit spreads underestimate the credit risk of the firm, especially in the case where the 

firm has more than a single zero-coupon bond in its capital structure (Merton, 1974; JMR, 1984; 

Lyden and Saranati, 2001; Eom, Huang and Helwege, 2002).  
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Several aspects of Merton’s original model attracted the attention of financial academics. In 

particular, the lack of possibility of default prior to maturity and the use of a pure diffusion process 

are two areas that lead to more studies. Firstly, Merton’s (1974) model is known as a barrier-

independent model, coming from the fact that prior to maturity, the evolution of the firm value has 

no implication for the contractual bond payment at maturity. Secondly, the use of a pure diffusion 

process seemingly underpredicts credit spreads. Interestingly, in a diffusion process, the 

probability of defaulting in the very short-term is practically null (Zhou, 2001a). It implies that 

structural models that use a diffusion process alone will always tend to have zero credit spreads on 

short maturities (Zhou, 2001a). Despite its unrealistic assumptions, Merton’s original model is 

widely used by practitioners, mainly due to its simplicity (Mišanková and Kočišová, 2014). Many 

extensions of Merton (1974) were published with the objective of relaxing certain assumptions 

while trying to justify empirical observations such as "the asymmetric leptokurtic distribution of 

the asset return, volatility smile and the large random fluctuations in asset returns" (Bu and Liao, 

2014). 

Following Merton (1974), we can observe numerous models that extend Merton’s original work 

by re-specifying the interest rate, the default barrier, or the leverage ratio: Black and Cox (1977), 

Longstaff and Schwartz (1995), Leland and Toft (1996) and Collin-Dufresne and Goldstein 

(2001). These models are discussed below.   

 

4.2.2 Black and Cox (1977) 

 

It is known that Merton’s restriction of default at maturity is a misrepresentation of the real world 

(Misankova and Kocisova, 2014b). A now predominant characteristic of structural models is the 

default boundary (i.e. default barrier). The default barrier principle was first introduced to the 

structural model literature by Black and Cox (1977). A default barrier is necessary when allowing 

for default before maturity. Analyzing the development of a stochastic process while considering 

a default boundary is a case of first-passage time (FPT) problem. It is then possible to derive a 

closed-form solution using a Brownian motion in the asset process to find out the distribution of 

the process’ barrier-hitting time. The analytical tractability of the Brownian motion is a feature 

that promotes its use in the structural credit risk literature. Merton (1974) is a barrier-independent 
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model, meaning that it does not specify a default barrier prior to maturity. It is the equivalent of 

assuming a default barrier of 0 for all t until T (Leland, 2004).  

Contrary to Merton, Black and Cox define a default barrier with the exponential form of Ke-λt. A 

default boundary enhances the flexibility of the model in explaining default risk and typically 

generates more realistic credit spreads (Longstaff and Schwartz, 1995). Black and Cox (1977) 

model’s intuition can still be understood using option pricing theory. However, as opposed to 

Merton who sees shareholders as having a European call option on the firm’s assets, Black and 

Cox rather use the down-and-out (DOC) call methodology, a context analogous to FPT problems 

(Yildirim, 2006). Moreover, Black and Cox (1977) do not restrict the firm to have a single 

outstanding zero-coupon bond. Alternatively, the debt is represented as a perpetual bond (a bond 

that does not expire). However, the interest rate assumption of Merton (1974) is still present and 

the debt is discounted at a constant rate, which is an unrealistic assumption in the context of debt 

valuation. 

Black and Cox developed the first model that uses an endogenous default barrier. Endogenous 

default barrier models assume that managers act with the goal of maximizing equity value for 

shareholders (Leland, 2004). Managers continuously face the question of servicing the debt or to 

default. If it maximizes the benefit of the shareholders, the debt will be paid. If not, the firm will 

default on its bond. Managers will always service the debt if the asset value is higher than the 

default boundary, regardless of cash flows and face value of the debt (Leland, 2004). They would 

do so by issuing additional equity and using this capital inflow to pay the bondholders (Leland, 

2004).  

 

 

4.2.3 Longstaff and Schwartz (1995) 

 

Longstaff and Schwartz (1995) (hereafter the LS model), extend Black and Cox’ (1977) FPT 

model by allowing for a deviation from the absolute priority rule and for a stochastic interest rate. 

The absolute priority rule was an assumption initially introduced by Merton (1974) which states 

that bondholders receive the full remaining value of the firm if default occurs. This assumption is 
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not consistent with what is observed on the market for corporate bonds (Frank and Torous, 1994; 

Altman and Bencivenga, 1995; Altman and Kishore, 1996). Moreover, Longstaff and Schwartz 

(1995) introduce the use of stochastic interest rate in structural models, a considerable 

advancement given that previous models are based on constant interest rates (Lyden and Saraniti, 

2001). Prior to their model, the term structure of interest rate was assumed to be flat (Merton, 

1974; Black and Cox, 1977; Geske, 1977). In other words, the interest rate was constant through 

time. In the LS model, the stochastic interest rate is modelled with Vasicek’s (1977) interest rate 

dynamics. The use of Vasicek’s model adds a new source of variation to the credit spreads. Since 

Vasicek (1977) uses interest rate volatility, it directly affects the LS model’s outputs. Hence, the 

credit spreads become sensitive to the interest rate volatility estimate (Eom, Huang and Helwege, 

2002). However, it also creates a new possible source of error for the model (Zhou, 2001a). 

Additionally, contrary to Black and Cox (1977) who specify the default barrier using a continuous 

discount factor of the exponential form, Longstaff and Schwartz (1995) opt for a constant default 

boundary. The barrier is exogenously specified as the face value of the bond. They also develop a 

way to deviate from the absolute priority rule. By using an exogenous constant write-down on the 

assets, there is no longer the assumption that bondholders receive the entire firm value upon 

default. Furthermore, the LS model can value coupon bonds while having the possibility of early 

default. Although Geske (1977) first introduced a valuation framework for coupon-paying bonds 

using the structural approach based on compound options, Longstaff and Schwartz (1995) pushed 

the boundary further by including features such as the stochastic interest rate. Further, the LS 

model no longer limits the capital structure assumption of a single zero-coupon bond and allows 

for the use of a more complicated capital structure.  

Interestingly, the LS model is the first to provide a closed-form formula for the valuation of 

corporate coupon bonds and corporate floating-rate bonds. The authors arrive at such a solution 

by subdividing (i.e. stripping) a coupon bond into many zero-coupon bonds (Eom, Huang and 

Helwege, 2002). Still, implementing the model with realistic parameters produces an 

underestimation of credit spreads for safe bonds and severely overpredicts credit spreads for very 

risky bonds (Eom, Huang and Helwege, 2002). 
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4.2.4 Leland and Toft (1996) 

 

Leland and Toft’s (1996) model (hereafter the LT model) uses a similar framework as Geske 

(1977) in which coupon payments are an option to equityholders. If the equityholders decide to 

honor the next coupon payment when the firm is in financial distress, it increases the risk faced by 

bondholders (Eom, Huang and Helwege, 2002). The option to continue the firm’s operations can 

be detrimental to bondholders, especially given that they do not recover the residual value of the 

firm; an issue that could be avoided if equityholders did not pay the coupon. Contrary to Merton 

(1974), who uses a simple zero-coupon bond in the capital structure, their model must be used to 

value a coupon-paying bond. Leland and Toft assume that the firm continuously issues coupon-

bonds and that it also pays coupons on a continuous basis. Coupons are paid from the net payout 

of the firm. Specifically, the firm has the option to issue equity to pay the upcoming coupon. In 

other words, the default boundary is endogenous since it depends on the manager’s decision to 

issue additional equity or not. The issued debt has a constant maturity. It is rolled over as it matures, 

and so the outstanding level of debt is constant (Leland, 2004). By specifying the debt structure in 

this manner, they obtain a constant endogenous default boundary. This model clearly deviates from 

Merton’s original assumptions regarding the firm’s capital structure. In the LT model, we consider 

several coupon-paying bonds at once.  Moreover, in the event of default, it is assumed that 

bondholders receive only a fraction of the firm value. This is done to address the cost of liquidating 

a firm (Eom, Huang and Helwege, 2002). In addition, the LT model also relaxes Merton’s 

assumption regarding frictionless markets. Not only does it include liquidating costs, but the debt 

is also modelled using a marginal tax rate, a feature not considered by Merton (1974), Black and 

Cox (1977) and Longstaff and Schwartz (1995) (Jessen and Lando, 2015). 

Eom et al. (2002) find that the LT model overestimates credit spreads on average. The authors 

point out that the default probability is overly increased by the coupon assumption in the model 

which explains the credit spread results. To see how the model reacts to zero-coupon bonds, Eom 

et al. (2002) set the coupon rate to one basis point and find that even for very risky bonds, the 

estimated credit spread is zero. As expected, once the coupon rate is set to a realistic parameter, 

the riskiest bonds generate the highest spreads. Interestingly, the LT model overpredicts short term 

spreads while all previous models such as Merton (1974), Black and Cox (1977) and Longstaff 

and Schwartz (1995) underpredict short maturity spreads (Eom, Huang and Helwege, 2002). 



13 

 

Nevertheless, even though the LT model has its shortcomings, there is a definite tendency to more 

accurately price long-term bonds than short maturity bonds (Eom, Huang and Helwege, 2002). 

 

4.2.5 Collin-Dufresne and Goldstein (2001)  

 

Collin-Dufresne and Goldstein (2001) (hereafter the CDG model) created a model following 

Longstaff and Schwartz (1995). Essentially, the authors add a mean-reverting leverage ratio to the 

LS model. By setting the speed of mean reversion of the leverage ratio to zero, we recover the 

original LS model which uses a stochastic interest rate. The authors implement this feature to 

represent the tendency by firms to set a long-term capital structure target (Zhou, 2001a). Since the 

leverage ratio follows a mean-reverting process and is not constant through time, the leverage ratio 

is unlikely to become very large as time passes (Zhou, 2001a). Moreover, both the CDG and LS 

models rely on the same stripping approach to value coupon bonds (Eom, Huang and Helwege, 

2002). One downside of the CDG model over the LS model is the fact that three new parameters 

are introduced. Indeed, adding a parameter increases the risk of wrongly estimating said parameter 

and cause inaccuracies when implementing the model (Eom, Huang and Helwege, 2002).   

Given the justification for a mean-reverting leverage ratio, one would expect the model to have a 

better predicting power for long-term bond than short-term bonds. In fact, the CDG model more 

accurately predicts long-term bonds credit spreads than short-term spreads (Zhou, 2001a). 

According to Collin-Dufresne and Goldstein (2001), the generated credit spreads for safe long-

term bonds are similar to what is observed in their sample, which can be explained by the fact that 

firms issue more debt (relative to equity) through time which directly increases their leverage ratio. 

Eom et al. (2002) find that although the CDG model helps with the known underprediction of 

spreads by structural models, it still overpredicts credit risk on average. Finally, Huang and Huang 

(2012) observe that in the CDG framework, credit risk has little explaining power for the observed 

credit spread of long-term investment grade bonds.  
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4.2.6 A note on data availability 

 

In the early years of structural model developments, the data available to perform empirical 

investigations was sparse. For instance, early studies rely on sources based on matrix prices which 

is of lesser quality than trader quotes (Warga 1991; Warga and Welch, 1993). As the literature on 

structural models expanded and data became more available, authors started using bond prices 

from trader quotes to calibrate and test the available models. We also know that the information 

contained in credit spreads is not strictly related to credit risk, but also contains, for example, 

liquidity risk (Longstaff and Schwartz, 1995). By using bond price data to investigate the validity 

of structural models, unwanted liquidity factors can skew the results and invalidate them. An 

alternative, recently developed, is to use Credit Default Swap (CDS) data. CDS spreads are a purer 

measure of default risk because they do not include many unstandardized features of bonds such 

as covenants, tax treatment, seniority, coupons, embedded options, and more (Zhang, Zhou and 

Zhu, 2005). In fact, CDS are standardized contracts, which facilitates the analysis of default 

probabilities when comparing several firms. Furthermore, CDS spreads react more quickly to 

credit changes than bond quotes and both have similar trends over a long horizon (Blanco, Brennan 

and Marsh, 2005; Zhu, 2004). 

 

4.3 Jump Diffusion Structural Models 

 

Structural models of credit risk that are based on a pure diffusion process are known to 

underestimate credit spreads on short-term bonds. Specifically, because of the pure diffusion 

process, the chance of default on a very short-term horizon is zero (Zhou, 2001a). Therefore, short-

term spreads are unrealistic and structural models need to be adjusted to generate a positive limit 

of spreads on short maturity bonds. Merton (1976) was the first to propose a jump diffusion model 

for option pricing. Admittedly, his model was not intended for credit risk analysis but rather to 

price European options by adding a jump process to the already existing Brownian motion 

(diffusion process). The arrival of normal information is modeled using a Brownian motion while 

abnormal information is introduced with a Poisson process. Normal information is said to be 

information that has a marginal effect on the stock price and abnormal information includes the 
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arrival of important new information. Merton (1976) arrives at a closed-form solution by assuming 

that jump risk is diversifiable, allowing for the option to be priced accordingly.  

Many studies show that jumps in financial assets happen regularly (Bates, 1996; Jorion, 1988; 

Andersen et al., 2002; Eraker et al., 2003). Jump diffusion processes are now commonly used in 

finance to help with the modeling of stocks, bonds and currencies (Kou and Wang, 2003). In 

implementing structural models, one cannot observe asset prices through time. Equity prices are 

therefore used as a proxy for the asset prices via different estimation techniques. Therefore, when 

the equity price increases sharply, it implies that the asset price reacts similarly (Wong and Li, 

2006). Allowing jumps in the firm value process creates an additional risk, the jump risk, and 

changes the results obtained on the estimated credit spreads (Zhou, 2001a; Delianedis and Geske, 

2001; Dao and Jeanblanc, 2006; Chen and Kou, 2009). 

Although jump diffusion structural models increase the accuracy of estimated spreads, they also 

have their shortcomings. For instance, the implementation is more tedious than with pure diffusion 

models since the distribution of the jumps must be estimated. Also, we obtain a closed-form 

solution only in rare cases, such as with a double exponential jump distribution (Kou and Wang, 

2003). Lastly, it is often necessary to use numerical analysis to simulate several paths for the 

process in order to generate significant results (see Appendix 2).  

 

4.3.1 Zhou (2001a)  

 

Following Merton’s (1976) idea, Zhou (2001a) proposes a jump diffusion model for structural 

credit risk models. Jump diffusion models have critical advantages over pure diffusion ones. 

Firstly, these models are in line with the fact that defaultable bond prices drop sharply around the 

time of default (Duffie and Lando, 2001). Secondly, they allow for non-zero credit spreads on 

short maturities and can generate many term-structure spreads such as upward sloping, flat, hump-

shape and downward sloping (Zhou, 2001a). Further, due to the overshoot problem, the recovery 

rate becomes an endogenous random variable.1 Now that jumps can happen at any time, if the 

 
1 The overshoot problem happens when a jump process is added to FPT diffusion problems (see Appendix 3 for an 

example of an overshoot with a positive jump). 



16 

 

default boundary is crossed by the realisation of a negative jump, the process will instantly exceed 

the default barrier, a problem not encountered when using a simple diffusion process (Kou and 

Wang, 2002). In the diffusive case, the process cannot exceed the barrier since it “stops” once the 

default boundary is reached. Finally, for short-term bonds, the recovery rate in the event of default 

is positively correlated with the bonds’ credit quality prior to default (Zhou, 2001a). 

Zhou (2001a) uses a log-normal distribution to specify the magnitude of jump sizes. In an earlier 

study, Mason and Bhattacharya (1981) applied a pure jump process using a binomial distribution 

for the jump sizes. However, Zhou’s (2001a) approach is more flexible. Moreover, Zhou (2001a) 

specifies the default boundary such as in Black and Cox (1977). By using an exponential default 

barrier, it is possible to make it equal to the LS model’s default barrier (Zhou, 2001a). As 

mentioned above, the impact of adding a jump component creates the possibility of not only hitting 

the boundary but also busting it. Since the process can exceed the barrier, the firm value process 

at the time of default is unknown. In other words, the recovery rate of the bond becomes a random 

variable. Additionally, Zhou (2001a) follows Longstaff and Schwartz’s (1995) assumption for the 

recovery value given that default occurred, and bondholders do not receive the entire firm value 

upon default. Furthermore, this model allows for a constant interest rate or stochastic interest rate. 

In the original study, Zhou (2001a) follows Longstaff and Schwartz (1995) and applies the 

Vasicek’s (1977) interest rate dynamics.  

Zhou (2001a) presents many critical observations that will further motivate the development of 

jump diffusion models in the future. Firstly, the volatility of the jump process and the diffusion 

process do not have the same impact on the default risk. A more volatile jump component increases 

the risk of default on short maturity bonds while a more volatile diffusion component increases 

the risk of default on longer maturity bonds (Zhou, 2001a). This is explained by the fact that a 

diffusion process has little chance of triggering default on the short-term while a jump process can 

suddenly create default if it happens rapidly after the process has started. Secondly, the volatility 

of jump sizes has a direct impact on the percentage write-down when default happens. Since early 

default often happens due to the jump component (vs the diffusion process), short-term bonds have 

lower expected recovery rates than long-term bonds (Zhou, 2001a). Lastly, even when holding the 

total volatility of the firm value (diffusion and jump together) constant, jump risk increases short- 

and medium-term spreads. This result highlights the importance of firm value process specification 
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(Zhou, 2001a). The misspecification of a jump diffusion process by using a Brownian motion on 

its own can greatly affect the estimated credit spreads on short-term bonds and underestimate credit 

risk. Zhou (2001a) creates a new segment of structural models in the literature by demonstrating 

the ability of a jump diffusion model to match observed empirical regularities such as the different 

shapes of marginal default probability curves.   

 

4.3.2 Kou and Wang (2003) 

 

Zhou’s (2001a) model had important implications for structural models. A most-wanted feature of 

structural models is to have a closed-form solution for credit spreads (or default risk). If one cannot 

obtain a closed-form solution, it is necessary to use numerical analysis to find a potential solution, 

which would not be as mathematically efficient as a closed-form solution. Kou and Wang (2003) 

are the first to present a closed-form solution for a jump diffusion process crossing a flat boundary. 

The jump sizes follow a double exponential distribution, a rare case in which closed-form is 

possible for the distribution of the first-passage time to boundary. Other commonly used jump size 

distributions are the normal and log-normal distributions. Kou and Wang (2003) provide a closed-

form solution for the overshoot problem that is primarily due to the memoryless property of the 

exponential distribution. 

The overshoot problem is at the center of the issue surrounding the use of jump diffusion models. 

Usually, the distributions of the FPT are obtained by using a combination of the Girsanov theorem 

(change of measure) and the reflection principle, or by using the Laplace transforms. However, 

once jumps are considered, it becomes very difficult to use such techniques. One way to avoid the 

overshoot problem is to allow the jumps to be strictly upwards. That way, default only occurs due 

to the diffusion process crossing the barrier since jumps are never decreasing the firm value process 

(Kou and Wang, 2003). However, although it counts as adding jumps, it does not entirely reflect 

the potential impact of jumps on bond prices.  Kou and Wang (2003) find an analytically tractable 

solution for the probability distribution of the first-passage time to a flat boundary of a special 

double exponential jump diffusion process (Huang and Huang, 2012).  
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4.3.3 Dao and Jeanblanc (2006) 

 

In the spirit of Leland (1994), Dao and Jeanblanc add a jump component to a standard diffusion 

model. The authors identify two main empirical failures of diffusion models. Firstly, they cannot 

explain the large random fluctuations observed on the market, for example in times of crisis. 

Secondly, the return distribution displays leptokurtic and negative skewness features. The authors 

therefore present an extension of the LT model that considers a double exponential jump diffusion 

process. By using a roll-over debt structure with continuous payments and renewals of coupons 

and principals, they propose an analytically tractable endogenous default barrier model. Using 

results from Kou and Wang (2003), they arrive at a closed-form solution given the two main 

features of the double exponential distribution:  leptokurtic feature of jump size distribution and 

memoryless property. Similarly to Leland (1994), they consider the tax benefit of coupon 

payments, the cost of restructuring upon default and the violation of the Absolute Priority Rule 

(APR). The roll-over debt structure assumption’s validity can be challenged since it does not apply 

to all firms. However, it is comparable to a sinking fund provision, a bond feature requiring the 

regular payment of a fraction of the principal (Dao and Jeanblanc, 2006).  

An important shortcoming of Jeanblanc and Dao’s (2006) model is the estimated short-term credit 

spreads:  credit spreads on 1-year bonds are higher than the credit spreads on similar 5-year bonds. 

Leland (1994) and Hilberink and Rogers (2002) obtain similar results. Although the model 

provides an unrealistic result when comparing 1-year and 5-year bonds, the resulting credit spreads 

on short-maturity bonds are higher than with the Leland’s (1994) model based on a single diffusion 

process.  

 

4.3.4 Other Jump Diffusion Models 

 

There is a wide range of structural models that use jump diffusion processes. Delianedis and Geske 

(2001) build their model by combining Merton’s (1974) and Merton’s (1976) models. The idea is 

to add a jump component in the diffusion process and calibrate the jump to the observed credit 

spreads. By calibrating their process, the authors find that a jump in firm value has some power to 

explain corporate credit spreads. However, to fully explain the spread, the jump parameters must 
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be set to unrealistic values (Delianedis and Geske, 2001). As expected, given that Delianedis and 

Geske (2001) add a jump to Merton (1974)’s model, this approach to credit risk modelling strictly 

applies to zero coupon bonds (Huang and Huang, 2012). 

Chen and Kou (2009) follow the idea of Hilberink and Rogers (2002) and use a double exponential 

jump diffusion model. Hilberink and Rogers (2002) propose a one-sided positive jump model, 

which we discussed previously. Like Dao and Jeanblanc (2006), Chen and Kou (2009) extend 

Leland and Toft’s (1996) endogenous default model by adding a tractable jump component. They 

find that jumps and endogenous default paired together can create various shapes of credit spreads 

as in Zhou (2001a). As observed on the corporate bond market, Chen and Kou’s (2009) model can 

produce credit spreads that increase with maturity for non-investment grade bonds. Furthermore, 

the jump risk leads to a lower optimal debt-to-equity ratio. In other words, according to the model, 

very risky firms tend to be capitalized almost entirely by common shares and not debt.  

A new type of structural models tries to better explain credit spreads by adding stochastic volatility 

in the firm value process. For example, Bu and Liao (2014) consider both stochastic volatility and 

jump risk. They start by adding stochastic volatility and then add the jump component. They find 

that both features together increases the accuracy of corporate credit spread estimation.  

 

4.4 Default Probabilities 

 

Structural models can be used for many purposes: explaining corporate credit spreads, predicting 

credit spreads or fitting the model to match the observed spreads. The financial literature on these 

models mostly focuses on how accurate the output (i.e. the spread) is. The main component of the 

credit spread is credit risk. Nevertheless, it is not the only risk present (Leland, 2004). Liquidity 

risk, option risk and other risks are also part of the spread. If structural models do not incorporate 

these risks, there will be an inaccurate estimation of the credit spread. A solution to avoid the 

influence of unwanted variables is to estimate the firm’s probability of default (PD). Estimating 

PD is often referred to as the main goal of bond ratings (Leland, 2004). PDs generated by structural 

models react similarly to credit spreads: both tend to be underestimated as the bond maturity 

shortens (Leland, 2004). Huang and Huang (2012) argue that structural models estimate credit risk 
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accurately but that the liquidity factor included in the spread is responsible for the underestimation 

of the overall credit spread. However, they cannot explain why the PDs are underestimated as well. 

Additionally, Tarashev (2005) claims that Merton’s (1974) model strongly underestimates PDs. 

Moreover, Davydenko (2012) compares his results with Leland (2004) and observes that, although 

average PDs match the data, there are important cross-sectional errors. The proposed solution is a 

better specification of the default boundary. In fact, the default boundary has a large effect on the 

predicted variables such as the PD and the credit spread (Leland 1994, 2004). Once the firm value 

process is stated, the PD solely depends on the barrier specification (Davydenko, 2012). 

Furthermore, an additional possible solution to correct the underestimation of PDs is to include a 

jump component in the asset value process (Leland, 2004). Courtois and Quittard-Pinon (2006) 

recognize the underestimation of PDs by structural models and add jump risk into their model. 

They obtain acceptable values of PDs for defaultable bonds with 0 to 5 years maturity. 

 

4.5 Default Correlation 

 

In recent years, developments were made to account for the correlation between two assets in the 

structural framework. As mentioned above, Merton’s (1974) original model focuses solely on one 

bond at a time. As of 2003, Ferry (2003) notes that the Merton approach to credit risk pricing is so 

popular that it leads the prices of defaultable bonds on the market. One downside of most of the 

classical models presented above is that they treat bonds in a single investment context. However, 

we know that a portfolio benefits from diversification through imperfection correlation between 

its assets. Since the 2008 financial crisis, asset correlations have increased, and it negatively 

influences the effect of diversification on portfolios (Sandoval and Franca, 2012). A crucial side 

effect of ignoring asset correlations in credit risk management is the possibility of having an 

inadequate capital provision. Default risk can be misevaluated with a chance of understating credit 

risk leading to insufficient capital in the event of default (Zhou, 2001b). For example, Basel II and 

III Capital Accords are built upon the assumption that Merton’s model is an adequate 

representation of default risk (Gottschalk, 2016). Ignoring assets’ inter-dependence can have a 

significant impact on the capital requirements of financial institutions.  
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There are currently two main methodologies to estimate default correlations. The first method, 

introduced by Lucas (1995), is based on historical data and uses time-series to estimate default 

correlations. Problems with this method are threefold. First, there are not enough data available to 

accurately estimate default correlations (Zhou, 2001b). Second, there is no way to differentiate 

between the correlation between firm A and B, and between A and C, as company-specific 

information is not present in time-series data. Third, as with any other methodology based on past 

data, the past might not be an accurate representation of the future. The second method is a more 

theoretical approach that uses a structural-based framework for two firms or more. Zhou (2001b), 

Hull and White (2001) are the first to create a first-passage time model that considers default 

correlation between assets. 

 

4.5.1 Zhou (2001b) 

 

Not to be mistaken with Zhou’s (2001a) jump diffusion model, Zhou’s (2001b) model uses a first-

passage time model based on Black and Cox (1977) to analyze a two-dimensional diffusion 

process. Previous structural models focused only on a single firm. Zhou’s (2001b) model allows 

for two assets and their default correlation, which translates into a joint PD. There are two main 

applications for default correlations. First, default correlations are necessary for the accurate 

pricing of credit derivatives such as CDS. It is necessary to determine the correlation between the 

protection seller and the underlying firm since there would be no payment if both defaulted, 

affecting the pricing of the contract. Second, the joint PD is one of the three most important credit 

risk quantities (along with LGD and EAD) and is the most difficult to estimate in a credit portfolio 

setting (Zhou, 2001b).  

In the structural framework, analyzing the default correlation comes down to calculating the first-

passage time probability distribution for two stochastic processes crossing a default barrier. 

Default correlation is not an observable variable like the stock price. Therefore, there is no way of 

knowing if the model’s default correlation is the true correlation or not. However, based on the 

features and known behaviors of the model used, it is possible to prefer one default correlation 

over another. For example, Merton’s (1974) model typically underestimates the PD. Therefore, as 
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pointed out by Zhou (2001b), using the Merton approach to estimate default correlations would 

yield underestimated joint PDs. 

A natural comparison for Zhou’s (2001b) model is Merton’s (1974) model adjusted to account for 

two firms. The proposed model has several advantages over Merton’s. First, Zhou’s (2001b)  

FPT model relies on a more realistic assumption of default times and more accurately estimates 

the PD for either a single firm or for two firms by allowing default prior to maturity. Second, the 

Merton approach is often used to calculate default on a short horizon of one year. As maturity 

increases, there is an accruing inconsistency in the model because early default is not possible. 

Zhou’s (2001b) model can be used over any maturity. Finally, the model’s computation time is 

faster and more efficient for estimating default correlations than Merton’s approach. Zhou (2001b) 

proposes a “naïve implementation” according to Kiesel and Scherer (2007). His approach 

identifies default by discretizing a time grid and testing for default at each time. The method’s 

downside is that default is then assumed to never happen between two time points, which creates 

a systematic bias (Kiesel and Scherer, 2007).  

 

4.5.2 Cathcart and El-Jahel (2004) 

 

Merton’s (1974) original model has its shortcomings, but its simplicity favors its use in a multi-

asset framework. As Cathcart and El-Jahel (2004) propose, one can use a multivariate normal 

distribution in Merton’s (1974) framework and derive useful credit risk probabilities for two assets 

or more. The authors obtain results for joint, “exact” and “at least”2 PDs. As expected, it is only 

possible to observe default at maturity since this framework applies only to zero-coupon bonds. 

The authors obtain closed-form solutions for different risk quantities and present many useful 

results. Firstly, higher rated firms have a lower joint PD. Secondly, higher asset correlation 

between two firms increases the probability of joint default. Thirdly, they observe a comparable 

effect on the joint PD of low-rated firms and volatility. High volatility affects the firm the same 

way as if it had a low credit rating. As one would expect, joint PDs are maturity-dependent. More 

precisely, as maturity increases, the joint PD increases as well. Joint default is arguably the most 

 
2 “At least” PDs are the probabilities that at least one firm defaults in a portfolio, and “exact” PDs are the probabilities 

that exactly one firm defaults in a portfolio. 
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important probability in a credit portfolio setting. However, Cathcart and El-Jahel (2004) also 

presents “at least” and “exact” PDs as well. For instance, they find that higher asset correlation 

reduces the probability of at least one default. The same holds for at least two defaults. Their results 

allow to build default probability curves to further increase our understanding of credit portfolios. 

The main downside of their research, however, is that it relies solely on Merton’s (1974) model 

which is known for underestimating credit risk (Zhou, 2001b). Still, it is a simple approach that 

facilitates the credit risk analysis of a portfolio of two assets or more.  

 

4.5.3 Kiesel and Scherer (2007) 

 

Kiesel and Scherer’s (2007) model is a generalization of Zhou’s (2001a) model and an extension 

of Zhou’s (2001b) model. The authors use a jump-diffusion model that allows for correlation 

factors between firms, which creates a more realistic term-structure of default correlations. Short-

term correlation comes almost entirely from the jump component. In their model, it is assumed 

that if more than one jump happens at once, affecting more than one firm, the jumps will have the 

same sign, but not necessarily the same jump size. This directly affects the correlation between the 

two firms. Therefore, multiple defaults are more likely than if jumps can be of different signs. One 

can imagine that if jumps can be of opposite signs, the resulting correlation coefficient would be 

smaller than otherwise assumed. As pointed out by Kiesel and Scherer (2007), once a negative 

jump occurs, it is likely that more than one firm default at the same time, which increases the 

chances of joint defaults.  

The method used to introduce correlation has a significant impact on the estimated PDs. Zhou 

(2001b) uses a single parameter for default correlation. To gain additional flexibility, Kiesel and 

Scherer (2007) opt for a two-factor correlation model. The first factor pertains to a common market 

factor that models the dependence of a firm to the chosen market. As mentioned by Nouy (1999), 

default correlation between two firms can be analyzed by looking at their relationship with the 

current state of the economy. The goal is to consider the effect of the business cycle on the firm.  

The second factor is related to the possibility of joint jumps between firms. Using a joint Poisson 

process, it is possible to model the reaction of a firm to another firm’s jump in value. Again, the 

jump size is not necessarily identical between simultaneous jumps. It is preferable, however, to 
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choose a jump distribution that has easily identifiable positive or negative jumps such as the 

standard normal distribution or the double exponential distribution (Kiesel and Scherer, 2007). 

Furthermore, it is also possible to consider an additional correlation factor: the industry.  Firms in 

the same sector are potentially more heavily influenced by the same news. For example, the credit 

migration of a firm can be affected by its competitors, which suggests that industry has an impact 

on firm credit risk (Bluhm, Overbeck and Wagner, 2002). To consider this relationship, Kiesel and 

Scherer (2007) add a common industry factor that captures the inter-dependence of firms from the 

same industry.  

For simplicity, the authors test their two-factor model version with a market factor and dependent 

jumps. They find that including dependent jumps translates into positive joint defaults even for 

small maturities. In contrast, diffusion models, such as Zhou’s (2001b) model, generate 

unrealistically small simultaneous PDs on the short-term. This is an important finding and must be 

considered when using continuous models to price short-term credit derivatives such as CDS. The 

short-term underestimation of joint PDs can lead to a systematic underpricing of CDS. 

  

4.6 Syndicated Loans and Credit Risk 

 

Loan syndication has been around for decades. Around the 1990s, borrowers started using 

syndicated loans to become more cost effective (OECD, 2003).  The syndication process begins 

with the lead bank negotiating the loan terms with the borrowing firm. The lead bank then looks 

for potential lenders of the syndicate, called participants. Shortly after, the lead bank, the 

participants, the borrower, and the rating agency meet to discuss the loan (Yi and Mullineaux, 

2006). Based on the initial terms, the rating agency issues a rating before the deal closes.  

In recent years, loans are increasingly trading like securities (Altman and Suggitt, 2000). It is 

becoming essential for lenders to get a precise estimate of default risk in this expanding market. 

Risk analysis requires a significant amount of information about the entity or the asset being 

analyzed in order to get decent estimates of risk. For example, default risk is commonly measured 

through credit ratings and historical defaults (Altman and Suggitt, 2000). Unfortunately, such 

information is much more difficult to obtain when considering private loans as opposed to rated 
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bonds. Similarly to bonds, syndicated loans go through the rating process and receive a rating 

indicating their credit quality. Given the difference in the public bond market and the private loan 

market information, many studies attempt to explain the effects of similar variables on bond and 

loan spreads to identify where the differences in both markets stem from. 

Having two “competing” markets can imply having different spreads and prices for otherwise 

similar assets. If both markets were fully integrated, spreads would be similar, and there would be 

no market imperfections (Angbazo et al., 1998). It is not what has been empirically observed. The 

evidence shows that convergence is only partial and full integration would require changes in the 

loan market (OECD, 2003). It has been shown that highly leveraged transaction (HLT) loan yield 

spreads are sensitive to changes in spreads in Baa bonds and junk bonds (Angbazo et al., 1998). 

However, neither do Baa or junk bond spreads explain entirely HLT loan spreads. Surprisingly, 

HLT loan spreads are more sensitive to changes in Baa bond spreads. With the recent emergence 

of the CDS market, new information is now available and help in explaining loans spreads. When 

compared to commonly used independent variables, CDS spreads are the dominant factor in 

explaining loan spreads (Norden and Wagner, 2008). In fact, CDS spreads are preferred to bond 

spreads to explain loan rates. Moreover, syndicated loans would integrate information from CDS 

spreads faster than bond spreads. Although bond spread changes and CDS spread changes remain 

highly correlated, CDS have more explaining power in loan rates which suggest that CDS data 

contains more information relevant for lenders (Norden and Wagner, 2008).  

The information disparities between both markets have led to studies about the information 

contained in credit spreads and credit ratings. Altman et al. (2006) find that loan markets integrate 

information more efficiently than bond markets when the firm is about to default. It has been 

suggested that the information is integrated differently in both markets. For example, banks that 

trade in the credit derivative market are less impacted by the arrival of new information (Marsh, 

2006). Furthermore, there is evidence of a strong relation between the credit spreads on syndicated 

loans and prices on CDS (Altman et al., 2006).  

In terms of risk measurements, the syndicated loan literature focuses primarily on credit ratings to 

explain loan spreads. It has been proposed that bond ratings and loan ratings are not based on the 

same model (Yi and Mullineaux, 2006). They find that credit rating on loans are related to loan 

rates which suggests that ratings contain information not available through public financial 
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information. However, banks do not seem to have advantageous information compared to credit 

rating agencies. Both appear to have access to the same set of private information. Additionally, 

the authors test a set of variables that could potentially influence credit ratings and find that many 

factors, including equity volatility, have explaining power for credit spreads. As pointed out by 

Campbell and Taksler (2003), higher equity volatility will lead to higher debt rates. Loan spreads 

were found to be related to Baa corporate bond spreads (Yi and Mullineaux, 2006). However, loan 

ratings themselves are not significantly linked to Baa spreads.  

It has been proposed that recovery upon default may explain the differences in bond and loan 

ratings. If loan ratings include private information, it could be that such information is precisely 

about the default prospects not available to the public (Yi and Mullineaux, 2006). If the credit 

agency has a better grasp on the default risk or the recovery value in case of default, it could 

possibly explain rating differences between loans and bonds. Furthermore, loans include more 

covenants and provisions than bonds which is advantageous for loans. In case of default, loans 

would be senior to bonds and would be paid back before bonds would. In terms of model 

differences, Fitch seems to put more emphasis on PDs and loss severity when rating loans rather 

than bonds (Roche et al., 1998). Substantial differences between recovery rates on loans and bonds 

have been reported (Moody’s, 1997). This is mainly explained by the higher recovery rates on 

loans compared to bonds.  

Much of the syndicated loan risk management literature focuses on the variables explaining credit 

spreads and loan rates. Clear differences between loans and bonds have been noted. Although 

similar in nature, both assets are mainly influenced by similar variables but to different extents. 

Private information and recovery are important differences included in rating private loans versus 

bonds. There has been little attention towards estimating PDs. Rather, the emphasis is on 

explaining credit spreads, an input extensively used in reduced-form models.  
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4.7 Quantitative Framework for PD estimations 

 

4.7.1 Merton Model 

 

As previously mentioned, Merton (1974) quantifies credit risk using primarily the capital structure 

of a firm. A company’s balance sheet is composed of 3 major elements: assets (A), liabilities (L), 

and equity (E). A well-known accounting equation relates these 3 elements in the following way: 

 𝐴𝑡 = 𝐸𝑡 +  𝐿𝑡 . (1) 

 

The author models liabilities as a zero-coupon bond D with face value K maturing at time T. 

Merton (1974) relies on option pricing theory put forward by Black-Scholes (1973). It is possible 

to model the firm’s equity as a European call option on the firm’s assets. The shareholders’ payoff 

at time T depends on the value of the assets AT relative to K. Shareholders’ payoff is the residual 

of (AT – K). 

The following table shows the Shareholders’ and Debtholders’ payoff by asset value outcomes 

relative to K at time T: 

Asset value outcomes Shareholders’ payoff Debtholders’ payoff 

AT > K AT – K K 

AT < K ø AT 

 

As we can see in the table, the payoffs mimic a European call option on the asset value. Therefore, 

the equity value at time T is  

 𝐸𝑇 = max(𝐴𝑇 − 𝐾, 0) . (2) 

 

In the same spirit, the debtholders are short a put option on the assets of the firm with a strike price 

of K: 

 𝐷𝑇 = 𝐾 − max(𝐾 − 𝐴𝑇 , 0) . (3) 
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Given the relationship between AT, K, and ET we can apply Black-Scholes (1973) in the context of 

the firm value to determine the probability that a call option on the assets of the firm expires out-

of-the-money (OTM), the equivalent of a default event.  

Before wandering further, it is necessary to present Merton’s eight model assumptions: 

1. There are no transactions costs, taxes, problems with indivisibilities of assets. 

2. There are a sufficient number of investors with comparable wealth levels such that each 

investor believes that he can buy and sell as much of an asset as he wants at the market 

price. 

3. There exists an exchange market for borrowing and lending at the same rate of interest. 

4. Short sales of all assets, with full use of the proceeds, are allowed. 

5. Trading in assets takes place continuously in time. 

6. The Modigliani-Miller theorem that the value of the firm is invariant to its capital structure 

obtains. 

7. The term structure is flat and known with certainty. 

8. The dynamics for the value of the firm, V, through time can be described by a diffusion-

type stochastic process. 

Next, we can assume that the asset value follows a geometric Brownian motion process under the 

physical probability measure and is given by: 

 𝑑𝐴𝑡 = 𝜇𝐴𝑡𝑑𝑡 +  𝜎𝐴𝐴𝑡𝑑𝑊𝑡 ,  𝐴0 > 0, (4) 

 

where Wt is a standard Brownian motion, μ is the continuously compounded mean rate of return 

on the assets, and σA is the asset’s volatility. Under the physical measure, the PD at time T, 

measured at time t, is 

 𝑃𝑡[𝐴𝑡 ≤ 𝐾] = 𝑁(−𝑑2) (5) 

where N(•) is the cumulative gaussian normal distribution function 

 𝑁(𝑥) =
1

√2𝜋 
 ∫ 𝑒−𝑦2

𝑥

−∞

𝑑𝑦 (6) 
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and 

 𝑑2 =
ln (

𝐴𝑡

𝐾 ) + (𝜇 −
𝜎𝐴

2

2
) (𝑇 − 𝑡)

𝜎𝐴 √(𝑇 − 𝑡)
 .  (7) 

 

By replacing μ by r in equation (7), we can obtain the original Black-Scholes formula for a call 

option in the risk-neutral world, 

 𝐸𝑡 =  𝐵𝑆𝐶𝑎𝑙𝑙(𝐴𝑡, 𝐾, 𝑟, 𝜎, 𝑇 − 𝑡) (8) 

   =  𝐴𝑡 𝑁(𝑑1) − 𝐾𝑒−𝑟 (𝑇−𝑡)𝑁(𝑑2) 

where 

 𝑑1 =
ln (

𝐴𝑡

𝐾 ) + (𝑟 +
𝜎𝐴

2

2
) (𝑇 − 𝑡)

𝜎𝐴 √(𝑇 − 𝑡)
 (9) 

and 

 𝑑2 =
ln (

𝐴𝑡

𝐾 ) + (𝑟 −
𝜎𝐴

2

2
) (𝑇 − 𝑡)

𝜎𝐴 √(𝑇 − 𝑡)
 . (10) 

 

We present the original Black-Scholes formula here. However, it is most useful in understanding 

section 6.3.2 on parameter estimations. The main difference between both probability measures, 

physical and risk-neutral, is the use of the drift rate μ in the physical measure and the risk-free rate 

r in the risk-neutral measure. 

 

4.7.2 Implied Probability of Defaults for Syndicated Loans 

 

Syndicated loans are traded over-the-counter (OTC) and actors involved in such transactions have 

the potential benefits of possessing more information than available to public market participants. 

Given the possible differences in market information, we opt for a simple way to model the PD of 

syndicated loans either by using the observed spread when the loan is issued or the implied spread 
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(from the price) when the loan is traded. We will refer to this method as the “Implied model”. 

Credit spread is a readily available input at any time a loan is traded. It can be implied from the 

price and does not require additional historical data. A PD can thus be inferred for a given loan 

simply by using the spread on a specific date. Although frequently used in practice, the resulting 

implied PD is only an approximation since an underlying assumption of the model is that only 

default risk explains the observed credit spread (Hull, 2017). However, we know, from many 

sources including the structural model literature, that other factors such as liquidity, seniority and 

bankruptcy costs have an impact on the credit spread. Nevertheless, due to a relatively small 

sample of syndicated loan data and the convenience of the Implied method, we choose this model 

but are aware of its limitations.  

The following section is based on Hull (2017). The hazard rate λ(t) at time t is defined so that λ(t) 

Δt is the PD between t and t + Δt conditional on the survival of the firm, where Δt is an infinitely 

small change in t. Denoting V(t) as the cumulative probability of the firm surviving to time t, the 

conditional PD between time t and t + Δt is 

 
[𝑉(𝑡) − 𝑉(t +  Δt)]

V(t)
=  −λ(t)V(t)Δt . (11) 

 

Taking limits, we obtain 

 
𝑑𝑉(𝑡)

𝑑𝑡
= −λ(t)V(t) (12) 

and then, 

 𝑉(𝑡) =  𝑒− ∫ 𝜆(𝜏)𝑑𝜏
𝑡

0  . (13) 

 

Next, we define the PD by time t by  

 Q(t) =  1 –  V(t) . (14) 
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Substituting (13) in (14), we have 

 𝑄(𝑡) = 1 − 𝑒− ∫ 𝜆(𝜏)𝑑𝜏
𝑡

0 = 1 − 𝑒−�̅�(𝑡)𝑡 (15) 

 

where �̅�(𝑡) is the default intensity (average hazard rate). 

Denoting s(T) as the yield spread per year on a bond with maturity T and assuming that the yield 

spread includes default risk only, we can characterize the average loss rate approximately with 

s(T) per year. Given that the default intensity between time [0, T] is �̅�(𝑇) and that s(T) is 

approximately the average loss rate, we can assume that 

 𝑠(𝑇) =  �̅�(𝑇)(1 − 𝑅) (16) 

 

where R is the recovery rate of the loan. With simple manipulations, we show that 

 �̅�(𝑇) =
𝑠(𝑇)

(1 − 𝑅)
 (17) 

 

and substituting (17) into (15) we get 

 𝑄(𝑡) = 1 −  𝑒
− 

𝑠(𝑡)𝑡
(1−𝑅) . (18) 

 

We use equation (18) to infer a PD from the observed spread for each syndicated loan. This 

approximation is commonly used to infer PDs on publicly traded bonds. However, both floating-

rate notes (FRN) and syndicated loans are similar in term of coupon structure. It is possible to 

model syndicated loans as FRNs to extract a default spread from the price observed at time t. It 

can be argued that the credit spreads of bonds and syndicated loans include and are influenced by 

different variables to different extents. However, since the credit spread is the only observed input 

in equation (18), we conveniently use this approximation to infer PDs. Another input to equation 

(18) is the recovery rate R. We estimate R using Emery’s (2007) average recovery rate on bank 

loans of 80%. Research shows that recovery rates on bank loans are higher than recovery rates on 

bonds (Emery and Ou, 2004; Acharya et al., 2007). The implied PD from (18) is sensitive to the 
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R estimate. For this reason, we keep R constant for all bonds regardless of their respective ratings. 

Let us mention that the average recovery rate tends to increase with higher seniority (Acharya et 

al., 2007) and so adjusting the recovery rate according to credit ratings can produce more accurate 

results. We did not use private loan ratings to adjust the recovery rate based on historical defaults 

due to a lack of data. 

 

4.7.3 Parameter Estimations 

 

 Asset Drift Rate 

 

The asset drift rate μ is a required input when using Merton’s model in a physical world setting. 

On the other hand, if we preferred the risk-neutral setting, the risk-free rate would replace μ and 

there would be no need to estimate the asset drift rate. The asset drift rate is the instantaneous rate 

of return on the assets of the firm. We estimate this parameter using the Capital Asset Pricing 

Model (CAPM) with unlevered (asset) beta. 

We estimate the equity beta using daily stock returns of the firm and SPY (S&P 500 ETF) over 

the past 150 trading days. The estimation window is based on Eom et al. (2002). They believe that 

shorter estimation windows are less reliable than the 150 days of trading window.  Once the equity 

beta is obtained, we use the following equation to get the asset beta: 

 
𝐵𝐴 =

𝐵𝐸

1 +
((1 − 𝑡) ∗ 𝐿)

𝐸

 
(19) 

 

where t is the corporate tax rate assumed to be 0.35 for all firms, BA is asset beta, and BE is equity 

beta. The asset drift rate impact on a short horizon is limited. For example, estimating the Merton 

PDs using T = 1 limits the impact of μ on the PD. However, as T increases, μ gains importance in 

explaining the PDs. Given that a drift rate has limited impact over a short horizon in Merton’s 

model, we believe that the CAPM’s convenience outweighs its possible drawbacks. We scale the 
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asset drift rate to 252 trading days by multiplying μ by (252/150) and use a logarithmic 

transformation to convert the asset drift rate into a continuous rate. 

 

Asset Volatility and Asset Value 

 

Asset volatility and asset value are unobservable variables. Using Merton’s model requires 

estimating values for both these variables. The simplest method consists of creating a time series 

of proxy firm values by adding the market value of equity and the book value of liabilities (Li and 

Wong, 2006). Then, asset volatility is estimated using the time series of proxy firm values. 

However, its simplicity comes at a price and the quality of the estimators is debatable.   

At the other end of the spectrum, we find the maximum likelihood estimation (MLE) method 

(Duan, 1994). This approach is theoretically appealing and confidence intervals can be obtained 

for the parameter estimates (Li and Wong, 2006). Unfortunately, this method also has its drawback 

as it is difficult to implement and time consuming. When considering a large number of firms and 

sample paths, this method is not appealing because each path simulation can take up to ten seconds 

and it requires the use of several computers to get a decent computation time.  

In between both methods, we find the most commonly used method in practice which benefits 

from relative simplicity and fast computation time. It is possible to formulate the equity value as a 

function of the firm value (Ronn and Verma, 1986). We can use Ito’s lemma to get the 

instantaneous volatility of the equity from the asset volatility:  

 𝜎𝑒 = 𝜎𝑣  
𝑉𝑡 

𝐸𝑡
 
𝑑𝐸𝑡

𝑑𝑉𝑡
  (20) 

 

where Et is the market value of equity at time t. 

Using Merton (1974), we can calculate a value for 𝜎𝑒 given that  
𝑑𝑆𝑡

𝑑𝑉𝑡
= 𝑁(𝑑1(𝐾𝑡, 𝑡)).  
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Finally, we obtain  

 𝜎𝑒 = 𝜎𝑣  𝑁(𝑑1(𝐾𝑡, 𝑡))
𝑉𝑡 

𝑆𝑡
 (21) 

 

 where 𝑑1 was defined in equation (9).  

By simultaneously solving (8) and (21), we obtain estimates for 𝜎𝐴  and 𝑉. We solve this system of 

two non-linear equations using the R (programming language) “nleqslv” package. The algorithm 

converges very fast and is relatively insensitive to the initial input estimates for 𝜎𝑒 and 𝑆𝑡. The 

standard deviation of the equity is estimated on the log returns from daily equity prices on the same 

window length as the asset drift which is 150 trading days. Additionally, we scale the daily 𝜎𝑒  to 

a yearly measure by multiplying it by √252 . This estimation method is computationally fast and 

easy to implement. It is the most popular way of estimating 𝜎𝐴 and 𝑉𝑡  (Li and Wong, 2006). We 

follow common practice and decide to implement this method. 

 

Risk-free Rate 

 

First, Merton (1974) requires an input for the risk-free rate. Following Eom et al. (2002), we choose 

the Constant Maturity Treasury (CMT) rates from the Federal Reserve’s H.15 release. More 

specifically, we use the 1-year CMT rate of the day on which a loan is issued or traded. If a CMT 

rate is not available for the day, we use the most recent CMT rate available.  

Next, the Implied model also requires an input for the risk-free rate. However, syndicated loans in 

our sample have a floating rate and are modeled as FRNs. A vast majority of the loan sample 

includes monthly reset dates. For convenience, we assume that all syndicated loans in the sample 

have monthly reset dates and that they are traded on reset dates as well. For example, a loan traded 

within a month of issuance is assumed to have been traded one month from issuance. In such cases, 

the risk-free rate used will be the rates on the assumed trading date for both models. The coupon 

structure assumption of the Merton and Implied models differ drastically. Merton assumes that the 

liabilities are a zero-coupon bond while our version of the Implied model assumes monthly coupon 
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reset dates. It is thus necessary to adjust the risk-free rate accordingly to the coupon structure. We 

use the 1-month LIBOR rate from the Federal Reserve Economic Data (FRED) database on the 

issuance and the trading dates for the syndicated loans. In the Implied model, the risk-free rate is 

used to calculate the spread from the rate needed to discount the loan to its trading value. Since 

(18) takes place in a continuous timeframe, we convert the 1-month LIBOR to a continuous rate 

using a logarithmic transformation. 

 

4.8 Conclusion 

 

Since Merton’s (1974) seminal paper responsible for pioneering the structural credit risk model 

literature, many extensions furthering Merton’s framework have been proposed. Black and Cox 

(1977) present a new definition of default prior to maturity. An important contribution was made 

by Longstaff and Schwartz (1995). Their structural model uses a stochastic interest rate and the 

term structure of interest rate is no longer assumed to be flat. Whether it’s Leland and Toft’s (1996) 

model with an endogenous default barrier or Collin-Dufresne and Goldstein’s (2001) model which 

considers a mean-reverting leverage ratio, the extensions have been numerous. Although these 

models aim at improving Merton’s original work, it has been empirically proven that there is a 

significant lack of accuracy regarding these structural models and their credit spread estimations.  

In order to increase structural models’ reliability in estimating realistic credit spreads, PDs and 

other bond-related metrics, Zhou (2001a) proposes the first jump diffusion model of credit risk 

based on Merton’s (1976) idea of a jump diffusion model for option pricing. The introduction of 

jumps in the firm’s asset value process is based on the empirically observed concept that some 

assets are affected by sudden jumps in value due to unexpected and abnormal information release. 

It is now widely accepted that jumps in structural models increase the reliability of the estimates 

produced by jump diffusion models. Following Zhou (2001a) was Kou and Wang (2003), based 

on the results of Kou (2002), they provide the answer to a previously unresolved mathematical 

problem: the FPT distribution of a double exponential jump diffusion process. Analytical 

tractability is an important feature for the reliability of pricing models, it permits a closed-form 

solution and is, by definition, incomparable to numerical analysis in terms of efficiency. Then, 
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models proposed by Dao and Jeanblanc (2006), Delianedis and Geske (2001), Chen and Kou 

(2009) and more, aim, once again, at improving structural models’ ability to explain what is 

observed on the markets. Given that jumps add to the flexibility of purely diffusion models, it is 

not surprising that their results seem to favor the use of jumps in the asset value process. A 

recurring observation of jump diffusion models is that they provide a better estimation of short-

term probabilities of default due to the fact that default can occur as soon as the process starts 

because of the jump component; a feature lacking in diffusion models.  

While the literature was strengthening the use of jump diffusion models, parallelly was being 

developed the two or more assets framework. Previously, structural models were focusing on a 

single company at a time. The idea was that credit risk inherent in a company comes from that 

company only, and so there is little to no need in modeling other variables than the ones specific 

to that firm. However, the derivatives market has expanded considerably since the 1990’s (Rai et 

al., 1997). Credit default swaps, an important derivative to manage credit risk, uses joint default 

probabilities in its pricing. Moreover, when considering a portfolio of bonds, the single company 

approach, as defined above, forgoes the significant inter-dependent relationship between bonds. 

This is where default correlations and joint default probabilities become important. Zhou (2001b) 

introduced a two-firm structural model using a bivariate diffusion process and obtained a closed-

form solution for the default correlation between both firms. However, this approach is limited in 

its applicability to more than two firms at once. Cathcart and El-Jahel (2004) propose a framework 

for N assets based on Merton (1974) and the use of basic probability theory. They obtain closed-

form solutions for joint default probabilities and other credit risk related metrics. Unsurprisingly, 

their model underpredicts joint default probability, a known shortcoming of Merton (1974), 

compared to a FPT model such as Zhou (2001b). Next, Kiesel and Scherer (2007) used the jump 

diffusion structural approach and considered more than one asset at a time. They introduce 

correlation through a market and an industry factor as well as dependent jumps. They obtain more 

realistic short-term joint default probabilities than other purely diffusive models.  

The use of structural models is restricted to publicly traded firms. The private market for 

syndicated loans is an alternative for firms that require additional debt. The private loan market 

and the public bonds market serve a similar purpose. However, there is evidence that similar loans 

and bonds are being evaluated differently (Yi and Mullineaux, 2006). Credit rating agencies put 
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more emphasis on recovery value upon default for loans than bonds (Roche et al., 1998). There is 

evidence that credit ratings include private information which is not the case for bonds. It has been 

reported that loan spreads and bond spreads react differently with the arrival of new information. 

Syndicated loans would integrate the information from CDS spreads faster than bond spreads. 

As pointed out, the advancements in structural models of credit risk were numerous in the past 

decades. From Merton’s original work has emerged more complex models with the goal of 

reproducing what has been empirically observed on the market. Parallelly, the syndicated loan 

market has been becoming increasingly more important over the years. With lenders obtaining 

private information through the syndication process, syndicated loans are analyzed differently than 

their counterpart. Default risk estimations are essential for managing fixed income portfolios. 

More accurate models and a better comprehension of credit risk differences between markets will 

lead to more efficient use of resources for financial institutions.  

 

5. A note on probability measures 

Now that both models have been presented, we point out a fundamental difference between the 

Merton model and the Implied model. The Merton model we make use in this study takes place in 

the physical (real-world) probability measure while the Implied model takes place in the risk-

neutral world. It is possible to use the Merton model in a physical or risk-neutral (option pricing) 

setting. We chose the physical probability measure because it is preferred when valuation is not 

the objective (Hull, 2017). Instead, we try to predict actual default probabilities to better 

understand credit risk relations between bonds and syndicated loans. Although PDs from both real 

and risk-neutral worlds differ in Merton’s model, they both provide a good ranking of PDs (Hull, 

2017). Moreover, an important difference in Merton’s model between both measures is the asset 

drift rate. In the physical probability measure, the asset drift rate can be estimated using an asset 

pricing model as opposed to the risk-neutral measure that uses the risk-free rate. Admittedly, both 

variables can differ substantially which could affect the results and null the comparison between 

the Merton model and the Implied model. Nevertheless, we use the Merton model in the physical 

world and cautiously suggest that the results are minimally influenced by the fact that the chosen 

time horizon is limited to one year only. The comparison between both Merton and the Implied 
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model would make incrementally less sense as the time horizon increases. Unfortunately, we are 

unable to convert the Implied model PDs to the physical world. It would require historical data on 

defaults. Also, the PDs from the Implied model in the risk-neutral world are typically much higher 

compared to the physical world (Hull, 2017). This could justify why the outputs of Implied PDs 

are so high relative to Merton’s. 

It is important to note that the issue related to different probability measures is only of concern 

when both models’ outputs are compared together. When individually taken, each model outputs 

can be adequately interpreted.  

 

6. Research Hypotheses 

H1.1: Public and private debt markets PDs move in the same direction as new information is 

available from the private market. 

As previously stated, credit rating models differ between bonds and loans (Yi and Mullineaux, 

2006). Further, the literature suggests that both markets are not fully integrated, but their 

integration is increasing since the 1980s (Thomas and Wang, 2004).  Given the increased 

integration between both markets, we expect both PDs to move in the same direction as new 

information is available from the private market.  

 

H1.2: Public and private debt markets have different relative change of PDs. 

Although increasingly integrated, both markets are intrinsically different. For that reason and 

because PDs are modelled using different methodologies, we expect PDs to be different between 

both markets. Moreover, we expect Merton PDs to be relatively stable through time due to the 

insensitivity of the output PDs of financially strong firms. The Merton model relies solely on 

public information and financial statements. Since financial statements are released quarterly and 

annually, we expect the Merton model to adjust slowly to new information from the private debt 

market, but even more so when the trading date is close to the issuance date. 
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H2: Private debt market PDs are more volatile than public debt market PDs. 

It has been observed that the loan market reacts more rapidly to new information (Altman et al., 

2006). Given the private nature of the syndicated loan market, we anticipate bonds to slowly react 

to new information from the private debt market on the revaluation date, which would reduce the 

variance of our sample of Merton PDs compared to Implied PDs. On the other hand, we also know 

that the Merton model, which is used to model public debt, is superior in reacting to new 

information when compared to credit ratings over time.  

 

H3: Public and private debt markets PDs are affected by similar variables but to a different 

degree. 

Although we have a limited sample size, we anticipate leverage and asset volatility to significantly 

explain the PDs from both models. There is evidence that equity volatility leads to higher debt 

rates (Campbell and Taksler, 2003). As we will explain further, equity volatility and asset volatility 

are explicitly linked in our parameter estimation process. For this reason, we expect asset volatility 

to significantly influence the PDs of both models. Furthermore, market leverage measured as (L/A) 

has been shown to significantly explain difference between actual bond prices and prices from an 

extended version of Merton’s model (Eom et al., 2002). Given how central asset and liability 

values are in Merton’s model, we believe that market leverage will significantly explain the PDs 

of the model. Additionally, we anticipate the Implied model PDs to be significantly explained by 

the market leverage as well. We justify this hypothesis by pointing out that credit spreads on loans 

include an important amount of information, including the effect of market leverage on the firm’s 

default risk. Asset volatility and market leverage are the two main variables we expect to be 

significant. However, we will include other variables used in the literature when available to us. 

By identifying which variables significantly impact both models, we will have a better idea which 

variables play a key role in credit risk estimation. 
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7. Methodology 

Our hypotheses will be tested in several different ways using simple yet effective statistical 

procedures. Once we have estimated PDs for the issuance date and the quoted date, for both the 

Merton model and the Implied model, we can start testing our hypotheses.  

First and foremost, we wish to explain a central concept in our data manipulation process that will 

be used in this section. Given that PDs are bounded between 0 and 1, we are confronted to a 

surprising issue. Most of the firms in our sample are financially strong and so there is a 

considerable number of firms with low to very low PDs. To analyze such data is impossible 

without proper manipulations. Therefore, we apply a negative log (-log) to all our PDs in order to 

properly analyze the results. Statistical tests such as Shapiro-Wilk and Jarque-Bera normality tests 

will be used to ensure that we respect the normality assumption of most statistical tests.  

 

H1.1: Public and private debt markets PDs move in the same direction as new information is 

available from the private market. 

There are two ways to analyze the direction of changes given new information. First, a simple 

Pearson and Spearman correlation analysis indicates if Merton and Implied PDs move in the same 

direction on a given date. We use this procedure twice; once with Issuance PDs and once with 

Quoted PDs.  

Compared to Pearson’s correlation test, the Spearman correlation is less restrictive in its 

assumptions and can provide valuable information especially in non-normally distributed samples. 

The Spearman correlation is a non-parametric correlation test that uses ranks to establish 

correlation between two variables. 

In the last step, we use a correlation test on the negative logarithm of the absolute difference of 

each PDs. We implicitly assume that the correlation between both models’ PDs is +1. This 

assumption stems from our use of negative logs to transform PDs. We point out that the log of a 

number inferior to 0 is undefined; a situation that is bound to happen when using differences. Our 

solution is to use the absolute differences of untransformed PDs and apply the negative log after. 

The implicit assumption is unavoidable because now, PDs differences are strictly positive. 
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H1.2: Public and private debt markets have different relative change of PDs. 

Here, we take two approaches to test our hypothesis. First, we independently test each model with 

their Issuance and Quoted PDs using a paired t-test on the population mean difference. A paired t-

test is adequate when variables Xi and Yi concern the same subject. In our case, both PDs are 

concerning the same firm and so this statistical test is adequate. If the p-value <  𝛼, we can reject 

the null hypothesis that both means are equal. 

This test will indicate if the mean PDs significantly change between the Issuance and Quoted dates. 

In our sample, we have firms with or without new financial statements. For Merton PDs 

specifically, we conduct the same test but for firms with new financial statements on the quoted 

date. The result of this test is important to understand the implications of financial statements 

information relative to PDs.  

Next, we make use of the t-test of the mean difference again. However, this time, we use the 

negative logarithm of the absolute difference of each model between dates. Given our assumption, 

we cautiously analyze the negative log mean difference. 

 

H2: Private debt market PDs are more volatile than public debt market PDs. 

Using the variance of  
−𝑙𝑜𝑔 (|∆𝑃𝐷|)

−𝑙𝑜𝑔 (|∆𝑃𝐷|)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅    (mean as the denominator) for both public and private markets, 

we can perform a chi-square test for variance. This test indicates if the variance of a sample is 

greater than a specified value. By using the sample variance of the public debt market as our 

specified value, we can test if the private market variance is greater than the public market 

variance. If the p-value <  𝛼, we reject the null hypothesis and conclude that there is evidence of 

the private market variance being greater than the public market variance. Similarly, we apply the 

procedure to negative log Issuance PDs, and then to negative log Quoted PDs. We note that the 

Chi-Square test is sensitive to non-normal distribution. To circumvent a foreseeable issue with the 

Chi-Square test, we propose the Levene test for variance. This test is more adequate for non-normal 

distribution. However, this is a test of equality of variances.  
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H3: Public and private debt markets PDs are affected by similar variables but to a different 

degree. 

We decide on using Ordinary Least Square (OLS) regression. OLS regression is a simple yet 

effective tool to analyze relationships of a target and explanatory variables. For this hypothesis, 

we produce a total of 4 linear regression models: Merton Issuance, Merton Quoted, Implied 

Issuance and Implied Quoted. The objective is to identify statistically significant variables that 

influence each type of PDs. Statistically significant variables should be further investigated for 

future modeling. 

 

Data 

The data required to carry out this study comes from different sources. We started out with a 

sample of 50 publicly traded compagnies that were the recipient of a syndicated loan between 2001 

and 2007. Given the tedious task of collecting the required data from different sources, we aimed 

for a total of 50 firms which is enough to conduct our analysis. However, we had to reduce the 

sample size to 43 companies for reasons such as unavailable data and negative equity values.  

The information on public firms is easily available through both Bloomberg and Thomson Eikon. 

We use mainly Bloomberg but also Thomson Eikon in instances where the information is missing 

from the Bloomberg database. For each company, we need the following information: market 

capitalization, book value of equity, and book value of liabilities at each issuance and trading dates. 

Market capitalization is reported daily as opposed to book value of equity and liabilities. For this 

reason, market capitalization is for the day the syndicated loan is issued/traded or the most recent 

business day before the loan is traded. Book value of equity and liabilities are reported on a 

quarterly basis in 10-Q (quarterly) and 10-K (annual) forms. In some cases, we used SEC’s 

EDGAR (Electronic Data Gathering, Analysis, and Retrieval) system to confirm book values of 

equity and liabilities. Given that there is a three months gap between quarterly reports, the value 

assigned to book values are the ones included in the closest financial statement. 

The information on syndicated loans comes from the DealScan database. Our database includes 

loans from 2001 up to 2007. We use the All-In Spread (AIS) as a proxy for the spread on the loans 
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at issuance. We also extract the date at which the loans were issued. Moreover, when the loans are 

traded in the secondary market, we extract the date and the price at which the loans were traded.  

The last data required is the 1-year Constant Maturity Treasury (CMT) rate from the Federal 

Reserve’s H.15 release and 1-month LIBOR from the Federal Reserve Economic Data (FRED) 

database for each date at which loans are issued and traded. 

Table 1: Borrower Names and Ticker Symbols  

Borrower Name Ticker Symbol 

CMS Energy Corp. CMS 

Centerpoint Energy Inc. CNP 

Adobe Systems ADBE 

Goodyear Tire & Rubber GT 

Packaging Corp of America PKG 

Boeing BA 

Dominion Resources D 

FMC Corp FMC 

Big Lots BIG 

Abercrombie & Fitch Co ANF 

Barnes & Noble BKS 

Quest Diagnostics DGX 

Marsh & McLennan Cos. MMC 

Hanger Orthopedic Group Inc. HNGR 

Sunstone Hotel Investors Inc. SHO 

Marsh & McLennan Cos. MMC 

Cummins Inc. CMI 

Valero Energy Corp. VLO 

Suburban Propane Partners LP SPH 

NCI Building Systems CNR 

Steel Dynamics STLD 

Universal Corp. UVV 

Time Warner TWX 

Service Corp. International SCI 

Enersys Inc. ENS 

Louisiana Pacific Corp. LPX 

Darden Restaurants Inc. DRI 
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Molson Coors Brewing Co. TAP 

PNM Resources PNM 

Teleflex Inc. TFX 

Anadarko Petroleum Corp. APC 

Waste Management WM 

Clean Harbors Inc. CLH 

Sanmina-SCI Corp. SANM 

ConocoPhillips COP 

Scientific Games Corp. SGMS 

Boyd Gaming Corp. BYD 

Beazer Homes Inc. BZH 

Teleflex Inc. TFX 

Target Corp. TGT 

Gap Inc. GPS 

Stryker Corporation SYK 

Verizon Communications VZ 

 

 

Empirical Results 

Once we apply the Merton and the Implied model on the Issuance and the Quoted dates, we have 

a total of 4 sets of PDs: Merton at Issuance, Merton at Quoted, Implied at Issuance and Implied 

at Quoted. Hereunder is a descriptive summary of the main variables of our final dataset at 

issuance: 

Table 2: Descriptive Summary of Main Variables 

Variable Mean Median 

Market Capitalization* 13 754 2 766 

Equity* 6 704 1 313 

Liabilities* 13 531 2 266 

Asset Value* 26 857 6 581 

Syndicated Loan Maturity 45 60 

Drift Rate 2.7     % 5.90   % 
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Equity Volatility 38.63 % 30.95 % 

Asset Volatility 19.95 % 15.73 % 

Asset Leverage Ratio (L/A) 47.77 % 46.42 % 

       *USD in millions 

The final dataset used is composed of 43 companies. This is undoubtably a small dataset. For this 

reason, assumptions must be made about the population in some instances. We will mention new 

assumptions to the reader when relevant. The significance level used in all our hypothesis testing 

is constant at 0.05. 

The first step of our empirical analysis revolves around the transformation process applied to PDs. 

As we know PDs are bounded between 0 and 1. Financially strong firms tend to have low PDs and 

financially distressed firm tend to have high PDs. Historically, few firms default each year and 

historical data can be tedious to accumulate. Therefore, we rely on theorical models to obtain an 

estimate of PDs when one does not have access to historical defaults. Our dataset confirms the 

idea that defaults are rare. Most of our PDs calculated with either models are concentrated near 

zero which indicates a strong financial position for the firms in question. To correct the situation, 

we apply a negative log to PDs to change the scale of our data.  

 

Table 3: Issuance PDs and Negative Logarithm PDs 

Variable Mean Median Min Max 

Merton 3.15 % 0.00 % 0.00 % 67.68 % 

Implied 6.93 % 5.96 % 0.83 % 25.78 % 

-Log (Merton) 17.57 12.61 0.39 50.63 

-Log (Implied) 3.00 2.82 1.36 4.79 

 

 

 

 

 



46 

 

Table 4: Quoted PDs and Negative Logarithm PDs 

Variable Mean Median Min Max 

Merton 2.29   % 0.00 % 0.00 % 39.01 % 

Implied 10.12 % 7.37 % 1.50 % 44.23 % 

-Log (Merton) 20.05 19.11 0.94 63.67 

-Log (Implied) 2.60 2.61 0.82 4.20 

 

Negative Logarithm Transformed PDs 

 

Next, we are interested in the normality assumption needed for future statistical tests. Shapiro-

Wilk and Jarque-Bera statistical tests are used to verify this assumption.  
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Table 5: P-value results for normality tests 

Model Shapiro-Wilk Jarque-Bera 

-Log Merton (I) 0.0016 0.0968 

-Log Merton (Q) 0.0066 0.0412 

-Log Implied (I) 0.4372 0.6011 

-Log Implied (Q) 0.7163 0.7303 

 *(I) = Issuance, (Q) = Quoted 

 *A p-value greater than 0.05 supports a normal distribution  

 

In all cases above but -Log Merton (Q), at least one test supports the normality assumption. 

However, we will assume normality for -Log Merton (Q) and the other models. It could be 

argued that a larger sample could support a normal distribution. Next, we move onto the 

hypotheses testing section of our empirical results. 

H1.1: Public and private debt markets PDs move in the same direction as new information is 

available from the private market. 

Two correlation analyses are used to test the first hypothesis: Pearson and Spearman. As we can 

see in the table below, we tested 3 separate sets of data. The third set “Absolute Difference” 

requires further explanations. As previously mentioned, a negative logarithm transformation is 

applied to both the Issuance set and the Quoted set. However, this transformation cannot be used 

in a subtraction context as the logarithm of a negative value is undefined. We suggest the use of 

the absolute difference before applying our transformation. Unavoidably, we make the assumption 

that the Merton and Implied models’ PDs strictly move in the same direction for this test.  
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Table 6: Correlation Analysis Tests 

Model 
Pearson 

(P-value) 

Spearman 

(P-value) 

Correlation 

Strength 

Issuance 0.4755 

(0.0013) 

0.5048 

(0.0006) 
Moderate 

Quoted 

 

0.2746 

(0.0748) 

 

 

0.3715 

(0.0142) 

 

Weak 

Absolute Difference 0.4501 

(0.0025) 

0.5474 

(0.0002) 
Moderate 

 

The Issuance model correlation analysis is the most promising of all three. With a significant 

Pearson coefficient of 0.4755 and a significant Spearman coefficient of 0.5048, the data supports 

a moderate positive linear relationship between both PDs. As Merton PDs increase, Implied PDs 

positively increase as well. Next, the Quoted model supports a similar but weaker conclusion 

according to the Spearman correlation with a significant coefficient of 0.3715. We remind the 

reader that of all four normal distribution tests, Merton (Quoted) was the only one where a normal 

distribution could not be assumed. We believe that a larger dataset could present a statistically 

significant linear relationship between both PDs of the Quoted model. 
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The third model tested provides additional information but must be interpreted carefully given the 

strictly positive nature of absolute values. We make this assumption out of necessity. However, 

the result presented previously do support a positive linear relationship between Merton and 

Implied PDs. Therefore, it is conceivable to assume both models’ PDs move in the same direction 

for the purpose of this test. As we have seen from Table 6, the Absolute Difference model 

correlations are statistically significant with a Pearson coefficient of 0.4501 and a Spearman 

coefficient of 0.5474. These results speak more to the power of the relationship given that the 

relationship is positive. 
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As suggested in the literature, the public and private markets are not fully integrated. In a perfectly 

integrated scenario, we would expect strong linear relationships between Merton and Implied PDs. 

Nevertheless, both markets appear to be somewhat integrated given the positive linear 

relationships between PDs. Moreover, keeping in mind our previously explained assumption, the 

results of the Absolute Difference model supports that an increase of PDs between the Issuance 

date and the Quoted date of the Merton model is correlated with an increase of PDs of the Implied 

model. 

 

H1.2: Public and private debt markets have different relative change of PDs. 

A total of 4 paired t-tests on the mean differences are conducted for this hypothesis. We begin by 

testing the Merton PDs at the issuance and the quoted dates. The same process is used with the 

Implied model as well. Next, we follow the same steps, but add a condition to subset the Merton 

dataset to only include firms that have new financial statements between the issuance date and the 

quoted date. Finally, we use this methodology to test the absolute differences between the Merton 

model and the Implied model. 

Table 7: Paired T-Tests of the Mean Differences 

Model 
Mean of the Differences 

(P-value) 
Significant 

Merton  

(Q and I) 

-2.4762 

(0.1848) 
No 

Merton  

(Q and I with  

new financial 

statements) 

-3.5050 

(0.250) 
No 

Implied  

(Q and I) 

 

0.4018 

(0.0001) 

 

Yes 

Absolute difference 

(Merton and Implied) 

11.3202 

(0.0000) 
Yes 

*Negative logarithm transformation applied to all models 
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The paired t-test of the mean difference tests whether the means of both samples are statistically 

different from one another. As we can see from table 7, the Merton model does not have a 

significant difference in mean. It suggests that the public market PDs do not significantly change 

between both dates. A potential factor that could influence this result is the publishing of financial 

statements between both dates. The Merton model inputs include financial statement variables 

which can materially change between dates. Aware of this drawback, we tested a subset of the 

Merton dataset where only firms with new financial statements at the quoted dates were included. 

As expected, the mean differences become larger, from -2.4762 to -3.5050. The additional 

variability of the inputs given new financial statements increases the mean difference of the firms. 

However, both Merton results are not significant at the 5% level. 

The Implied model paired t-test is significant with a p-value of 0.0001. We can conclude that the 

true difference in mean is not equal to zero. Between both dates, the Implied model PDs change is 

significant. Although it would be inadequate to compare the Implied and Merton models mean 

estimates given a mismatch in significance of the paired t-tests, we highlight the statistically 

significant change of the Implied model. However, a significant difference in mean does not 

necessarily point to a superior model. For one, it indicates that the Implied model may be overly 

sensitive to its inputs such that a small change in input values can significantly affect the output 

PD. In practical credit risk management, it might not be desirable to use a model with highly 

varying outputs in a short period of time. 

Next, we use a paired t-test with the absolute difference of the Merton model and the absolute 

difference of the Implied model. Its p-value is 0.0000 indicating a significant test. This test result 

indicates that the true difference in mean is not equal to zero. We cautiously interpret the results 

by keeping in mind that absolute values are being used, forcing strictly positive differences. 

However, even though the differences are positive, we observe a significant difference of means. 

This again points to a potential input sensitivity challenge. It could be the case that the Implied 

model PDs change to such a degree, relative to the Merton model, that a significant difference 

exists. However, the paired t-test results of the sample means are higher in absolute values for the 

Merton model than the Implied model (see table 7). Moreover, Merton’s mean differences are not 

significant between the Issuance and Quoted Dates. 
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According to our results, we observe a significant mean difference of PDs for the private market 

but not for the public market. The private market PDs do change sufficiently for the test to be 

significant which is not the case for the public debt market. Models themselves play a role in this 

difference. Methodologies and information availability differ between sectors which can impact 

outputs and analyses. We propose two potential reasons supporting our results. First, the private 

market could have a faster reaction time given new public information. Granted that models are 

simpler and most likely more sensitive to inputs, the relatively small number of inputs required to 

compute PDs can be a drawback in terms of accuracy which directly affects PDs. Second, the 

Merton model is known for slowly adjusting to new information, again, given its inputs and their 

stability overtime. The private market has the potential advantage over the public market that 

information flows differently between potential investors. For example, one reason that could 

justify this difference of mean PDs is the accessibility to private or insider information by the 

private market. If the private market has access to more information that could be reflected in the 

private model’s inputs, we should expect Implied PDs to change more drastically than Merton 

PDs. The potential mismatch of information can contribute to having a significant difference in 

terms of PDs for both markets. 

 

H2: Private debt market PDs are more volatile than public debt market PDs. 

To test this hypothesis, we use two different statistical tests: Chi-Square test for variance and 

Levene test. The former tests if the variance of a sample is greater than a specified threshold. We 

choose the threshold to be the variance of the Merton model PDs. Briefly, we test if the variance 

of the Implied model is less than the Merton model. As we can see in table 8, all three p-values are 

significant. The Chi-Square test is sensitive to non-normal distribution. To investigate the origin 

of our results, we tested for the normality assumption as per table 5.  
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Table 8: Chi-Square Test 

*Negative logarithm transformation applied to all models 

**Merton (Q) is close to satisfying the normality assumption 

 

There are some obvious drawbacks from our data transformation process. The negative log 

transformation was necessary to assume the normality assumption in most sub samples. All three 

tests have a sample variance (private market) very small relative to the threshold variance (public 

market). This result comes directly from our transformation. As a PD tends to zero, its negative 

log result becomes increasingly larger. When we look at the table above, it is important to keep in 

mind that a larger negative log transformed PD comes from a smaller original PD. For this reason, 

we use a lower-tailed chi-square test in which we test if the sample variance (private) is smaller 

than the threshold variance (public). As explained previously, if the sample variance is smaller, it 

means, in fact, that the original untransformed variance is larger. We recognize the challenge in 

interpreting our results. Our data transformation step was necessary to obtain normally distributed 

samples. 

As per table 8, there is a gap in variances between the sample and threshold variances. As the p-

values suggest, the tests are statistically significant, and the negative log transformed private 

market variance is smaller than the negative log transformed public market variance. We warn on 

making further interpretations given the altered scaling of log transformed PDs relative to the 

original PDs. Moreover, only the Issuance samples respect the normality assumption. Our result 

supports the fact that private market PDs are more volatile compared to public market PDs at the 

Issuance date. Within our sample, private market PDs are further away from the mean PD 

compared to the public market. 

Model 
Sample 

Variance 

Threshold 

Variance 

Chi-Square 

P-value 

Valid Normality Assumption 

(Implied/Merton) 

Implied 

Absolute Difference 
2.9104 149.2107 0.0000 Yes/No 

Implied Issuance 0.7401 180.9320 0.0000 Yes/Yes 

Implied Quoted 0.5996 217.2101 0.0000    Yes/No** 
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Next, we make use of the Levene test of equality of variances for non-normally distributed 

samples. 

Table 9: Levene Test 

 

 

 

          

            *Negative logarithm transformation applied to all models 

 

The main advantage of the Levene test is its non-parametric nature, meaning it does not require a 

specific distribution assumption such as the Chi-Square test. On the other hand, Levene test can 

only test equality of variances between two samples. We conduct Levene tests to provide 

additional information regarding our result. However, there is limited interpretation possible. As 

per table 9, both p-values are close to zero indicating that variances are not equal in both samples.  

 

H3: Public and private debt markets PDs are affected by similar variables but to a different 

degree. 

In this section, we produce a total of four OLS regressions. Each model, whether Merton or 

Implied, is analyzed at the issuance and quoted date, separately. Details of the individual 

regressions are available in Appendix 4. Below is a summary table of all four regressions. 

Table 10: Linear Regression Significant Variables 

Merton Issuance Merton Quoted Implied Issuance Implied Quoted 

**Drift Rate **Drift Rate **Loan Maturity **Loan Maturity 

**Asset Volatility **Asset Volatility  **Risk-free Rate 

*Risk-free Rate **Log Market Cap  **Term Structure (10y-2y) 

 **Standard Deviation  *Standard Deviation 

   Significant at 5% (**) and 10% (*) thresholds 

Model Levene P-value Equal Variances 

Issuance Variances 0.0000 No 

Quoted Variances 0.0000 No 
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Merton and Implied models use different inputs to calculate their respective PD. Importantly, the 

Implied model’s main input is the loan’s spread which includes a variety of information about risk. 

For this reason, and to allow for a better comparison, we use the same independent variables in the 

Merton and Implied models. To avoid redundant information, the spread is not included in any 

regression as it possibly contains information about the other independent variables. Although we 

use linear regression in our study, we do not intend on making predictions using this approach. 

OLS merely serves as a tool to identify potential variables important in credit risk modeling.  

As per Equation (20), there is an explicit link in the process of estimating the asset volatility from 

the standard deviation of returns. We keep both variables in our regressions for one reason: The 

Implied model does not directly include information about any of these two variables. They could 

be implicitly included in the credit spread, but we can hardly foresee which variable is most 

significant beforehand. As expected, the standard deviation of returns significantly explains asset 

volatility at 5% thresholds at the Issuance and Quoted dates. Both variables are indicative of 

volatility, albeit on different measures of financial information. See graphs below. 

 

In an ideal scenario, one should expect variables within the same model to be significant at both 

the Issuance and Quoted dates. Although based on different models and markets, some variables 

are expected to appear in both the Merton model and the Implied model.  

For the Merton model, the Asset Drift Rate and the Asset Volatility are both significant at 5%. 

This result is unsurprising given that the Merton model uses both inputs in its calculation of the 

PD. This result is supported by the increased research in parameter estimations techniques in recent 

years. The Asset Drift Rate is negatively related to the negative log PD. As the Asset Drift Rate 

increases, the negative log PD decreases which means the PD increases. This is unexpected. To 



56 

 

investigate further, we regress the Asset Drift Rate on the negative log PD. In this simple linear 

regression, in both instances (Issuance and Quoted) the relationship is positive which is the 

expected result. We attribute this relationship to a possible interaction between independent 

variables in our original regression. Next, the Asset Volatility is negatively influencing the 

negative log PD. This is expected, as the Asset Volatility increases, the negative log PD decreases 

which increases the PD. Higher volatility increases the probability that the stochastic process 

crosses the default barrier at maturity. Refer to Appendix 1 for visual aid. In our sample, we clearly 

identify the two most important components of the Merton model. More accurately estimating 

these parameters would lead to superior modeling of public debt. The Log Market Cap is also 

significant in the Merton Quoted model. Its coefficient is positive. As the market capitalization 

increases, the PD decreases. According to these results, firms with higher market capitalization are 

more likely to have lower PDs. On its own, this result is difficult to interpret further as it is not 

necessarily indicative of financial strength or weakness as the ratio Liability/Asset would be. Next, 

we previously mentioned the interdependence of Asset Volatility and Standard Deviation in the 

Merton model. Standard deviation of returns is a significant variable at the Quoted date. It likely 

indicates that both variables are redundant. However, it could also be that the model effectively 

captures the subtilities between both volatility measures. Finally, we briefly mention the Risk-free 

rate, significant at 10% in the Merton Issuance model. 

The Implied model offers different results. At the issuance date, only Loan Maturity is significant 

at the 5% level. Recall that our PDs are calculated on a one-year horizon. Loan Maturity is not an 

input to the Implied model. The Loan Maturity coefficient is positive, implying that when it 

increases, PD decreases. This result suggests that loans with longer maturities are less risky than 

loans with shorter maturities which is counterintuitive. However, loans in our sample have a 

maturity up to 60 months. This is by no means considered a long maturity by credit standards. We 

interpret this result by proposing that within short (1-year) to intermediate (5 years) maturity 

syndicated loans, there is a tendency that loans with shorter maturities are riskier. One reason could 

be the use of said loans. For example, a 12-month bridge loan could be considered risker on a one-

year horizon compared to a 60-month term loan on a similar horizon. In our sample, we do not 

distinguish between credit facility types. For instance, certain facility types are more likely to have 

longer maturities such as revolving facilities. However, spreads on revolving facilities would be 

higher than a comparable term loan. Higher spreads would lead to higher PDs, which is not what 
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we observe in our sample. Again, this is possibly due to our small range of maturities and our 

limited sample size.  

The Implied model at the quoted date offers different results regarding private credit debt. Once 

again, Loan Maturity is a significant variable. The most noticeable difference is the appearance of 

significant rate-related variables: Risk-free Rate and Term Structure (10-year minus 2-year rates). 

Both have negative coefficients. When the risk-free rate increases, the PD increases as well. The 

same logic applies for the Term Structure variable. Theoretically, the risk-free rate should not 

determine the credit risk of a loan. However, the credit spread, which by construction excludes the 

risk-free rate, should. The Term Structure variable suggests that as the difference between the 10-

year rate and 2-year rate widens, PDs increase as well. This result is questionable. Economic theory 

warns that a flattening yield curve is worrisome in terms of economic strength. Generally, yield 

curve flattening should be linked to higher PDs. We do not see such results. It is important to 

remember that both our models (Merton and Implied) use the assumptions of a flat yield curve. 

The PDs obtained are built on this assumption which is a probable reason for such results. Credit 

risk models comprising of stochastic interest rate would be more adequate to interpret properly 

interest rate related variables. Our last variable is the standard deviation of returns. It is significant 

at the 10% threshold. The same interpretation as the Merton model is still viable. 

Common variables within the same model are indicative of the main factors affecting credit risk 

estimation. Furthermore, common variables between models are equally important as they point 

to the underlying similarities between both models and markets. Two main factors appear to have 

effects on both markets. First, rate-related variables are significant in both the Merton model (I) 

and the Implied model (Q). Although at different significance levels, these variables seem to have 

a direct impact on credit risk estimation. As mentioned above, an important assumption in our 

models is the flat yield curve assumption. It is therefore difficult to interpret the result. However, 

according to our result, risk-free rate modeling within credit risk models requires more attention 

and could lead to more accurate results. Second, the standard deviation of returns is common to 

both the Merton model (Q) and the Implied model (I). In fact, it is not surprising that this variable 

is significant in the Merton model as explained before. On the other hand, the Implied model does 

not explicitly define this variable and we would have to assume its effect through the credit spread. 

Given that this variable has opposite signs in both regressions, we tested Standard Deviation in a 
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simple linear regression with the appropriate PDs. In both cases, the variable is significant and has 

a negative coefficient. As the standard deviation of returns increases, the PD increases. The most 

likely reason for opposite signs is the effect of Asset Volatility on Standard Deviation in the Merton 

Quoted model. These results suggest that firm with less stock volatility would have lesser credit 

risk. This variable has the advantage of being observable on the market and no modeling is 

required. Our result is of more importance to risk managers. According to our findings, reduced 

stock volatility would promote lower credit risk at the firm level. 

 

Conclusion 

The credit market is key to optimally diversify portfolios and allow investors to manage risk and 

return. To gain direct exposure to credit assets such as loans and bonds, investors can choose 

between the public and the private debt markets. These markets are intrinsically different in terms 

of information and products offered. In this paper, we empirically analyze the inherent credit risk 

between loans and bonds. By modeling PDs with the Merton model and the Implied model, for the 

public and the private debt markets, respectively, we present results in line with the current 

literature as to the material differences between both markets. The reasoning behind such 

differences is centered around the information asymmetry, the variables of interest and the models 

chosen. By using syndicated loans and publicly available data, we find that PDs between both 

markets are correlated, suggesting a definite link in terms of credit risk. Next, by observing PDs 

at two points in time, we note a significant difference in mean PDs for the Implied model only. 

Moreover, applying our data manipulations, we observe a significant difference of absolute 

difference of PDs. These results point to a different magnitude of change of PDs between both 

markets. Furthermore, we compare the volatility of output PDs and find little to no evidence that 

PDs are similar in terms of variance. Finally, with the use of OLS regressions, we identify variables 

deemed significant in PD modeling. Further research should be geared towards improving 

estimation methods for these parameters. This paper presents a relatively simple yet practical 

methodology for estimating credit risk. The point of view chosen for our analysis views loans and 

bonds as individual asset. The interactions of loans and bonds in a fixed income portfolio is not 

considered. Given the different characteristics of public and private debt products, a portfolio point 

of view would be interesting to analyze as risk and return attributes could differ in credit assets.  
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Appendices 

Appendix 1 

Merton Model: Probability of Default 3 

 

 

 

 

 

 

 

 

 
3https://www.researchgate.net/profile/Rafik_Karaman/post/how_to_calculate_credit_conversion

_factorCCF_for_Exposure_of_defult/attachment/59d62a3379197b80779889e5/AS%3A3380128

03223554%401457599940603/download/Credit_Risk_Estimation_Techniques.pdf, p.13. 

 

https://www.researchgate.net/profile/Rafik_Karaman/post/how_to_calculate_credit_conversion_factorCCF_for_Exposure_of_defult/attachment/59d62a3379197b80779889e5/AS%3A338012803223554%401457599940603/download/Credit_Risk_Estimation_Techniques.pdf
https://www.researchgate.net/profile/Rafik_Karaman/post/how_to_calculate_credit_conversion_factorCCF_for_Exposure_of_defult/attachment/59d62a3379197b80779889e5/AS%3A338012803223554%401457599940603/download/Credit_Risk_Estimation_Techniques.pdf
https://www.researchgate.net/profile/Rafik_Karaman/post/how_to_calculate_credit_conversion_factorCCF_for_Exposure_of_defult/attachment/59d62a3379197b80779889e5/AS%3A338012803223554%401457599940603/download/Credit_Risk_Estimation_Techniques.pdf
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Appendix 2  

Possible paths of the asset values of a firm simulated from Gökgöz et al. (2014) 

 

Appendix 3 

Overshoot problem example from Kou and Wang (2003) 
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Appendix 4 

Regression 1: Merton Issuance 

Significance codes :  0.001 = ‘****’  0.01 = ‘***’ 

0.05 = ‘**’  0.10 = ‘*’ 

Coefficients Estimate P-value 

Intercept  48.9086 0.0897* 

Maturity_Loan_Issuance  0.0830 0.1909 

Log (Market_Cap_Issuance)  2.2690 0.7697 

Log (Total_Equity_Issuance) -0.2441 0.8852 

Log (Total_Liabilities_Issuance) -7.0565 0.4680 

Rf_Continuous_Issuance  462.4030 0.0963* 

Mu_Continuous_Issuance  -50.7750 0.0103** 

Std_Dev_Issuance  6.9695 0.6670 

Log (Value_Asset_Issuance)  4.6255 0.6245 

Volatility_Asset_Issuance -150.8215 0.0001**** 

LA_Issuance                       -55.1104 0.1198 

Term_Structure_10y2y_Issuance      457.4429 0.2438 

 

Residual standard error: 5.638 on 31 degrees of freedom 

Multiple R-squared:  0.8703, Adjusted R-squared:  0.8243  

F-statistic: 18.92 on 11 and 31 DF, p-value: 8.851e-11 

 

Regression 2: Merton Quoted 

Significance codes :  0.001 = ‘****’  0.01 = ‘***’ 

0.05 = ‘**’  0.10 = ‘*’ 

Coefficients Estimate P-value 

Intercept  74.69 0.0046*** 

Maturity_Loan_Quoted -0.0063 0.9245 

Log (Market_Cap_Quoted)  26.79 0.0038*** 

Log (Total_Equity_Quoted)  0.5011 0.7905 

Log (Total_Liabilities_Quoted) -12.00 0.2058 

Rf_Continuous_Quoted  235.4 0.1046 

Mu_Continuous_Quoted  -29.94 0.0027*** 

Std_Dev_Quoted  60.81 0.0018*** 

Log (Value_Asset_Quoted) -16.01 0.1253 

Volatility_Asset_Quoted -298.2 0.0001**** 

LA_Quoted                       -32.89 0.3435 

Term_Structure_10y2y_Quoted      301.00 0.1475 
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Residual standard error: 6.376 on 31 degrees of freedom 

Multiple R-squared:  0.8619, Adjusted R-squared:  0.8129  

F-statistic: 17.58 on 11 and 31 DF, p-value: 2.265e-10 

 

Regression 3: Implied Issuance 

Significance codes :  0.001 = ‘****’  0.01 = ‘***’ 

0.05 = ‘**’  0.10 = ‘*’ 

Coefficients Estimate P-value 

Intercept -1.6918 0.4767 

Maturity_Loan_Issuance  0.0113 0.0389** 

Log (Market_Cap_Issuance)  0.7863 0.2330 

Log (Total_Equity_Issuance)  0.0751 0.5983 

Log (Total_Liabilities_Issuance) -0.7916 0.3348 

Rf_Continuous_Issuance -15.0689 0.5113 

Mu_Continuous_Issuance   0.6586 0.6766 

Std_Dev_Issuance -1.0866 0.4270 

Log (Value_Asset_Issuance)  0.3458 0.6635 

Volatility_Asset_Issuance  0.3354 0.8994 

LA_Issuance                        2.9974 0.3090 

Term_Structure_10y2y_Issuance     -20.2406 0.5366 

 

Residual standard error: 0.4743 on 31 degrees of freedom 

Multiple R-squared:  0.7757, Adjusted R-squared:  0.6961  

F-statistic: 9.744 on 11 and 31 DF, p-value: 2.688e-07 

 

Regression 4: Implied Quoted 

Significance codes :  0.001 = ‘****’  0.01 = ‘***’ 

0.05 = ‘**’  0.10 = ‘*’ 

Coefficients Estimate P-value 

Intercept -0.5975 0.7460 

Maturity_Loan_Quoted  0.0109 0.03164** 

Log (Market_Cap_Quoted)  0.3630 0.5747 

Log (Total_Equity_Quoted) -0.0366 0.7953 

Log (Total_Liabilities_Quoted) -0.5262 0.4544 

Rf_Continuous_Quoted -26.6784 0.0165** 

Mu_Continuous_Quoted   0.9552 0.1732 

Std_Dev_Quoted -2.3952 0.0824* 
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Log (Value_Asset_Quoted)  0.4675 0.5428 

Volatility_Asset_Quoted  4.4484 0.1633 

LA_Quoted                        3.0376 0.2437 

Term_Structure_10y2y_Quoted     -50.7096 0.0022*** 

 

Residual standard error: 0.4767 on 31 degrees of freedom 

Multiple R-squared:  0.7203, Adjusted R-squared:  0.6211  

F-statistic: 7.258 on 11 and 31 DF, p-value: 6.05e-06 
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