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ABSTRACT 

A proper estimation of the strain-dependent shear modulus (G) of soils constitutes a 

fundamental part of analyzing the dynamic response of grounds, seismic soil–structure 

interactions, and soil liquefaction potential. The initial shear modulus (Go) can be 

systematically obtained from laboratory measurements of shear-wave velocities (Vs) as the soil 

elastic stiffness is straightforwardly related to its shear-wave propagation velocity. However, 

the shear modulus measurements over a broad range of shear strains can be performed through 

specialized testing apparatus.  

In the current study, correlations between Go and oedometer constrained modulus (Moedo) at 

large deformations were established, as an important step toward more precise modelling of 

soil deformation behavior. To establish these correlations, Vs of 22 different granular soils of 

various physical characteristics were measured experimentally using the piezoelectric ring-

actuator technique (P-RAT) incorporated in the conventional oedometer cell. For each sample 

tested, the development of Moedo with the development of relative density (Id), as well as the 

void ratio (e), was recorded. Then, the obtained Vs and Moedo/Go trends were correlated to the 

physical parameters of the tested granular soils with the development of e and Id. A practical 

application employing the achievements in geotechnical engineering design was also 

evaluated. Based on the proposed correlations, geotechnical designers can easily estimate in 

situ stress-settlement behavior from the predicted Moedo and Id values using simple in situ 

measurements. 

In addition, as a practical application of using Vs to estimate different geotechnical parameters, 

a relationship between Vs and other geotechnical parameters of rockfill soils at large strains 

was investigated towards more precise modelling of earth-structure deformation behaviour. 

Four rockfill samples of different gradations, extracted from the rockfill materials used in the 

construction of the Romaine II dam, were experimented to correlate Vs to Duncan-Chang initial 

modulus (Ei). Numerical simulations using a two-dimensional (2D) finite difference method 

(FDM) were performed based on the Duncan-Chang hyperbolic model to validate the obtained 

correlations. Based on the experimental and numerical data, a relation between Ei and Vs of the 
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tested rockfill samples has been established. Verification studies were also carried out on in-

situ measurements, proofing the ability of the proposed relationships to efficiently predict Ei 

related to the minor principal stress (3) from in-situ Vs measurement. 

Furthermore, as the RC method, in particular, constitutes one of the most popular apparatus 

used to generate modulus reduction curves for soils, a three-dimensional (3D) finite-difference 

(FD) simulations of RC test was used to examine the influence of some sources of error affect 

the RC results such as driving mass, the geometry of the specimen, mode of vibrations, and 

boundary conditions on RC test. Results showed that the attachment of the instrumentation on 

the sample is a driving factor to contribute the error in the estimation of the soil dynamic 

characteristics. 

Finally, four laboratory techniques were used to estimate the strain-dependent shear modulus 

of clean sand with different strain () levels: Resonant column test (RC), piezoelectric ring-

actuator technique (P-RAT), triaxial simple shear test (TxSS) and direct simple shear test (DSS). 

The results show that the RC overestimated the values of Go compared with P-RAT especially 

at loose state due to the non-elastic behavior of soil. TxSS and DSS results showed acceptable 

compatibility in the estimation of G at strains more than 0.1%. Based on a sigmoid function 

SIG-4 model; the cyclic soil response over a wide range of strains based on TxSS results was 

predicted. 

 

Keywords: Resonant column; piezoelectric ring-actuator technique; triaxial simple shear; 

direct simple shear; shear wave velocity; shear modulus; finite differences; deformation 

modulus; Duncan-Chang model. 
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RÉSUMÉ 

Une estimation correcte du module de cisaillement (G) des sols constitue une partie 

fondamentale de l’analyse de la réponse dynamique des sols, des interactions sismiques sol-

structure, et du potentiel de liquéfaction du sol. Le module de cisaillement à petites 

déformations (Go) peut être systématiquement obtenu à partir de mesures en laboratoire des 

vitesses des ondes de cisaillement (Vs), car la rigidité élastique du sol est directement liée à sa 

vitesse de propagation des ondes de cisaillement. Cependant, les mesures du module de 

cisaillement sur une large gamme de déformations de cisaillement nécessitent des d’appareils 

spécialisés.  

Dans la présente étude, des corrélations entre le Go et le module contraint de l’œdomètre (Moedo) 

à de grandes déformations ont été établies. Pour établir ces corrélations, des Vs de 22 sols 

granulaires de diverses caractéristiques physiques ont été mesurés expérimentalement en 

utilisant la méthode P-RAT incorpore dans la cellule œdométrique conventionnelle. Pour 

chaque échantillon testé, l’évolution de Moedo avec la densité relative (Id), ainsi que l’indice des 

vides (e), ont été enregistrées. Ensuite, les tendances Vs et Moedo /Go obtenues ont été corrélées 

aux paramètres physiques des sols granulaires testés avec le développement de e et Id. Une 

application pratique en génie géotechnique a également été évaluée. Sur la base des corrélations 

proposées, les ingénieurs en géotechniques peuvent facilement estimer le tassement in-situ à 

partir des valeurs de Moedo et Id prédites à l’aide de mesures in situ simples.  

De plus, en tant qu’étape importante vers une modélisation plus précise du comportement de 

déformation du sol, une relation entre Vs et d’autres paramètres géotechniques des sols en 

enrochement à grandes déformations a été étudiée en vue d’une modélisation plus précise du 

comportement des structures en terre. Quatre échantillons d’enrochement de différentes 

gradations, extraits des matériaux d’enrochement utilisés dans la construction du barrage de la 

Romaine II, ont été expérimentés pour corréler Vs au module initial de Duncan-Chang (Ei). Des 

simulations numériques utilisant la méthode des différences finies (FDM) bidimensionnelles 

(2D) ont été effectuées sur la base du modèle hyperbolique de Duncan-Chang pour valider les 

corrélations obtenues. Sur la base des données expérimentales et numériques, une relation entre 
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Ei et Vs des échantillons d’enrochement testés a été établie. Des études de validation ont 

également été menées sur des mesures in situ, montrant la capacité des relations proposées à 

prédire efficacement Ei liée à la contrainte principale mineure (3) de la mesure Vs in situ.  

En outre, comme les résultats du RC ont montré une incompatibilité avec d'autres appareils, 

des simulations de différences finies (FD) tridimensionnelles (3D) du test RC ont été utilisées 

pour examiner l'influence de certaines sources d'erreur sur les résultats RC tels que la masse 

motrice, la géométrie de l’échantillon, le mode de vibrations et les conditions aux limites sur 

les résultats des tests RC. Les résultats ont montré que la fixation de l’instrumentation sur 

l’échantillon est le facteur principal contribuant à l’erreur dans l’estimation des caractéristiques 

dynamiques du sol.  

Enfin, quatre techniques ont été utilisées pour estimer avec précision le module de cisaillement 

du sable avec différents niveaux de déformation : la colonne résonante (RC), la technique des 

anneaux piézoélectrique (P-RAT), le cisaillement simple triaxial (TxSS), et test de cisaillement 

simple direct (DSS). Les résultats montrent que le RC a surestimé les valeurs de Go par rapport 

au P-RAT en particulier à l'état lâche en raison du comportement non uniforme du sol. Basé sur 

un modèle SIG-4 à fonction sigmoïde; la réponse cyclique du sol a été modélise sur une large 

gamme de déformation basée sur les résultats de TxSS. 

 

Mots clés: colonne résonante ; technique d’actionneur piézoélectrique en anneau ; cisaillement 

simple triaxial ; cisaillement simple direct; vitesse des ondes de cisaillement ; module de 

cisaillement ; différences finies ; module de déformation ; modèle Duncan-Chang.
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CHAPTER 1  

INTRODUCTION 

1.1 General Background 

A proper estimation of the strain-dependent characteristics (i.e., shear modulus, G and damping 

ratio, D) of soils constitutes a fundamental part in analyzing the dynamic response of grounds, 

seismic soil-structure interactions, and soil liquefaction potential (Kramer 1996;  Ishihara 

1996). The behavior of soils in the small-strain range ( < 10-3) is substantial in many 

engineering designs, such as embankments and specific important structures (such as nuclear 

power plants). The infinitesimal-strain (  10-6) shear modulus of soils constitutes a 

fundamental input parameter in analysis of the dynamic ground response in active seismic areas 

(Kramer, 1996; Ishihara, 1996; Andrus and Stokoe, 2000; Youd et al., 2001). The initial shear 

modulus (Go) can be estimated from both in situ (e.g., Campanella et al., 1986; Hryciw, 1990; 

Lefebvre and Karray, 1998) and laboratory techniques (e.g., Hardin and Richart, 1963; Rollins 

et al., 1998; Zhang et al., 2005; Karray et al., 2015). Additionally, Vs and Go are 

straightforwardly related theoretically (Go = ρVs
2, where  is the density of the material). 

The initial shear modulus started to be utilized in static and dynamic soil modeling in the early 

1970s (e.g., Seed and Idris, 1970). Numerous researchers have also focused on using Go in 

static geotechnical applications such as foundation engineering designs (e.g., Imai and 

Yoshimura, 1976; Eberhart-Phillips et al., 1989; Pyrak-Nolte et al., 1996). For practical 

engineering design, it is very opportune to correlate the “dynamic” small-strain modulus to the 

“static” large-strain stiffness modulus (e.g., oedometer constrained modulus, Moedo, tangent 

modulus, Et). Therefore, researchers have become interested in investigating this issue (e.g., 

Salgado et al., 2000; Wichtmann and Triantafyllidis, 2006; Wichtmann et al., 2017).  

Moreover, the shear modulus measurements over a wide strain ranges can be performed 

through specialized laboratory techniques such as direct simple shear ( )DSS (Lanzo et al. 1997; 

Doroudian and Vucetic 1995; Bjerrum and Landva 1966; Dyvik et al. 1987; Boulanger et al. 

1993) resonant column ( )RC (Drnevich 1978; Avramidis and Saxena 1990; Cascante et al. 
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1998; Wang et al. 2003), cyclic triaxial ( )CTX (Seed et al. 1986; Geremew and Yanful 2012; 

Ghayoomi et al. 2007) torsional shear ( )TS  (Tatsuoka et al. 1982; Koseki et al. 2000) and 

triaxial simple shear ( )xT SS (Chekired et al. 2015; Karray and Chekired 2019) tests. It is worth 

mentioning that these various tests differ one each other depending on the boundary conditions 

applied to the soil sample (e.g. stress state, drainage, etc.) and interpretation criteria (Cavallaro 

et al. 2003). These differences could lead to a significant discrepancy between the G obtained 

from various devices (e.g. Cavallaro et al. 2003; Szilvágyi et al. 2016; Bedr et al. 2019). 

Therefore, it is a troublesome task for geotechnical engineers to decide on the most appropriate 

method to estimate G over wide strain range. 

1.2 Objectives, Scopes and Statement of Originality 

This research originally correlated the “dynamic” small-strain modulus to the “static” large-

strain stiffness modulus for granular soils and rockfills and investigated the assessment of the 

strain-dependent shear modulus over different strain levels for clean sands. Different laboratory 

techniques are utilized in this study: Resonant column (RC), the piezoelectric ring-actuator 

technique (P-RAT), the triaxial simple shear (TxSS), and direct simple shear (DSS). 

Furthermore, this research also discussed the accuracy of RC interpretations and results based 

on finite differences (FD) modeling using the three-dimensional computer code FLAC3D 

(Itasca Consulting Group Inc.). 

The general objective of this study is: 

Investigate the correlations between small and large-strain moduli, and assessment of strain-

dependent shear modulus for granular soil.  

The following points summarized the specific objectives and statement of originality: 

1. Correlate Vs, Go, and Moedo to the physical parameters of natural granular soils using 

two different methodologies of analysis under a given relative density (Id), and void 

ratio (e) as well in order to precisely include the effect of more physical parameters 

such as mean grain sizes (D50), uniformity coefficients (Cu), and particle shapes. 
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2. Establish a correlation between Duncan-Chang initial modulus Ei and Vs for rockfill 

based on experimental tests and two-dimensional (2D) finite differences (FDM) 

numerical simulations, with in-situ measurements verification. 

3. Examine the influence of the driving mass, the geometry of the specimen, the mode 

of vibrations, and the boundary conditions on RC test results based on three-

dimensional (3D) finite-differences (FD) simulation. 

4. Develop a (GLog) degradation curve with different strain levels for clean sands 

using different laboratory techniques (RC, P-RAT, TxSS, and DSS). 

1.3 Methodology 

To achieve the above-described objectives, an experimental program is performed on selected 

cohesionless soils collected from different sites inside Quebec, one soil from Tunisia and two 

commercial clean sands (Ottawa sand C-109 and Ottawa sand F-65). The shear wave velocities 

(Vs) of 22 different granular soils and 4 different Rockfill soils of various physical 

characteristics are measured experimentally using P-RAT incorporated in the oedometer cell to 

correlate the “dynamic” small-strain modulus to the “static” large-strain stiffness modulus. 

Numerical simulations and in-situ measurements are utilized to verify the proposed correlation 

for Rockfill samples. Furthermore, the numerical simulations are used to examine the accuracy 

of RC interpretations and results and investigate the influence different factors on RC test 

results, the validation of the proposed numerical simulation model also included in this study. 

Finally, the RC, P-RAT, TxSS, and DSS results are employed to develop more precise method 

to develop the (GLog) degradation curve with different strain levels for clean sand.   

1.4 Thesis organization 

Fig. 1.1 illustrates the thesis organization; first begins commonly with a literature review in 

Chapter 2 of presenting pertinent studies to this work.  
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Chapter 3 (Experimental Program) Presents the different apparatus used in this study 

(Resonant Column (RC), Piezo-electric Ring Actuator Technique (P-RAT), Triaxial Simple 

Shear (TxSS), and direct simple shear (DSS)). Detailed description of each apparatus is 

discussed. Also, the characteristics of the used soils and the preparation methods are described.    

Chapter 4 (1st article) investigated experimentally the correlation between “dynamic” small-

strain modulus and “static” large-strain stiffness modulus based on the results of shear wave 

velocities (Vs) of 22 different granular soils with various physical characteristics using P-RAT 

incorporated in the conventional oedometer cell. 

Chapter 5 (2nd article) investigated experimentally and numerically the relation between the 

Duncan-Chang initial modulus (Ei) and the shear wave velocity (Vs) for rockfill soils. 

Chapter 6 (3rd article) presented a FLAC3D finite differences (FD) simulation RC apparatus to 

examine the influence of the driving mass, the geometry of the specimen, the mode of 

vibrations, and the boundary conditions on RC test results. 

Chapter 7 (4th article) investigated the effect of the driving system rigidity on a Hardin-type 

RC device. A series of RC tests performed on two types of driving system mechanisms with 

different resonant frequencies of the apparatus to investigate the driving system rigidity effect. 

Chapter 8 (5th article) presents the estimation of strain-dependent shear modulus of Ottawa F-

65 sand with different strain levels using different laboratory techniques, to develop the 

(GLog)  degradation curve with different strain levels. 

The last Chapter of the thesis, Chapter 9, presents some detailed conclusions of the results 

obtained from the experiments and analyses with respect to observations and highlights 

discussed throughout the thesis in addition to recommendations for future work.  
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Figure 1.1– Thesis organization 

 

 



 

CHAPTER 2  

LITERATURE REVIEW 

2.1 Introduction 

Small- and large-strain soil parameters, which are generally referred to as short- and long-term 

soil parameters, respectively, are key factors in geotechnical designs. Researchers customarily 

afford significant attention to the assessment of the long-term behavior of soil through 

conventional triaxial, oedometer, and direct shear tests, while the short-term behavior, which 

is frequently determined by geophysical methods, may be given less attention. However, the 

behavior of soils in the small-strain range (< 10-3) is substantial in many engineering designs, 

such as embankments and specific important structures (such as nuclear power plants). The 

infinitesimal-strain ( 10-6) shear modulus of soils constitutes a fundamental input parameter 

in analysis of the dynamic ground response in active seismic areas (Kramer 1996; Ishihara 

1996; Andrus and Stokoe 2000; Youd et al. 2001). The low-strain shear modulus (Go) can be 

estimated from both in situ (e.g., Campanella et al. 1986; Hryciw 1990; Lefebvre and Karray 

1998) and laboratory techniques (e.g., Hardin and Richart 1963; Rollins et al. 1998; Zhang et 

al. 2005; Karray et al. 2015). Additionally, Vs and Go are straightforwardly related theoretically 

(Go = ρVs
2, where  is the density of the material). Therefore, Go started to be utilized in static 

and dynamic soil modeling in the early 1970s (e.g., Seed and Idris 1970). Then, several studies 

demonstrated the importance of this parameter in seismic hazards (e.g., Riepl et al. 2000; Wang 

and Hao 2002; Thompson et al. 2010). Numerous researchers have also focused on using Go in 

static geotechnical applications such as foundation engineering designs (e.g., Imai and 

Yoshimura 1976; Eberhart-Phillips et al. 1989; Pyrak-Nolte et al. 1996). In addition, Go can be 

exploited further if it is correlated with other soil parameters at large deformations (Salgado et 

al. 2000; Wichtmann and Triantafyllidis 2006; Wichtmann et al. 2017). The large-deformation 

behavior of soils is usually represented by the elasticity modulus (E), defined as the ability of 

the material to resist excessive deformation during loading. In oedometer conditions, the static 

constrained modulus (Moedo) is widely utilized to represent the soil elasticity modulus. The rigid 

walls of the oedometer cell prevent radial deformation of the soil, which allows an entirely 



2.2 Shear Modulus (G) 25

 

  

axial (vertical) compressive strain test. Although only axial stress is applied to the soil sample, 

radial stress is developed because of the laterally constrained conditions of the sidewalls. In 

practice, one-dimensional consolidation oedometer test results are acceptable in most cases of 

foundations, as well as in laboratory modeling of soil-foundation behavior (Lenk 2009). 

2.2 Shear Modulus (G) 

Soil dynamics primarily focus on small-strain shear modulus, Go, reduction of shear modulus 

with strain amplitude, damping ratio, and variation of damping with strain amplitude. To well 

understand the nature of dynamic soil properties, the influence factors should be completely 

investigated. A comprehensive general stress-strain relation for soil was extremely complicated 

simply because of the large number of parameters that affect the behavior of soils (Hardin & 

Drnevich 1972). Dynamic soil properties are affected by various factors such as strain 

amplitude, confining pressure, void ratio, over-consolidation ratio, loading frequency, 

temperature, anisotropic stress, and so forth. (Hardin & Black 1986) proposed a function to 

describe factors influence shear modulus as follows:  

                         G = F (o, e, H, S, o, C, A, f, T, , K)                                     [2.1] 

Where; G is shear modulus; σo is mean principal effective stress (or isotropic confining 

pressure); e is void ratio; H is ambient stress history; S is degree of saturation; τo is deviatoric 

component of ambient stress; C is grain characteristics such as grain shape, gradation and 

mineralogy, A is strain amplitude of vibration or loading, f is frequency of vibration or loading, 

T is secondary effects that are functions of time and magnitude of load increment, θ is soil 

structure, and K is temperature. 

Eq. 2.1 does not necessarily imply independence between factors. For instance, effective 

confining stress and void ratio are often observed to affect each other. Hardin & Drnevich 

(1972) classified the importance of these factors on shear modulus and damping ratio into three 

groups: very important, less important, and relatively unimportant, as shown in Table 2.1. 
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Table 2.1 – Parameters affecting shear modulus and damping Ratio (after Hardin & Drnevich 

1972) 

 

a V means very important, b R means relatively unimportant except as it may affect another 

parameter, c L means less important, and d U means relative importance is not clearly known 

at that time. 

The shear modulus keeps at a highest value as long as the shearing strain is less than one certain 

value because of the linearity of the curve in nature. The modulus is well known as the small-

strain shear modulus or the maximum shear modulus, whose value is the slope of the linear 

part of the curve. With an increase in strain amplitude beyond a threshold level, this curve 

demonstrates an apparent nonlinearity in nature. And the shear modulus related to this strain is 

known as the secant shear modulus.  

To understand the small-strain and nonlinear dynamic soil properties, the cyclic threshold 

strains should be exactly defined. On the basis of a synthesis of previous studies on various 

types of soils, Vucetic (1994) systematically discussed two types of cyclic threshold shearing 

strains. Fig. 2.1 shows the variation of normalized modulus and damping with an increase in 

shearing strain amplitude as well as the zones of cyclic shearing strain. As shown in Fig. 2.1, 
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the cyclic threshold shear stain is classified as the linear threshold cyclic shearing strain, 

symbolized with γtl, and the volumetric cyclic shearing strain, symbolized with γtv. 

 

Figure 2.1– Normalized modulus and damping curves with different zones of cyclic shearing 

strain amplitude for soil (slightly modified from Vucetic 1994) 

For any soil cyclic shearing strain amplitude below volumetric cyclic threshold shearing strain 

amplitude, permanent microstructural change of soil essentially does not occur; residual cyclic 

pore-water pressure essentially does not develop if the soil is fully saturated and cyclically 

sheared in undrained conditions; and the permanent volume change is negligible if the soil is 

dry, partially saturated, or fully saturated in drained conditions. If the shearing strain amplitude 

exceeds this threshold value, the microstructure changes irreversibly; soil stiffness changes 

permanently; a permanent pore-water pressure builds up in fully saturated cyclically shear 

loading in drained conditions, and for dry soil, partially saturated soil, or fully saturated soils 

with drainage allowed, a permanent volume change accumulates. 
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2.2.1 Influence of void ratio and confining pressure 

Void ratio (e) is a major factor influence small-strain shear modulus. Both experimental results 

and theoretical considerations have shown that Vs is primarily a function of e and effective 

confining pressure (’m). Hardin and Richart (1963) evaluated the shear wave velocity of 

granular soils and concluded that shear wave velocity decreased linearly with void ratio (from 

0.37 to 1.40), independent of grain size, gradation, and relative density. Richart et al. (1970) 

compiled data and illustrated the influence of void ratio on the shear wave velocities (Vs) of 

clean sands with void ratio ranged from 0.37 to 1.26 and reported similar conclusions. 

The widely used empirical formula for estimation of Vs (e, ’m) is the one originally proposed 

by Hardin (Hardin and Richart 1963; Hardin and Black 1966): 

'( )( )B
s mV AF e                                                       [2.2] 

where F(e) is a void ratio function; A and B are material constants. Hardin and Black (1968), 

pointed out that the shear modulus of soils decreased with void ratio by using resonant column 

technique and proposed the following equations to express the effects of void ratio on Go; 
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         for round-grained sands (e<0.80)                   [2.3] 

2(2.973 )
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         for Angular-grained sands and clayey soil     [2.4] 

The stress exponent, B, varies from 0.22 to 0.29; and a practical value of 0.25 was proposed by 

many researchers (Bui 2009). However, classical contact mechanics solutions using the Hertz–

Mindlin contact theory predict B=0.16 (Santamarina et al. 2001).   

2.2.2 Influence of grain size distribution 

The effects of gradation in granular soil are often discussed in terms of mean grain size (D50), 

and uniformity coefficient (Cu). Understanding the effects of particle size distribution on the 

behaviour of soils helps the application and interpretation of laboratory test results. Since the 
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1950s, many investigations have considered the characteristics of various particle size, but the 

impact of different particle size distribution on soil shear behaviour is still the subject of debate. 

The researchers differed in understanding of the effect of particle size distribution on soil shear 

behaviour; and there are two points of view: 

1. The particle size distribution has an implicit effect on Go; both D50 and Cu, have an impact 

on the void ratio and therefore Go of granular soils.  Therefore, Go is size independent. 

(Hardin & Richart 1963; Yang & Gu 2013) . 

2. The grain size distribution has an impact on the void ratio, also there is an explicit effect for 

size distribution (D50 and/or Cu) on soil shear modulus Go. The effect of void ratio on Go 

can be normalised, then the effects of particle size distribution can be observed and taken 

into account (Iwasaki and Tatsuoka 1977; Chang and Ko 1982; Ishihara 1996; Menq and 

Stokoe 2003; Hardin and Kalinski 2005; Wichtmann and Triantafyllidis 2009; Bui 2009; 

Hussien and Karray 2013) 

Table 2.2 summarize some experimental data for the influence of D50 and Cu on Go for different 

types of granular soil according to different studies. 

The void ratio e of any soil specimen is comprised between some minimum and maximum 

values. An attempt to discuss the effects of D50 and Cu on emax and emin was done by Menq 

(2003) in his PhD dissertation. Menq (2003) collected data from the literature and plotted the 

relationship between (emax – emin) and Cu of granular soils tested in Japan during the nineties of 

the last century as shown in Fig. 2.2. Void ratios of some other granular soils tested in the US 

and theoretical values of uniform sphere particles are also shown in Fig. 2.2. As shown in the 

figure, the values of (emax - emin) are almost constant and vary between 0.2 and 0.3 with an 

average value of about 0.25 for Cu > 10. However, for Cu ≤ 10, the value of (emax - emin) 

increases as Cu decreases. The trend line in Fig. 2.2 can be expressed as: 

 max min

1
( ) 0.35( ) 0.21

u

e e
C

                 [for 2Cu200]     [2.5] 



30 Chapter 2: Literature Review

 

Table 2.2 – Summary of some experimental data for the influence of D50 and Cu on Go for 

different types of granular soil according to different studies. (Modified after Hussien & 

Karray 2013) 

Author(s) Type of soil Test Method Increasing 
of D50  

Increasing 
of Cu 

Hardin & Richart (1963) Round-grain Ottawa sand and 
Angular-grain crushed quartz  

RC - - 

Iwasaki & Tatsuoka 
(1977) 

Several sands RC - decrease 

Chang & Ko (1982) Medium loose Denver sand RC Increase Increase 

Ishihara (1996) Various sands and gravels - Increase - 

Menq & Stokoe (2003) Natural river sand RC Increase - 

Hardin & Kalinski (2005) Various sands and gravels RC Increase decrease 

Wichtmann & 
Triantafyllidis (2009) 

Well-graded quartz sand and 
Poor-graded quartz sand 

RC - decrease 

Bui (2009) Glass beads RC Increase - 

Yang & Gu (2013) Glass beads BE & RC - - 

The relationship between (emax - emin) and D50 are shown in Fig. 2.3. The values of (emax - emin) 

vary between 0.2 and 0.3, with an average of 0.25 for gravelly materials (D50 > 4.76mm) and 

coarse sands (D50 > 2.0 mm). On the other hand, the values of (emax - emin) of medium and fine 

sandy materials show higher values and a wider variation (between 0.25 and 0.65). 
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Figure 2.2– Variation of (emax - emin) with Cu of granular material tested in the US and Japan 

(After Menq 2003) 

 

Figure 2.3– Variation of (emax - emin) with D50 of granular material tested in the US and Japan 

(After Menq 2003) 
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Studying the influence of particle size distribution (D50 and Cu) on the degradation factor G/Go 

will clarify the effect of this parameters on shear modulus at large strain. Wichtmann & 

Triantafyllidis (2009) tested approximately 350 resonant column (RC) tests on 33 specially 

mixed grain size distribution curves of a quartz sand with different mean grain sizes D50, 

coefficients of uniformity Cu to study the effect of particle size on degradation factor G/Go, 

Fig. 2.4 shows a comparison of the curves G/Go measured by Wichtmann & Triantafyllidis 

(2009) for eight sands with different Cu values. Obviously, the modulus degradation with 

increasing shear strain amplitude becomes larger with increasing coefficient of uniformity.  

This is also evident from Fig. 2.5 where the normalized shear modulus G/Go is plotted versus 

Cu. For a certain shear strain amplitude G/Go decreases with increasing coefficient of 

uniformity. The influence of the mean grain size on the curves G/Go is rather small. 

 

Figure 2.4– Comparison of curves G /Go measured for eight sands with different coefficients 

of uniformity Cu (after Wichtmann & Triantafyllidis 2009) 
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Figure 2.5–G /Go for different shear strain amplitude as a function of Cu (after Wichtmann & 

Triantafyllidis 2009) 

2.2.3 Influence of particles shape 

At small strains Santamarina & Cascante (1998) undertook tests using specimens prepared with 

steel balls having different degrees of surface roughness. Their RC test results indicated that 

Go reduced with the surface roughness. Clayton et al. (2004) observed a considerable reduction 

in the undrained Young’s modulus (at strains ranging from 0.01% to 1%) for a coarse rotund 

granular material mixed with a small quantity of fine, platy particles, even though the void ratio 

of the mixture was lower than that of the coarse material alone.  



34 Chapter 2: Literature Review

 

  

Figure 2.6–Shear modulus as a function of shear strain for different particle shapes (modified 

after Bui et al. 2007) 

Results from laboratory tests at large strains suggest that the stiffness of soil at medium to large 

strains is greatly affected by particle shape. Bui et al. (2007) investigated the relationship 

between particle shape and shear modulus, performed resonant column tests on dry specimens 

using granular material having different particle shapes. As shown in Fig.2.6,  Bui et al. (2007) 

concluded that as surface roughness and angularity increased, soil behaved more elastically 

(elastic threshold strain increased, shear modulus degradation curve shifted to the right). 
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2.3 Laboratory Techniques Used in Shear Modulus 

Measurements 

By definition of Atkinson & Salfors (1991) termed strains smaller than the limit of classical 

laboratory testing (γ < 10−3), small strains. Strains, γ > 1 × 10−3 are termed large or larger 

strains. The limit of classical laboratory testing coincides at the same time with characteristic 

shear strains that can be measured near geotechnical Fig. 2.7. 

 

Figure 2.7– Characteristic stiffness-strain behavior of soil with typical strain ranges for 

laboratory tests and structures (after Atkinson & Salfors 1991; Mair 1993) 

Go can be estimated from laboratory (e.g., Hardin and Richart, 1963; Rollins et al., 1998; Zhang 

et al., 2005; Karray et al., 2015) measurements of shear wave velocities (Vs), as the soil elastic 

stiffness is straightforwardly related to its shear wave propagation velocity (
2

max sG V , with  

being the density of the soil). However, the shear modulus measurements over a broad range 

of shear strains can be performed through specialized laboratory testing apparatus such as direct 

simple shear (DSS) (Bjerrum and Landva 1966; Dyvik et al. 1987; Boulanger et al. 1993) 

resonant column (RC) (Avramidis and Saxena 1990; Cascante et al. 1998; Wang et al. 2003), 

cyclic triaxial (CTX) ( Geremew and Yanful 2012; Ghayoomi et al. 2007) torsional shear (TS) 

(Tatsuoka et al. 1982; Koseki et al. 2000) and triaxial simple shear (TxSS) (Chekired et al. 2015; 

Karray and Chekired 2019) devices. A comprehensive review and description of P-RAT, TxSS, 

and DSS tests is illustrated in chapter 3: Experimental program. 
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2.4 Resonant Column test 

2.4.1 RC apparatus 

The method of resonant column (RC) test was developed in the 1930s by the Japanese engineer 

K.Iida. It became popular worldwide since the 1950s. The RC procedure, in particular, 

constitutes the most popular apparatus in evaluating the dynamic soil behaviour (Hall and 

Richart 1963; Schaeffer et al. 2013). The test is primarily based on wave propagation theories, 

and the specimen’s modulus and its damping ratio are, respectively determined at different 

strain levels from its resonant frequency in torsional vibrational mode, and the half-power 

bandwidth (in forced-vibration mode) or logarithmic decaying (in free-vibration mode) 

methods. Unlike the DSS and TS tests that are generally performed at quasi-static frequencies 

(i.e., < 5 Hz), excluding the influence of the inertia of the driving apparatus and the specimen 

itself, the RC test is performed, by necessity, at the specimen’s frequency, thus the RC output 

would be more sensitive to inertial effects of the attached apparatus. The resonant column 

apparatus has been successfully used to determine shear stiffness and damping at very small 

and small strains (e.g., Hardin and Music 1963; Hardin and Drnevich 1972; Drnevich et al. 

1978; Saxena et al. 1988; Jamiolkowski et al. 1994; Tanaka and Shibuya 1996; Presti et al. 

1997; Stokoe et al. 1999), although it has been recognized that, as with all geotechnical testing, 

inaccurate results can be obtained for a wide variety of reasons (Drnevich 1978; Ashmawy and 

Drnevich 1994). 

The RC device is shown schematically in Fig. 2.8. In the resonant column test, a cylindrical 

soil specimen, usually enclosed with a thin membrane, is subjected to an imposed static axial 

and lateral stress condition. Torsional sinusoidal vibrations are applied at the top of the soil 

specimen and the rotational response is measured. The frequency of excitation is varied until 

the system resonant frequency is achieved. Given the geometry, mass and system parameters, 

the equivalent elastic shear modulus and damping capacity can be determined at a measured 

level of excitation vibration. The amplitude of vibration (which is related to shear strain) is 

typically varied to measure the variation of modulus and damping as a function of shear strain. 

The test is usually conducted at levels of shear strain between 0.00001 % and 0.2 %. (The upper 

limit of shear strain is dependent on the specimen stiffness and the maximum torque capability 
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of the excitation system). For specimens where the maximum shear strain measured is of the 

order of 0.01 %, the test is often conducted at several different sets of static axial and lateral 

stress conditions to measure the variation of moduli and damping with static stress states ( 

ASTM D4015 - 15e1). 

Regarding boundary conditions in a RC, there are three types of equipment configurations. 

Fixed-free, fixed-spring top, and free-free (Drnevich 1985; Ashmawy & Drnevich 1994). 

Wilson and Dietrich (1960) developed a fixed-free resonant column to measure both 

longitudinal and torsional vibrations. Hardin and Richart (1963) described two devices with 

free-free end conditions to measure torsional and longitudinal vibrations. Hardin and Music 

(1965) developed a resonant column device which allowed the application of deviatoric axial 

loads. All these devices were designed to operate at small strains (in the range of 10-5). In 1967, 

Drnevich developed a free-fixed resonant column which allowed for strains greater than 10-4. 

Later, devices that combine resonant column and torsional shear were designed to measure 

dynamic properties of soils for shear strains between 10-6 and 10-1 (Drnevich, 1978; Drnevich 

et al., 1978; Isenhower, 1980). 

 

Figure 2.8– Schematic of a resonant column device (ASTM D4015) 
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2.4.2 RC interpretation methods 

Many interpretive methods have been, therefore, used with different theoretical bases to 

probably evaluate the strain-dependent dynamic characteristics of soil specimens tested in the 

RC apparatus. These methods of interpretation generally produce different results with respect 

to both the soil modulus and its damping ratio and it is very troublesome task for geotechnical 

engineers and practitioners to decide on the most appropriate method to follow for the back-

analysis calculations with recourse to coupled soil-apparatus system.  

The interpretation of RC test is generally based on the method of wave propagation in a 

cylindrical elastic rod; where the shear wave propagating in a soil specimen is assumed similar 

to that in a cylindrical elastic rod (Timoshenko et al. 1974; Richart et al. 1970), single degree 

of freedom (SDOF) torsional vibration method; as the shear strain increases beyond the linear 

elastic region, the shear modulus decreases, and the damping ratio increases and can become 

significant, then the model for wave propagation in an elastic rod may not applicable, especially 

in the medium to large strain regions (Timoshenko et al. 1974), and method of wave 

propagation in a cylindrical viscoelastic rod (Hardin 1965). Since the analyses of resonant 

column tests are based on the assumption that the behaviour of the soil is linear and elastic, 

analyses of the test data are strictly valid only in the region of very small strain (Isenhower 

1979). 

The shear modulus can be then determined at a given excitation/strain level (typical range of 

shear strain is between 10−5% and 0.5 %) based on the geometry, mass, and system parameters. 

In other words, it has been shown (Richart et al.1970) that the relationship between the soil’s 

natural frequency and its shear wave velocity Vs and consequently its shear modulus, Go (

2
o sG V , with  being the density of the soil) can be obtained by: 

 tan
0


I

I                                                           [2.6] 

   
s

n V

h                                                              [2.7] 
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where I and I0 are the specimen and the driving system polar moments of inertia, n is the 

system natural frequency and h is the specimen height. 

For the damping (D) at a given shear strain includes both the material damping and the system 

generated damping. D can be measured in a RC using either the free vibration decay (FVD) or 

the half-power-point bandwidth (HPP) method. Free vibration decay method without an 

excitation force, the vibration amplitude decays with time. In a RC test, a specimen is vibrated 

at its resonant frequency, and then the excitation source is cut off as shown in Fig. 2.9, and D 

is determined by observing the decay pattern. Based on an analysis of the recorded vibration 

decay curve, D can be calculated as 

2 24
D


 




                                                       [2.8] 

where                                                  
1

ln( )n

n


 

                                                             [2.9]  

where n and n+1 are the amplitudes of two successive cycles during free-vibration. 

 

Figure 2.9– Free vibration decay method 
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Half-power-point bandwidth method an alternative method of determining D is to measure the 

half-power frequencies (f1 and f2) of two points, where the amplitude is equal to 1/ times the 

peak amplitude (point A and B in the response curve illustrated in Fig. 2.10). The points are 

usually referred to as half-power points (HPP), and the bandwidth between these points is 

termed the half-power bandwidth, a term borrowed from the analysis of electrical systems: 

2 1

r

f f
D

f


                                                          [2.10] 

 

Figure 2.10– Half-power-point bandwidth method 

2.4.1 RC limitations and sources of error 

The RC apparatus has great limitations and various sources of error related to interpretation 

method, equipment and specimen compliance, and non-uniform stress/strain distribution 

(Drenvich 1978; Isenhower 1979; Scholey et al. 1995; Ishihara 1996; Sasanakul and Bay 2008; 

Bui 2009; Lashin et al. 2018).  

The elasticity theory was utilized in RC analysis originally because the test was developed to 

measure the soil behavior at low strains. However, soils can behave nonlinearly when subjected 

to strain levels as low as 10−5% (Jardine 1992). Jardine (1992), described the soil stress-strain 

behaviour of soil under monotonic loading in normalized stress- space, and divided the 

behaviour into three zones: I) linear elastic zone; corresponds to the region where behaviour is 

perfectly linear elastic, II) recoverable zone; where the stress-strain behaviour is non-linear but 
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complete load-unload cycles show fully recoverable be-haviour., and III) plastic zone 

(irrecoverable strains). However, it is difficult to prove that the apparently constant value of Go 

applies when  < 10-4 %, and the zone of truly elastic behaviour is also very small (Jardine 

1992). Contact mechanics theories suggest that, because of micro-yielding at the edges of the 

particle contacts, the behaviour of norm sub ally consolidated, unbonded, particles subjected 

to both shear and normal forces should be gently non-linear from even such negligibly small 

strains (Bowden and Tabor 1964; Johnson 1985). Kuwano and Jardine (2002) concluded that 

the granular materials show linear behaviour over only a very small strain range. Non-linearity 

and plastic straining have a strong influence on the ground movement developed in most 

practical geotechnical engineering problems. 

Bui (2009) adopted the finite element (FE) approach to investigate the errors related to 

equipment as well as specimen compliance, Fig. 2.11. His results indicated that when testing 

relatively stiff specimens in the Stokoe RC apparatus, significant errors in the measurement of 

the sample’s resonant frequency had been arisen due to the compliance of many parts of the 

system such as drive mechanism deformability, poor base fixity, and design of the calibration 

bars.  

                                    

Figure 2.11– RC finite element simulation to investigate the errors related to equipment as 

well as specimen compliance (after Bui 2009) 

Perino and Barla (2014) used the distinct element method (DEM) to assess the correction 

procedure required for the interpretation of the RC test results when specimens of stiff 
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geomaterials are used Fig. 2.12. They found that the shear modulus and the shear wave velocity 

of soft rocks can be properly determined using RC after applying a correction procedure. Their 

study showed also that the correction factor increases with the measured resonant frequency of 

the soil specimen.                   

 

Figure 2.12– RC DEM model (after Perino and Barla 2014) 

One of the weaknesses of the RC method is the fact that stress–strain distribution is not uniform 

in the radial direction of the horizontal plane of a soil specimen during torsional loading. The 

RC test has a problem with non-uniform strain distribution because the shear stresses increase 

from zero at the axis of rotation to a maximum value at the outside radius. To account for this 

non-uniform stress-strain problem, Chen and Stokoe (1979) developed an approach called the 

equivalent radius approach to account for the non-uniform distribution of strain in the soil 

specimen. This approach assumes that the representative stress and strain in soil specimen in 

torsion occur at a radius called the equivalent radius (req), which is a ratio of specimen radius 

(r).  

m ax% %eqr                                                        [2.11]     

where max is the max strain at the specimen perimeter; req= 0.8 r (ASTM D 4015), and based 

on the work of Chen & Stokoe (1979) req ranges from 0.76 r to 0.82 r. 
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However, the equivalent radius approach has limitations (Sasanakul and Bay 2008): 1) using a 

single value of req over a wide strain range leads to inaccuracies in both stress and strain for 

RC testing; 2) this approach is limited to <0.1%; 3) req approach ignores the fact that different 

soils begin to exhibit nonlinear behaviour at different strain levels and req should be decreased 

at strains where the soil begins to behave nonlinearly. Sasanakul and Bay (2008) used the stress 

integration approach to provide an accurate analysis technique for evaluating the req over any 

range of strains in RC testing as shown in Fig. 2.13, they proposed req relation considering 

the soil nonlinearity and found that req  should be decreased with the increase of strain level.  

 

Figure 2.13– Proposed req relation based on stress integration approach (modified after 

Sasanakul and Bay 2008) 

2.5 Experimental assessment of soil degradation curve 

The ratio of G (at a certain shear strain level) to Go is termed shear modulus degradation or 

stiffness degradation; and a curve expressing the ratio G/Go against shear strain is termed shear 

modulus degradation curve. Most of the researchers are employing more than one laboratory 

technique to estimate the G under very small and small strains; as each apparatus is applicable 

for a limited  rang; torsional shear (TS), RC, and cyclic triaxial (CTX) are commonly used in 

the laboratory, on the other hand; CTX, DSS, and TxSS are usually used with medium to large 
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strains (e.g., Alarcon-Guzman et al. 1989; Vucetic and Dobry 1991; Darendeli 2001; Zhang et 

al. 2005; Vardanega and Bolton 2013). Fig. 2.14 illustrates the strain levels achieved in most 

common in-situ and laboratory techniques.  

  

Figure 2.14– Shear strains mobilized in in-situ and common laboratory techniques (after 

Ishihara 1996) 

It is worth to mention that, these various tests differ one each other depending on the boundary 

conditions applied to the specimen (e.g. stress state, drainage, strain rate, etc.) and 

interpretation criteria (Cavallaro et al. 2003), and it should be pointed out that a lack of 

agreement between the G obtained from different techniques was observed (e.g. Cavallaro et 

al. 2003; Szilvágyi et al. 2016; Bedr et al. 2018), and it is a very troublesome task for 

geotechnical engineers and practitioners to decide on the most appropriate method to estimate 

the soils shear modulus over wide strain range.  

Cavallaro et al. (2003); utilized different laboratory tests (dynamic resonant column tests, static 

cyclic torsional shear and simple shear test) on undisturbed specimens of lightly over 

consolidated clay. Test results are compared in terms of stiffness and damping properties over 

a wide strain range, from 0.0003% to almost 1%, as shown in Fig. 2.15. They observed different 

curves for each type of test, the comparison between RC and CTS tests, at the same isotropic 

consolidation stress, shows that shear moduli determined by the RC test are different from those 
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by CTS test. At strains below 0.005% moduli by RC tests are larger than the corresponding 

ones by the CTS test at the same gc. However, the difference between moduli from both tests 

reduces as the shear strain increases. 

 

Figure 2.15– Geq-c reduction by RC, CTS and DSDSS tests (after Cavallaro et al. 2003) 

Szilvágyi et al. (2016); compared the results from three different testing methods: Resonant 

Column, Torsional simple shear, and Bender element tests to determine shear modulus. Results 

showed that the shear modulus values were almost identical between the resonant column and 

torsional shear but varied somewhat with the bender element results as shown in Fig. 2.16.  

Bedr et al. (2018); investigated the dynamic properties of the Plaisancian deposit of marls using 

cyclic triaxial tests, cyclic double specimen direct simple shear tests, cyclic torsional shear tests 

and dynamic resonant column tests. They concluded that the comparison between test results 

for normalized equivalent shear modulus curves highlights a number of limitations and 

shortcomings of methods currently widely used. Fig. 2.17 showed their results of shear 

modulus obtained from different test methods.  
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Figure 2.16– Comparison of shear modulus values obtained from different test methods 

(after Szilvágyi et al. 2016) 

 

Figure 2.17– Shear modulus values obtained from different test methods (after Bedr et al.  

2018) 
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2.6 Small- to large-strain moduli correlation 

For practical engineering design, it is very opportune to correlate the “dynamic” small-strain 

modulus to the “static” large-strain stiffness modulus. Therefore, limited researchers 

investigating this issue (e.g., Salgado et al., 2000; Wichtmann and Triantafyllidis, 2006). 

Wichtmann et al. (2017) correlated the low-strain shear modulus (Gmax) to the static large-strain 

constrained oedometric modulus (Moedo) as shown in Fig. 2.18. They performed resonant 

column, triaxial, and oedometer compression tests on mixed sands of similar particle shapes 

but different uniformity coefficients (1.5  Cu  8) and mean grain sizes (0.082 mm  D50  6.0 

mm). They clearly stated that for constant values of void ratio and pressure in their RC tests, 

the small-strain shear and constrained moduli were found to be rather independent of D50. 

Notably, this observation may be due to comparing their results of gap graded mixed granular 

materials under different consistency conditions (different Id values corresponding to the given 

void ratio).  

In addition, establishment of a relationship between the shear wave velocity (Vs) and other 

geotechnical parameters of rockfill soils at large strains (e.g., oedometer constrained modulus, 

Moedo, tangent modulus, Et) is considered a significant step towards more precise modelling of 

earth-structure deformation behaviour. Investigation of rockfill stress-strain behaviour based 

on laboratory methods only cannot fully reproduce in situ conditions affecting rockfill 

behaviour such as the presence of large particles as well as layering and anisotropy due to 

placement methods and segregation. Scale effects are almost always present when testing dam 

fill materials in laboratory (Smith 2015). Therefore, the determination of rockfill numerically 

based on laboratory testing with field data verification has an obvious contribution on 

geotechnical engineering designs. Choosing the suitable constitutive model of granular 

materials, especially coarse soils, requires specific complex arrangements as it significantly 

affect the reliability of numerical modeling results, brief review of the various constitutive 

models used to represent rockfill behaviour in the next section . 
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Figure 2.18– Correlation between Gmax/Moedo and Moedo from oedometric compression tests.  

(after Wichtmann et al. 2017) 

2.7 Constitutive models for rockfill materials 

Geotechnical investigations of rockfill dams use several modeling techniques to simulate the 

structured materials. Numerical modeling is significantly essential to examine the 

compatibility of deformations for zoned type dams and seismic safety evaluation of earth and 

rockfill dams. Mejia and Seed (1983) studied the dynamic responses of earth dams using both 

2D and 3D simulation. Gazetas and Dakoulas (1992) discussed the design principles of earth-

core dam and concrete face rockfill dam (CFRD) based on actual rockfill dam. Uddin and 

Gazetas (1995) analyzed the high accelerations in the near-crest area of 2D concrete face 

rockfill dam. A procedure for the dynamic analysis of CFRDs under strong shaking was 

proposed in a study by Uddin (1999), in which an equivalent linear model was applied to the 

rockfill materials. A sliding-block model was used to analyze the observed deformation and 

acceleration responses of the La Villita Dam, which was subjected to six major earthquakes 
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(Elgamal et al. 1990; Elgamal 1992; Succarieh et al. 1993). Several researchers investigated 

the seismic behavior of CFRDs using nonlinear 3D dynamic analysis (Sarmiento et al. 2004; 

Dakoulas 2012).  

For the modeling of rockfills, various constitutive models are used to represent rockfill 

behaviour (Costa and Alonso 2009; Pramthawee et al. 2011; Varadarajan et al. 2003; Xing et 

al. 2006; Akbari Hamed 2017). Costa et Alonso (2009), used the Barcelona basic model to 

simulate the mechanical behaviour of the shoulder, filter, and core materials of the Lechago 

dam in Spain, and a compatibility was achieved between laboratory results and model 

simulations. Varadarajan et al. (2003) utilized an elastoplastic constitutive model to produce 

the rockfill material characteristics. Varadarajan et al. defined the rockfill material parameters 

based on large size triaxial test. They concluded that the model could provide a suitable 

prediction of the behaviour of the rockfill materials. (Duncan and Chang 1970), is the most 

widely utilized model for the rockfill simulation (e.g., Saboya and Byrne, 1993; Xing et al., 

2006; Zhou et al., 2011). In this particular model, the input parameters are relatively simple 

and physically meaningful. Therefore, researchers were interested to investigate the static and 

seismic loading behaviours during and after construction of rockfill dams, as well as during 

impoundment using the Duncan–Chang model (e.g., Ozkuzukiran et al., 2006; Seo et al., 2009; 

and Dakoulas, 2011).  Xing et al. (2006) implemented the nonlinear elastic Duncan–Chang 

model in two-dimensional finite element software to model a reliable approximation of rockfill 

behaviour. They studied the characteristics of weak rockfill during placement and compaction 

in three dam projects in China to evaluate the settlements and slope stability of the dams and 

compared the results with field measurements. 

The Duncan-Chang hyperbolic model was developed by Duncan and Chang (1970) to describe 

the behaviour of a given material (stress-strain curve) under deviatoric loading under drained 

conditions. This model was developed based on triaxial tests. In order to model a soil, it is 

necessary to carry out several triaxial tests at similar density states and under different 

confinement pressures ( 3 ). Based on triaxial tests, a relationship was originally proposed by 

Kondner (1963) to describe soil behaviour, as: 
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where 1 and 3 are the major and minor principal stresses; 1 is the major principal strain 

(axial strain); and Ei is the initial tangent modulus or slope of the stress-strain curve at the 

origin. 

Later in 1970, Duncan and Chang gathered the proposals of Kondner (1963) and Janbu (1963) 

in a hyperbolic form:  

3

n

iE K Pa
Pa

   
 

                                                  [2.13]     

where, K is a dimensionless modulus number; n is a stress normalization exponent and governs 

the stress dependency of iE , and Pa is the atmospheric reference pressure of 100 kPa.  

Duncan et al. (1980) described the procedure used to determine the hyperbolic relationship for 

finite element methods of a soil-structure model. In this model, the relationship between stress 

and strain is nonlinear (hyperbolic) elastic, and the model is simplified as well practical for 

finite element analysis for soils. Two major parameters in the model, c and φ, are the Mohr-

Coulomb strength parameters which can be obtained from soil laboratory tests. Other 

parameters can also be evaluated from the stress-strain curves of the tests for c and φ (Liu et 

al. 2011). Some modification to its formulation were performed by Duncan et al (1980) and 

Duncan et al (1984). The last formulation of hyperbolic stress-strain model can be described in 

the following formula: 
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where, Et is the tangent module corresponds to the modulus of elasticity of the soil at any stage 

of loading; Bt is the dependency of bulk modulus on confining stress; c and   are Mohr-

Coulomb strength parameters; Kb bulk modulus number;  m bulk modulus exponent; and Rf is 

the failure ratio (defined as a ratio between the deviator at failure and the ultimate deviator 

stress). Rf values, generally, vary between 0.65 and 1 (Duncan and Chang 1970; Li et al. 2015). 

 

 

 

 

 

 

 





 

CHAPTER 3  

EXPERIMENTAL PROGRAM      

3.1 Introduction 

This chapter illustrates the laboratory test techniques utilized in this study. It is intended to 

investigate the estimation of strain dependent shear modulus of clean sands (Ottawa F-65). 

Also, it is aimed to correlate the shear small strain shear modulus to the large strain deformation 

modulus of granular soils collected mostly from Quebec, Canada, one soil from southeastern 

Tunisia, and two different gradations of Ottawa sands(Ottawa F-65 and Ottawa C-109). 

Moreover, rockfill samples extracted from the construction site of Romaine II dam, (soils 3N, 

3M, 3O & 3P) were tested in a modified oedometer cell equipped with P-RAT sensors allowing 

Vs measurements in rockfill to correlate Duncan-Chang initial model to shear wave velocity. 

Many advanced laboratory testing devices and techniques have been employed in investigating 

the strain dependent shear strains (Piezo-electric Ring Actuator Technique P-RAT, and 

resonant column, RC), and at medium to large strains (combined triaxial simple shear TxSS, 

and direct simple shear DSS). 

3.2 Resonant Column Apparatus (RC) 

The resonant column used in this study was supplied by GDS Instruments UK and uses the 

fixed–semi-free configuration (Hardin oscillator) as shown in Fig. 3.1. The semi-free boundary 

condition on top of the specimen is achieved through a  cylindric  piece containing aluminum 

springs. The bottom of this  cylindric  piece is rigidly connected to the drive mechanism of the 

resonant column. Therefore, the drive mechanism is partly restrained to rotational vibration by 

the aluminum springs. An actuator, which is connected to the top of the drive mechanism base, 

has an embedded load cell of a capacity equal to 2 kN and can apply an axially compressive or 

tensile load to the specimen. The drive mechanism is composed of four magnets, which are 

surrounded by a system of four coils. An embedded accelerometer on the drive mechanism 

records the response of the specimen during dynamic vibration. The triaxial cell of the 
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apparatus can apply a maximum confining cell pressure of 2 MPa. The resonant column can 

house specimens of a solid cross-section of 100 mm, 70 mm, or 50 mm diameter, with 

respective length of 200 mm,140 mm, or 100 mm. All the specimens in the current study had 

a diameter of 50 mm and 100 mm long. 

 

Figure 3.1– The utilized resonant column apparatus (GDS instruments 2018) 

Samples are set to be saturated, then isotropically consolidated by applying a confining cell 

pressure (’c). Then, for each shear strain () the torsional sinusoidal vibrations are applied at 

the top of the soil specimen and the rotational response is measured, then the frequency of 

excitation is varied until the system resonant frequency (fn) is achieved, Fig. 3.2a illustrates an 

example of RC output results (for Ottawa F-65 sand). The figure represents the accelerometer 

output voltage versus system frequency (f) under different input voltage (different strain levels) 

(where the shear strain 24.596 /VR f L  ; V: accelerometer output voltage (Volts); R : radius 

of sample (m); f :system frequency (Hz), and L = length of the sample (m)). Consequently, the 

shear modulus (G) was calculated following the (ASTM D4015 - 15e1) equation: 

 2( ) aG L F                                                          [3.1]     
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where  = density of the soil specimen, L = specimen length, ω = system resonant circular 

frequency = 2 nf , and Fa = dimensionless modulus factor. 

  

Figure 3.2– RC results: accelerometer output voltage as a function of system frequency. 

3.3 Piezoelectric Ring-Actuator Technique (P-RAT) 

The piezoelectric ring-actuator technique was developed at the Université de Sherbrooke to 

advance the interpretation method of output signals during measurement of Vs. This system 

was developed to minimize the difficulties associated with other techniques such as Bender 

Element (BE) or Resonant Column (RC), and it offers the possibility to avoid penetrating the 

sensors into the sample that may be needed in the BE method to transmit the shear strains into 

experimented soil specimen. The ability of this technique to be easily incorporated into 

traditional geotechnical apparatus such as triaxial and oedometer cells makes it powerful in 

many applications.  
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Figure 3.3– The utilized piezoelectric ring-actuator technique (modified after Karray et al., 2015; 

Elbeggo et al., 2019) 
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P-RAT was employed in the current experimental work, as shown in Fig. 3.3. For this 

technique, a Bishop-type oedometer with a conventional cell, 63 mm in diameter (d) and 18  

mm in height (h), was used. A larger cell of d = 100 mm and h = 24 mm was also utilized to 

verify the effect of d / h variations on the oedometer consolidation behavior. For (d / h) values 

˃ 3, the stress–strain behaviors did not exhibit a significant difference, in accordance with 

ASTM D2435-04 (2004) and DIN 18135 (2012). Some modifications were made to the bottom 

of the cell and the loading cap to install the Vs sensors. In brief, an emitter sensor was fixed and 

leveled to the bottom surface of the cell, and a receiver sensor was fixed and leveled to the 

loading cap. The emitter and receiver sensors were able to produce and read radial shear waves 

of different signals. These sensors were placed in direct contact with the top and bottom 

surfaces of the tested samples without penetration. The P-RAT minimizes the energy of 

compression waves considerably and produces approximately pure shear waves. Further, the 

height of the sample can be adjusted inside the cell (distance between the emitter and receiver) 

to minimize the reflection of superfluous waves. For these reasons, this system is considered 

suitable for testing a variety of soils, rock fills, and hardening of cement-based materials 

(Gamal El-Dean, 2007; Soliman, 2010; Éthier, 2009; Éthier et al., 2011; Karray and Wali, 

2013; Karray et al., 2015; and Elbeggo et al., 2019; Hussien and Karray 2020). 

The shape and duration of the input signals affect the identification of the arrival time when 

interpreted in the time domain. However, when interpreted in the frequency domain the input 

signals do not have any significant effect if the phase shift introduced by emitter and receiver 

(time delay) is accurately corrected (Karray et al., 2015; Hussien and Karray 2020). To ensure 

that the shear wave velocity is measured with high accuracy Karray et al., (2015) suggested to 

use four different input signals (Chap 6, ond1, pulse 12p5 and pulse 25) during the P-RAT tests 

as shown in Table 3.1, to verify that the emitter/receiver have the same transfer function 

regardless the frequency content of the excitation. These signals provided opportunities to 

cover frequency bands lower and higher than the fundamental frequency of the system and to 

characterize the emitter–receiver dynamic system in terms of resonance frequency and 

damping ratio. Ond1 and Chap 6 signals represent a smooth shape signals with different 

frequency content (Ond1 has a frequency content lower than Chap 6) for these type of signals 
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the compression wave (P-wave) is generally reduced and the shear wave (S-wave) is somehow 

dominated. Pulse 12p5 and pulse 25 signals have the same idea but with sharp shape to generate 

more P-waves, which can be used to verify the saturation of the soil sample and to determine 

the P-wave velocity. In addition, it is always demonstrated that there is no variation on shear 

wave velocity with the shape of the input signals. 

Table 3.1 – Input signals used in P-RAT tests, modified after Karray et al. (2015) 

 Chap6 Ond1 Pulse 12p5 Pulse 25 

Time 
domain 

 

 

  

Frequency 
domain 

    

Moreover, an interpretation method was developed to facilitate the implementation of the 

frequency analyses. The purpose of this interpretation method is obtaining the same Vs value 

for a given soil under the same testing conditions, independently of the type, shape, and 

frequency of the applied wave. In brief, Fig. 3.4 illustrates the interpretation steps, beginning 

with projecting the signals from the time domain (Fig. 3.4a) in a particular frequency domain 

(Fig. 3.4b) to locating the frequency range over which the energy is located. For this range, the 

phase shift between the transmitted and received signal should be corrected by adding or 

subtracting an additional shift to paste the experimental phase onto the theoretical phase shift 

(solid line in Fig. 3.4c) to obtain the corrected phase shift (dotted line in Fig. 3.4c). Such a 

theoretical phase shift curve, which represents the transfer function (the contribution of the 

sensors), was determined by a tip-to-tip test. By correcting the phase difference between 

transmitted and received signals (canceling the phase shift induced by the sensors), it returns 

the experimental dispersion curve to a constant value referring to the real shear wave velocity. 
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This means that the shear wave velocity is independent of the phase or the frequency content 

of the transmitted signal (Fig. 3.4d). 

 

Figure 3.4– P-RAT signal processing and interpretation technique 
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3.3.1 Modified Oedometer Cell for Rockfill samples 

A modified oedometer cell (280 mm in diameter d and 90 mm in height h, d/h > 3) was used 

to test the rockfill samples. For (d / h) values ˃ 3, the friction between the soil and cell did not 

exhibit a significant effect on stress–strain behaviours, in accordance with ASTM D2435-04 

(2004) and DIN 18135 (2012). The modified cell is equipped with two P-RAT sensors (40 mm 

in diameter) allowing Vs measurements in every stage of consolidation. Fig. 3.5 shows the 

utilized modified large oedometer device which installed to withstand a vertical consolidation 

stress up to 1500 kPa. 

 

Figure 3.5– Overview modified oedometer cell. 
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3.4 Combined Triaxial Simple Shear Apparatus (TxSS) 

The combined triaxial simple shear apparatus (TxSS) has been designed and manufactured at 

the Institut de Recherche d’Hydro-Québec (IREQ) in collaboration with the geotechnical 

laboratory at Sherbrooke University (Chekired et al. 2015; Karray and Chekired 2019). The 

TxSS designed to achieve simple shear stressing on a soil sample in a triaxial chamber. It has 

the ability to apply monotonic loading as well as both regular and irregular shear stresses or 

strains to soil specimens as shown in Fig. 3.6. It also provides the opportunity to test 

undisturbed and reconstituted soil samples under either isotropic or anisotropic loading 

conditions. The device is operated by an electric system that is capable of varying both shearing 

and confining stresses on a cylindrical soil specimen either monotonically or cyclically at 

different stress amplitudes and frequencies up to 10 Hz. The apparatus also offers the 

opportunity to apply regular and irregular cyclic strain or stress on the soil sample. It can host 

a cylindrical soil specimen of 79 mm diameter (d) and varying heights (h) in a triaxial cell so 

that confining pressure and back pressure can be applied and monitored. A cylindrical soil 

specimens of 79 mm diameter (d) and 22 mm (h), corresponding to d/h= 3.2 are used. The soil 

specimens are placed in a rubber membrane between rigid metal top and bottom platens. Porous 

stones are embedded in the upper and lower platens to allow application of back-pressure 

during the saturation phase. The upper cap contains spikes to ensure transfer of the shear stress 

to the specimens without any slip at the platen-sample interface (ASTM D6528-17). To prevent 

occurrence of rocking during shearing stage, the top platen has a vertical shaft inserted deeply 

and tightly fixed in the top cap. During the shearing stage, the top platen is displaced by a shear 

ram connected to an electromagnetic shaker mounted on a rigid table. The shaker used has a 

capacity up to 100000 N with a precision of 0.07 µm. The imposed stress and strain by the top 

platen are controlled precisely up to frequencies of 10 Hz by a computer-automated feedback-

loop-controlled system developed specifically for the TxSS apparatus. 

In contrast, the TxSS has the ability to directly measure the generated pore pressure during 

cyclic or monotonic shear test using highly precise electric piezometer even at very low strains. 

The vertical and horizontal displacements are recorded by highly sensitive internally and 

externally mounted LVDTs. Using these LVDTS allows examining both small (0.001%, 



62 Chapter 3: Experimental Program 

 

Chehat et al. 2018) and medium to large (0.5%, Khashila et al. 2018; Karray et al. 2019; 

Abdellaziz et al. 2019) strain behavior. 

 

Figure 3.6–Schematic sketch of the triaxial simple shear (TxSS) apparatus. 

In TxSS test, six strain-controlled cycles are performed at a frequency of 1 Hz; as the effect of 

the number of cycles on the shear modulus degradation rate at medium to large, strain levels 

could be neglected up to ten cycles (Alarcon-Guzman et al. 1989; Yasuda and Matsumoto 

1994). During the cyclic load, the shear strain and shear stress were directly recorded, then a 

friction test was carried out after each TxSS test and the final stress-strain curve is calculated 

by removing the friction stress of the apparatus from the initial test. The secant shear modulus 
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is obtained by taking the average of the secant shear modulus of the six cycles. Fig. 3.7 shows 

an example of shear stress () as a function of shear strain () in the form of hysteresis loops 

obtained from TxSS test. 

 

Figure 3.7–TxSS results; shear stress () versus shear strain (). 

3.5 Direct simple shear test (DSS) 

The direct simple shear test DSS was designed originally to simulate field conditions during 

shear wave propagation. The first version of DSS was developed to overcome the defects of 

the direct shear test (Kjellman 1951). The DSS device has advantages over the triaxial device 

due to the smooth rotation of principal stresses until failure, which is closer to field conditions 

during vertical shear wave propagation. The main advantage of simple shear tests is that the 

shear force is applied on a horizontal plane (Airey and Wood 1987). One of the major 

limitations of DSS appears to be the practical difficulty of imposing a uniform normal and shear 

stress field along the plane of deformation. DSS prevent the development of complementary 

shear stresses on the vertical sides normal to the plane of deformation, and consequently, the 

shear and normal stresses must be non-uniform along the plane of deformation (Budhu 1982; 

DeGroot et al. 1994; Airey et al. 1985). Moreover, many in situ conditions of soils are three-

dimensional in nature and cannot always be simplified to the unidirectional loading conditions 
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that are modeled in the DSS test apparatuses (e.g., Franke et al. 1979; Dyvik et al. 1987; 

Boulanger et al. 1993; Duku et al. 2007). 

In the current study, the conventional DSS apparatus by GDS Ltd. Company 

(Electromechanical Dynamic Cyclic Simple Shear, EMDCSS) was used (Fig. 3.8). It is 

competent in performing monotonic/cyclic tests at a wide range of shear strain (0.005% to 

10%) with the ability to apply cyclic loading at frequency ranges between 0 and 5 Hz. The soil 

specimen is encased in a latex membrane surrounded by stacked rings. All specimens were 

prepared with a height of 26 mm and a diameter of 79 mm. 

 

Figure 3.8–The DSS apparatus used in this research (modified after Khashila 2020) . 

The soil specimen was consolidated, then the shear test was performed by applying a horizontal 

shear strain to the specimen. Six cycles were applied at each strain level with horizontal load, 

horizontal strain, vertical load, and vertical strain measurement. Fig. 3.9 shows an example of 

() hysteresis loops with different applied strains obtained from DSS test. Using these 

hysteresis loops, average secant shear moduli can be estimated for each DSS test from the six 

loops with different strain levels. 

Stacked rings 

Vertical Load cell Shear Load Cell 

Top pedestal 

Latex membrane 

Base pedestal 
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Figure 3.9–Direct simple shear (DSS) test results; shear stress () versus shear strain () curves with 

different strain levels. 
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Also, based on the recorded vertical load during loading pore pressure ratio (Ru) could be 

calculated for each cycle ( vo vn
u

vo

R
 



  where vo is the initial applied vertical stress and vn 

the average vertical stress for each cycle) with different strain levels, Fig. 3.10 shows an 

example of Ru relation with each cycle. 

 

Figure 3.10–Direct simple shear (DSS) test results; pore water pressure ratio (Ru) as a function of 

shear strain (). 

3.6 Characteristics of tested soils  

3.6.1 Characteristics of sands used in the current study 

The natural granular soils tested in the current study were chosen from several regions, mostly 

from Quebec, Canada, but also from one region of southeastern Tunisia. In detail, 19 different 

natural granular soils from several geological provinces in Canada (St. Lawrence Platform, 

Appalachian, Grenville, and Superior provinces), one clean sand from the Quaternary of 

northern Africa, and two different gradations of Ottawa sands were selected. The soils were 

grouped according to their percentage of fines (particles  0.075mm) by Weight,  (Fc %): group 

1 for soils with Fc %  6 %, group 2 for soils with 6 % < Fc % < 35 %, and groups 3A and 3B 

for soils with Fc %  35 %.  

The ASTM specification guidelines (ASTM D854-14, 2014; ASTM D4253-14, 2014; ASTM 

D4254-14, 2014; and ASTM D2487-11, 2011) were followed to determine the specific gravity 
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(Gs), maximum and minimum void ratios (emax & emin, respectively), D50, and Cu of all the 

samples tested in the current program. In fact, the laboratory estimation of the extreme void 

ratios (emin and emax) is somehow difficult; therefore, several repetitive tests were performed in 

accordance with (ASTM D4253-14), the average results of at least four repetitive tests were 

employed and the extremely deviated values (extreme low emax or extreme high emin) were 

excluded to ensure reliable values. The soils tested were found to have different grain size 

distributions, with Cu ranging from 1.5 to 250 and D50 ranging from 0.022 mm to 0.6 mm. In 

addition, these soils were found to have different void ratio range values (emax - emin) and 

different shape characteristics. Figs. 3.11a-c illustrate the particle size distribution curves for 

the three soil groups.  

It is noticeable that there is no standard quantitative description employed in the geotechnical 

domain for the particle’s shape (e.g., Skredkommisionen, 1995; Rodriguez et al., 2013; Ghali 

et al., 2018a). Researchers (e.g., Cho et al., 2006; Chapuis, 2012) used the sphericity to describe 

the large scale (particle form size) and the roundness to represent the intermediate scale (corner 

conditions). Other researchers (e.g., Miura et al., 1997 & 1998; Ghali et al., 2019) adopted the 

use of the two-dimensional angularity of particles (A2D) to represent both the large and 

intermediate scales. For simplicity, the A2D descriptor will be used in this study. Values of A2D 

can be estimated according to the relationship provided by Miura et al., (1997) and Das et al., 

(2012) and the modified charts of Lees (1964a & 1964b), as shown in Fig. 3.12. The procedures 

suggested by Ghali et al. (2018a) were applied to estimate the average values of A2D. In brief, 

a light stereomicroscope (Leica MZFL-III fluorescence stereo-zoom microscope) was 

employed for image analysis of particle sizes ≥ 0.075 mm, while a digital microscope (Leica 

DM-750 microscope) was utilized for finer particles. The test samples were initially segregated 

using sieve analyses. Then, six 15-g specimens were chosen randomly from each sieve size. 

After that, five photographs for each particle size were taken (around 40 images for each soil 

tested). Fig. 3.13 shows image taken for Trois-Rivières soil used in this study; the images of 

all soils are presented.  
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Figure 3.11– Particle size distribution curves of the granular samples tested: a) Soils with Fc %    

6%, b) Soils with 6% < Fc % < 35%, and c) Soils with Fc %   35% 
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in chapter (4). For individual particles in every image, A2D values were estimated by comparing 

particle boundary images to the chart illustrated in Fig. 3.12 

Then, the average A2D for each soil was predicted from the percentage of particle angularities 

in each grain size range. Table 3.2 summarizes the characteristics of all sands tested in the 

current experimental program. 

 

Figure 3.12–Definition and chart used for predicting the average A2D (modified after Ghali et al., 
2018a; Lees, 1964a & 1964b). 

 

  

Figure 3.13– Digital image for Trois-Rivières soil. 
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Table 3.2 – Physical characteristics of the used sand samples 

Group Soil Type Gs D50 (mm) Cu emax emin Fc (%) A2D 

1 

Ottawa F65 2.66 0.217 1.68 0.820 0.558 0 443 

Chaffar beach (Sfax) 2.68 0.270 1.50 0.990 0.580 1 662 

Clermont CF-11 2.72 0.350 2.00 0.990 0.502 0.2 737 

Ottawa C109 2.65 0.380 1.83 0.900 0.480 0 276 

CF-3 2.71 0.380 2.60 0.620 0.350 6 708 

Peribonka 2.70 0.411 4.00 0.850 0.350 5.4 616 

Eastmain, EM1 2.69 0.600 5.00 0.820 0.410 2 714 

2 

Puit Accès, CF16 2.72 0.180 5.00 0.990 0.500 12.4 803 

Trois-Rivières, TR1 2.73 0.190 3.50 1.100 0.500 13.25 634 

Puit Accès, CF6B 2.71 0.320 44.00 0.960 0.420 17.7 751 

Champagne 2.70 0.370 7.00 0.740 0.370 13.9 599 

3 

A 

Poste Carignan, CF31 2.73 0.056 56.00 1.187 0.471 76 598 

Poste Carignan, CF18 2.73 0.061 28.00 1.174 0.696 69 595 

Trois-Rivières, TR2 2.72 0.078 6.00 0.836 0.467 55.7 656 

Metro Vendome, TM9 2.75 0.090 220.00 1.306 0.333 44 612 

EM1 Till 2.70 0.100 22.00 1.350 0.333 43 679 

CF-6 2.72 0.110 22.00 1.089 0.463 42 628 

Poste Laurentides, TM2 2.76 0.032 250.00 1.567 0.437 67 632 

B 

Silt Champlain river 2.75 0.022 10.00 0.650 0.300 97 558 

Levis 2.71 0.340 80.00 0.990 0.410 15.7 621 

Mauricie, CF6 2.78 0.087 50.00 1.268 0.335 48 645 

Silty sand Champlain  2.75 0.180 90.00 1.100 0.400 41 641 
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3.6.2 Characteristics of rockfill used in the current study 

Four (4) combinations were reconstituted from rockfill material extracted from the construction 

site of Romaine II dam and dyke F, (soils M, N, O & P). Hydro-Québec’s Romaine II 

hydroelectric site is located on the North shore of the St-Lawrence River, approximately 80 km 

North of Havre-Saint-Pierre, (Québec). The Romaine II project involves the construction of a 

112 m high asphalt concrete core (ACC) rockfill dam and of six dykes up to 80 m high (Smith 

2015). The ACC is founded with variable width (from 0.85 m to 0.5 m). A support zone (3M) 

of crushed stone is flanked the core on both sides having a maximum particle size of 80 mm. 

The transition zone (3N) consists in screened rockfill or crushed stone having a maximum 

particle size of 200 mm. The maximum allowable size of rock particles is 600 mm for the 3O 

internal shell zone and 1200 mm for the 3P external shell zone (Smith 2015).  

 

Figure 3.14– Particle size distribution curves of the materials used in the construction of the 

Romaine II dam in comparison with the experimented reconstituted rockfill specimens. 

The samples with dimensions less than 40 mm were used to reconstitute the rockfill soils, each 

size separated using sieves,  then the soils reconstituted respecting the same coefficient of 

uniformity (Cu) and coefficient of curvature (Cc) as the rockfill materials used in the 

construction of the Romaine II dam and dyke F. Fig. 3.14 represents the particle size 
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distribution curves for both real and reconstituted rockfill materials used in this study. The 

gradation characteristics of the rockfill soils Cu and Cc values ranging between 25 - 55 and 1.7 

- 6, respectively. 

3.7 Specimens preparation  

Various methods are used for preparing soil specimens in laboratories. Different methods of 

specimen reconstitution create fabrics, and different effect on the responses to the applied load 

and liquefaction resistance (Tatsuoka et al. 1986; Ishihara 1996). Silver et al. (1980) and 

Wijewickreme et al. (2005) concluded that there is no considerable effect on simple shear test 

results due to different preparation methods. On the other hand, centrifuge test results obtained 

by Abdoun et al. (2013) show that there is a remarkable influence of the deposition method on 

sand fabric and subsequently on the generated pore pressure under stress-controlled conditions. 

They observed that the air pluviation method results in the weakest specimen in contrast to 

vibrating the soil in a moist condition method. However, the specimens prepared by wet 

tamping always experience higher strength than specimens prepared by the dry vibration 

method (Ladd 1974).  

In this study, the wet tamping preparation method was used to prepare oedometer, RC, TxSS, 

and DSS samples, the wet tamping method allows to prepare the specimens with a wide range 

of relative densities with an acceptable uniformity (Ishihara 1996). The under-compaction 

method was also applied to produce uniform density through soil specimens (Ladd 1978). The 

samples are prepared as follow: 

1- The dry sand is mixed with a suitable amount of deaired water to produce moist sand 

24 hours before the test. 

2- To place the soil in a rubber membrane, the rubber membrane was confined by an 

air-tight split mould attached to the bottom cap of the cell. (Fig. 3.15a) 

3- Two dry porous stone (one at top and another at bottom) are used with two discs 

filter paper to allow the water to come in/out during consolidation and saturation stage. 

(Fig. 3.15d) 
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4- The moist sand is then placed into the rubber membrane in three sub-layers for TxSS, 

and DSS specimens, and six sub-layers for RC specimens, and each layer of sand was 

compacted inside the rubber membrane. (Fig. 3.15b) 

5- The height of the compacted specimen was measured for each layer using a calliper. 

(Fig. 3.15c) 

6- After placing the final layer, the top cap was set, and two O-rings were used to seal 

both ends of the membrane on the caps. (Fig. 3.15e) 

7- After removing the mould, the specimen diameter was measured at three locations 

and the average value was used to verify the final density. 

8- Saturation process: in RC and TxSS, carbon dioxide gas (CO2) was flushed for 15 

minutes under a low cell pressure to displace air bubbles. Then de-aired water under a 

slight back-pressure of 50 kPa was applied to the specimen simultaneously with cell-

pressure of 40 kPa for 2 hours. Then, a back-pressure of 200 kPa was applied with a 

cell pressure of 190 kPa at least for 15 hours. To ensure the full saturation of the soil, 

the Skempton’s pore pressure parameter B (Δu/Δσ3) was estimated for each test by 

measuring the increase in pore-water pressure, Δu, induced by increasing cell pressure 

by Δσ3, where 3 is the minor principal stress. Saturation was defined when B ≥ 0.96 

was achieved.  

9- Once an acceptable B value had been obtained, the soil specimen was either 

isotopically (in RC and TxSS) or anisotropically (in DSS) consolidated under an 

effective confining pressure of 100 kPa. The process of consolidation was assumed to 

be completed if the volume change is less than 5 mm3/hr. The volume change was used 

to calculate the density after consolidation and prior to testing. 

For the oedometer tests, each sample was prepared inside the oedometer cell on three layers to 

achieve the desired initial void ratio. The compacted sample was placed in direct contact with 

the modified porous stones and P-RAT sensors at each end and then submerged into de-aired 

water for 24 h. Then, the consolidation process was performed under several pressure 

increments, and the four input signals utilized (Table 3.1) were applied to measure Vs values 

after ensuring full consolidation of each increment. 
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Figure 3.15– RC specimen preparation.
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Contribution to the Thesis 

This paper investigated experimentally the correlation between “dynamic” small-strain 

modulus and “static” large-strain stiffness modulus based on the results of shear wave 

velocities (Vs) of 22 different granular soils with various physical characteristics using P-RAT 

incorporated in the conventional oedometer cell. The current study has correlated Vs, Go, and 
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Moedo to the physical parameters of natural granular soils with the development of the void ratio 

(e) and relative density (Id). 

Abstract 

The establishment of correlations between the small strain shear modulus (Go) and other soil 

parameters (such as the oedometer constrained modulus, Moedo) at large deformations 

constitutes an important step toward more precise modeling of soil deformation behavior. In 

this study, the shear wave velocities (Vs) of 22 different granular soils of various physical 

characteristics were measured experimentally using the piezoelectric ring-actuator technique 

(P-RAT) incorporated in the conventional oedometer cell. For each sample tested, the 

development of Moedo with the development of relative density (Id), as well as the void ratio 

(e), was recorded. Then, the obtained Vs and Moedo/Go trends were correlated to the physical 

parameters of the tested granular soils with the development of e and Id. A practical application 

employing the achievements in geotechnical engineering design was also evaluated. Based on 

the proposed correlations, geotechnical designers can easily estimate in situ stress-settlement 

behavior from the predicted Moedo and Id values using simple in situ measurements. 

4.1 Introduction 

Small- and large-strain soil parameters, which are generally referred to as short- and long-term 

soil parameters, respectively, are key factors in geotechnical designs. Researchers customarily 

afford significant attention to the assessment of the long-term behavior of soil through 

conventional triaxial, oedometer, and direct shear tests, while the short-term behavior, which 

is frequently determined by geophysical methods, may be given less attention. However, the 

behavior of soils in the small-strain range (ε < 10-3) is substantial in many engineering designs, 

such as embankments and specific important structures (such as nuclear power plants). The 

infinitesimal-strain (ε  10-6) shear modulus of soils constitutes a fundamental input parameter 

in analysis of the dynamic ground response in active seismic areas (Kramer, 1996; Ishihara, 

1996; Andrus and Stokoe, 2000; Youd et al., 2001). The low-strain shear modulus (Go) can be 

estimated from both in situ (e.g., Campanella et al., 1986; Hryciw, 1990; Lefebvre and Karray, 
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1998) and laboratory techniques (e.g., Hardin and Richart, 1963; Rollins et al., 1998; Zhang et 

al., 2005; Karray et al., 2015). Additionally, Vs and Go are straightforwardly related 

theoretically (Go = ρVs
2, where  is the density of the material). Therefore, Go started to be 

utilized in static and dynamic soil modeling in the early 1970s (e.g., Seed and Idris, 1970). 

Then, several studies demonstrated the importance of this parameter in seismic hazards (e.g., 

Riepl et al., 2000; Wang and Hao, 2002; Thompson et al., 2010). Numerous researchers have 

also focused on using Go in static geotechnical applications such as foundation engineering 

designs (e.g., Imai and Yoshimura, 1976; Eberhart-Phillips et al., 1989; Pyrak-Nolte et al., 

1996). In addition, Go can be exploited further if it is correlated with other soil parameters at 

large deformations (Salgado et al., 2000; Wichtmann and Triantafyllidis, 2006; Wichtmann et 

al., 2017). The large-deformation behavior of soils is usually represented by the elasticity 

modulus (E), defined as the ability of the material to resist excessive deformation during 

loading. In oedometer conditions, the static constrained modulus (Moedo) is widely utilized to 

represent the soil elasticity modulus. The rigid walls of the oedometer cell prevent radial 

deformation of the soil, which allows an entirely axial (vertical) compressive strain test. 

Although only axial stress is applied to the soil sample, radial stress is developed because of 

the laterally constrained conditions of the sidewalls. In practice, one-dimensional consolidation 

oedometer test results are acceptable in most cases of foundations, as well as in laboratory 

modeling of soil-foundation behavior (Lenk, 2009). 

For practical engineering design, it is very opportune to correlate the “dynamic” small-strain 

modulus to the “static” large-strain stiffness modulus. Therefore, researchers have become 

interested in investigating this issue (e.g., Salgado et al., 2000; Wichtmann and Triantafyllidis, 

2006). Wichtmann et al. (2017) correlated the low-strain shear modulus (Go) to the static large-

strain constrained oedometric modulus (Moedo). They performed resonant column, triaxial, and 

oedometer compression tests on mixed sands of similar particle shapes but different uniformity 

coefficients (1.5  Cu  8) and mean grain sizes (0.082 mm  D50  6.0 mm). They clearly 

stated that for constant values of void ratio and pressure in their RC tests, the small-strain shear 

and constrained moduli were found to be rather independent of D50. Notably, this observation 

may be due to comparing their results of gab graded mixed granular materials under different 

consistency conditions (different Id values corresponding to the given void ratio). Hence, the 
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current work focused on examining natural granular soils that chosen from several regions, in 

addition to introducing two different methodologies of analysis under a given Id, and e as well 

in order to precisely include the effect of more physical parameters such as D50, Cu, and A2D. 

The main objective of the current study was to correlate Vs, Go, and Moedo to the physical 

parameters of natural granular soils with the development of the void ratio (e) and relative 

density (Id). Notably, the shear and constrained moduli were obtained from direct measurement 

using the P-RAT that incorporated into an oedometer cell. Moreover, empirical correlations 

between the soil behavioral responses at small- and large-strain stiffness moduli (Go and Moedo) 

are proposed. The gradation parameters of the tested soils (D50 ranging 0.022 – 0.60 mm & Cu 

ranging 1.50 - 250) were determined using sieve analyses. The particle shape of the tested soils 

varied from subround to very angular and particle shape was investigated using the image 

analysis technique. The two-dimensional angularity of particles (A2D) was employed to 

quantify visual description of the shapes of particles following the procedures of Ghali et al. 

(2018a & 2018b). The current research program also utilized the piezoelectric ring-actuator 

technique (P-RAT) of Karray et al. (2015) and Elbeggo et al. (2019) to measure Vs with the 

development of Id during the consolidation processes of 22 tested granular soils, while the 

corresponding Moedo values were estimated from the properties of the stress-strain 

consolidation curve. 

4.2 Tested Material 

The natural granular soils tested in the current study were chosen from several regions, mostly 

from Quebec, Canada, but also from one region of southeastern Tunisia. In detail, 19 different 

natural granular soils from several geological provinces in Canada (St. Lawrence Platform, 

Appalachian, Grenville, and Superior provinces), one clean sand from the Quaternary of 

northern Africa, and two different gradations of Ottawa sands were selected. The soils were 

grouped according to their percentage of fines (particles  0.075mm) by Weight,  (Fc %): group 

1 for soils with Fc %  6 %, group 2 for soils with 6 % < Fc % < 35 %, and groups 3A and 3B 

for soils with Fc %  35 %.  
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The ASTM specification guidelines (ASTM D854-14, 2014; ASTM D4253-14, 2014; ASTM 

D4254-14, 2014; and ASTM D2487-11, 2011) were followed to determine the specific gravity 

(Gs), maximum and minimum void ratios (emax & emin, respectively), D50, and Cu of all the 

samples tested in the current program. In fact, the laboratory estimation of the extreme void 

ratios (emin and emax) is somehow difficult; therefore, several repetitive tests were performed in 

accordance with (ASTM D4253-14), the average results of at least four repetitive tests were 

employed and the extremely deviated values (extreme low emax or extreme high emin) were 

excluded to ensure reliable values. 

The soils tested were found to have different grain size distributions, with Cu ranging from 1.5 

to 250 and D50 ranging from 0.022 mm to 0.6 mm. In addition, these soils were found to have 

different void ratio range values (emax - emin) and different shape characteristics. Figs. 4.1a-c 

illustrate the particle size distribution curves for the three soil groups. 

It is noticeable that there is no standard quantitative description employed in the geotechnical 

domain for the particle’s shape (e.g., Skredkommisionen, 1995; Rodriguez et al., 2013; Ghali 

et al., 2018a). Researchers (e.g., Cho et al., 2006; Chapuis, 2012) used the sphericity to describe 

the large scale (particle form size) and the roundness to represent the intermediate scale (corner 

conditions). Other researchers (e.g., Miura et al., 1997 & 1998; Ghali et al., 2019) adopted the 

use of the two-dimensional angularity of particles (A2D) to represent both the large and 

intermediate scales. For simplicity, the A2D descriptor will be used in this study. Values of A2D 

can be estimated according to the relationship provided by (Miura et al., 1997; Das et al., 2012) 

and the modified charts of Lees (1964a & 1964b), as shown in Fig. 4.3. The procedures 

suggested by Ghali et al. (2018a) were applied to estimate the average values of A2D. In brief, 

a light stereomicroscope (Leica MZFL-III fluorescence stereo-zoom microscope) was 

employed for image analysis of particle sizes ≥ 0.075 mm, while a digital microscope (Leica 

DM-750 microscope) was utilized for finer particles. The test samples were initially segregated 

using sieve analyses. Then, six 15-g specimens were chosen randomly from each sieve size. 

After that, five photographs for each particle size were taken (around 40 images for each soil 

tested). Figs. 4.2a-c show some images taken for the three soil groups. For individual particles 

in every image, A2D values were estimated by comparing particle boundary images to the chart 
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illustrated in Fig. 4.3 Then, the average A2D for each soil was predicted from the percentage of 

particle angularities in each grain size range. Table 4.1 summarizes the characteristics of all of 

the soils tested in the current experimental program. 

 

Figure 4.1– Particle size distribution curves of the granular samples tested: a) Soils with Fc %    

6%, b) Soils with 6% < Fc % < 35%, and c) Soils with Fc %   35% 
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Table 4.1 – Physical characteristics of the used granular samples 

Group Soil Type Geological Province 
Depth  

(m) 
Gs 

D50 

(mm) 
Cu emax emin 

Fc 
(%) 

A2D 
Particles 
Shape 

Number of 
oedometric 

tests 

Number 
of (Vs) 
tests 

1 

Ottawa F65 NA NA 2.66 0.217 1.68 0.820 0.558 0 443 SR - SA 3 15 

Chaffar beach (Sfax) Quaternary NA 2.68 0.270 1.50 0.990 0.580 1 662 SA 5 23 

Clermont CF-11 Grenville 6.10-6.710 2.72 0.350 2.00 0.990 0.502 0.2 737 SA - A 3 21 

Ottawa C109 NA NA 2.65 0.380 1.83 0.900 0.480 0 276 SR 3 31 

CF-3 NA 2.90-3.51 2.71 0.380 2.60 0.620 0.350 6 708 SA - A 3 24 

Peribonka Grenville NA 2.70 0.411 4.00 0.850 0.350 5.4 616 SA 3 33 

Eastmain, EM1 Superior NA 2.69 0.600 5.00 0.820 0.410 2 714 SA - A 4 31 

2 

Puit Accès, CF16 Appalachian 18.29-18.90 2.72 0.180 5.00 0.990 0.500 12.4 803 A 5 20 

Trois-Rivières, TR1 St. Lawrence Platform 3.26-3.46 2.73 0.190 3.50 1.100 0.500 13.25 634 SA 4 21 

Puit Accès, CF6B Appalachian 3.96-4.42 2.71 0.320 44.00 0.960 0.420 17.7 751 SA - A 4 19 

Champagne Appalachian NA 2.70 0.370 7.00 0.740 0.370 13.9 599 SA 4 24 

NA, not applicable; SR = Subround; SA = Subangular; SR – SA = Subround to Subangular & A = Angular. 
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Group Soil Type Geological Province 
Depth  

(m) 
Gs 

D50 

(mm) 
Cu emax emin 

Fc 
(%) 

A2D 
Particles 
Shape 

Number of 
oedometric 

tests 

Number 
of (Vs) 
tests 

3 

A 

Poste Carignan, CF31 St. Lawrence Platform 18.00-18.60 2.73 0.056 56.00 1.187 0.471 76 598 SA 3 10 

Poste Carignan, CF18 St. Lawrence Platform 10.10-10.70 2.73 0.061 28.00 1.174 0.696 69 595 SA 5 20 

Trois-Rivières, TR2 St. Lawrence Platform 3.46-3.66 2.72 0.078 6.00 0.836 0.467 55.7 656 SA 4 25 

Metro Vendome, TM9 St. Lawrence Platform 10.67-11.50 2.75 0.090 220.00 1.306 0.333 44 612 SA 3 20 

EM1 Till Superior NA 2.70 0.100 22.00 1.350 0.333 43 679 SA 4 28 

CF-6 NA 5.64-6.25 2.72 0.110 22.00 1.089 0.463 42 628 SA 3 24 

Poste Laurentides, TM2 Grenville 3.81-4.52 2.76 0.032 250.00 1.567 0.437 67 632 SA 2 16 

B 

Silt Champlain river Grenville/ St. Lawrence  NA 2.75 0.022 10.00 0.650 0.300 97 558 SR - SA 4 18 

Levis Grenville/ St. Lawrence NA 2.71 0.340 80.00 0.990 0.410 15.7 621 SA 5 33 

Mauricie, CF6 Grenville/ St. Lawrence  3.80-4.40 2.78 0.087 50.00 1.268 0.335 48 645 SA 3 24 

Silty sand Champlain  Grenville/ St. Lawrence  NA 2.75 0.180 90.00 1.100 0.400 41 641 SA 3 15 

 

 

 

 

 

      

  80 495 

NA, not applicable; SR = Subround; SA = Subangular; SR – SA = Subround to Subangular & A = Angular. 
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Figure 4.2– Digital images for tested granular materials: a) Soils with Fc %    6%, b) Soils with 6% 

< Fc % < 35%, and c) Soils with Fc %   35% 
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Figure 4.2 (follow)– Digital images for tested granular materials: a) Soils with Fc %    6%, b) 

Soils with 6% < Fc % < 35%, and c) Soils with Fc %   35% 
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Figure 4.3– Definition and chart used for predicting the average A2D (modified after Ghali et al., 

2018a; Lees, 1964a & 1964b) 

4.3 P-RAT Experiments and Methodology 

The piezoelectric ring-actuator technique (developed at the Université de Sherbrooke) was 

employed in the current experimental work, as shown in Fig. 4.4 For this technique, a Bishop-

type oedometer with a conventional cell, 63 mm in diameter (d) and 18 mm in height (h), was 

used. A larger cell of d = 100 mm and h = 24 mm was also utilized to verify the effect of d / h 

variations on the oedometer consolidation behavior. For (d / h) values ˃ 3, the stress–strain 

behaviors did not exhibit a significant difference, in accordance with ASTM D2435-04 (2004) 

and DIN 18135 (2012). Some modifications were made to the bottom of the cell and the loading 

cap to install the Vs sensors. In brief, an emitter sensor was fixed and leveled to the bottom 

surface of the cell, and a receiver sensor was fixed and leveled to the loading cap. The emitter 

and receiver sensors were able to produce and read radial shear waves of different signals. 

These sensors were placed in direct contact with the top and bottom surfaces of the tested 

samples without penetration. The P-RAT minimizes the energy of compression waves 

considerably and produces approximately pure shear waves. Further, the height of the sample 

can be adjusted inside the cell (distance between the emitter and receiver) to minimize the 

reflection of superfluous waves. For these reasons, this system is considered suitable for testing 

a variety of soils, rock fills, and hardening of cement-based materials (Gamal El-Dean, 2007; 
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Soliman, 2010; Éthier, 2009; Éthier et al., 2011; Karray and Wali, 2013; Karray et al., 2015; 

and Elbeggo et al., 2019; Hussien and Karray 2020). 

 

Figure 4.4– The utilized piezoelectric ring-actuator technique (modified after Karray et al., 2015; 

Elbeggo et al., 2019) 

 

The shape and duration of the input signals affect the identification of the arrival time when 

interpreted in the time domain. However, when interpreted in the frequency domain the input 
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signals do not have any significant effect if the phase shift introduced by emitter and receiver 

(time delay) is accurately corrected (Karray et al., 2015; Hussien and Karray 2020). To ensure 

that the shear wave velocity is measured with high accuracy Karray et al., (2015) suggested to 

use four different input signals (Chap 6, ond1, pulse 12p5 and pulse 25) during the P-RAT tests 

as shown in Table 4.2, to verify that the emitter/receiver have the same transfer function 

regardless the frequency content of the excitation. These signals provided opportunities to 

cover frequency bands lower and higher than the fundamental frequency of the system and to 

characterize the emitter–receiver dynamic system in terms of resonance frequency and 

damping ratio. Ond1 and Chap 6 signals represent a smooth shape signals with different 

frequency content (Ond1 has a frequency content lower than Chap 6) for these type of signals 

the compression wave (P-wave) is generally reduced and the shear wave (S-wave) is somehow 

dominated. Pulse 12p5 and pulse 25 signals have the same idea but with sharp shape to generate 

more P-waves, which can be used to verify the saturation of the soil sample and to determine 

the P-wave velocity. In addition, it is always demonstrated that there is no variation on shear 

wave velocity with the shape of the input signals. 

Table 4.2 – Input signals used in P-RAT tests, modified after Karray et al. (2015) 

 Chap6 Ond1 Pulse 12p5 Pulse 25 

Time 
domain 

 

 

  

Frequency 
domain 

    

Moreover, an interpretation method was developed to facilitate the implementation of the 

frequency analyses. The purpose of this interpretation method is obtaining the same Vs value 

for a given soil under the same testing conditions, independently of the type, shape, and 

frequency of the applied wave. In brief, Figs. 4.4 and 4.5 illustrate the interpretation steps, 
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beginning with projecting the signals from the time domain (Fig. 4.5a) in a particular frequency 

domain (Fig. 4.5b) to locating the frequency range over which the energy is located. For this 

range, the phase shift between the transmitted and received signal should be corrected by 

adding or subtracting an additional shift to paste the experimental phase onto the theoretical 

phase shift (solid line in Fig. 4.5c) to obtain the corrected phase shift (dotted line in Fig. 4.5c). 

Such a theoretical phase shift curve, which represents the transfer function (the contribution of 

the sensors), was determined by a tip-to-tip test. By correcting the phase difference between 

transmitted and received signals (canceling the phase shift induced by the sensors), it returns 

the experimental dispersion curve to a constant value referring to the real shear wave velocity. 

This means that the shear wave velocity is independent of the phase or the frequency content 

of the transmitted signal (Fig. 4.5d). Additional details were presented by Karray et al. (2015), 

who explained the methodology and scientific development. 

For the oedometer tests, each sample was prepared inside the cell on three layers to achieve the 

desired initial void ratio. The compacted sample was placed in direct contact with the modified 

porous stones and sensors at each end and then submerged into de-aired water for 24 h. Then, 

the consolidation process was performed under several pressure increments, and the four input 

signals utilized were applied to measure Vs values after ensuring full consolidation of each 

increment. This means that the Vs measurements and the corresponding stress-strain records 

were obtained simultaneously at each stage of loading. Table 4.1 summarizes the number of 

oedometer tests, and the number of Vs measurements conducted on each soil tested. 

In the oedometer tests, the variation of the measured vertical strain () with the applied vertical 

stress (σ′v) under different initial relative density (Idi) values was recorded for all soils tested. 

Then, the stress–strain (σ′v - v) curves were used to estimate the required Moedo values. For 

example, Fig. 4.6a shows the stress-strain (σ′v - v) curves for normally consolidated Chaffar 

sand tested under four different Idi values ranging from 33% to 94% in the conventional cell.  
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Figure 4.5– Signal processing and interpretation technique 

The development of the stress-strain (σ′v - ) curves was formulated in exponential form as 

follows:  

expb
v a                                                                    [4.1]     
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where a and b are correlative parameters. For the 80 oedometer tests under study, the 

coefficient of relativity (R2 %) of Eq. 4.1 ranged from 93.6–99.9%). Theoretically, the 

constrained modulus can be determined at each stress state by differentiating the function of 

Eq. 4.1 In other words, the static constrained modulus at any stress state corresponds to the 

slope of the tangent of the σ′v -  relation as indicated in Fig. 4.6a:  

v
oedo

v

M







                                                                  [4.2]     

Additionally, the shear wave velocity measurements of the 22 tested soils under several stress 

states, and the initial relative densities, were recorded for all strain levels during the odometer 

tests using the P-RAT. Fig. 4.6a also shows two examples of the input and output signals that 

resulted from P-RAT tests on normally consolidated Chaffar sand with Idi = 33% under two 

different applied vertical stresses σ′v (250 kPa and 470 kPa). Fig. 4.6b illustrates the relation 

between Vs and σ′v in tests performed on Chaffar sand under four different initial relative 

densities. It was recognized that Vs is a function of σ′v with a stress exponent ≈ 0.25, which is 

in agreement with the majority of the results in the literature (e.g., Hardin and Richart, 1963; 

Hardin and Black, 1966; Hardin and Drnevich, 1972). Therefore, Vs values of normally 

consolidated, young Holocene age, uncemented sands were routinely stress normalized 

following numerous studies (e.g., Robertson et al., 1992; Youd et al., 2001; Karray et al., 2011; 

Hussien and Karray, 2016) as follows: 

0.25

1 '
a

s s
v

P
V V


 

  
 

                                                                [4.3]     

where Vs1 is the stress-normalized shear wave velocity and Pa is the reference atmospheric 

pressure of 100 kPa, which is in the same unit as σ′v. The variation of Vs1 as a function of the 

void ratio (e) obtained from four different tests on Chaffar sand was plotted in Fig. 4.6c 

corresponding to the variation of Idi values. From  this figure, it can be observed that e is a major 

parameter controlling the variation of Vs1 under different Idi values. Repetitive tests were 

performed on the same soil tested in different sizes of oedometer cell. High coincidence 

between the σ′v -  relations was observed for the specimens tested under similar Idi. Fig. 4.6c 

shows two examples of Chaffar σ′v -  relations under Idi = 65% and 60% tested in conventional 
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and large cells, respectively. Consequently, the corresponding Vs1, G0, and Moedo relations with 

the development of e showed a close tendency, as illustrated in Figs. 4.6c and 4.6c. 

 

 

Figure 4.6– Results of Chaffar Sand: a) Vertical stress-vertical strain curves; b) Vs as a function of the 

vertical applied stress; c) Vs1 as a function of void ratio; d) Results of different Oedometer cell sizes 
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Figure4.6 (follow) – Results of Chaffar Sand: a) Vertical stress-vertical strain curves; b) Vs as a 

function of the vertical applied stress; c) Vs1 as a function of void ratio; d) Results of different Oedometer 

cell sizes 
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4.4 Analyses and Proposed Correlations 

4.4.1 Shear Wave Velocity (Vs) 

For each normally consolidated soil tested, the multi-trends of Vs with the development of e 

under different σ′v, and also different Idi, were found to be collapsed onto a relatively narrow 

range for the trend of Vs1 with the development of e (Fig. 4.6b versus Fig. 4.6c). This 

observation agrees with literature experimental and field studies on shear wave velocity 

measurements in granular soils (Karray et al. 2010, Hussien and Karray 2016). The normalized 

shear wave velocity of all tested groups was then plotted against the development of e, as shown 

in Figs. 4.7a-c. These figures show that the values of Vs1 for all tested soils ranged between 100 

and 325 m/s and that the variation between the loosest and the densest state of the same soil 

was found to be less than 150 m/s, in accordance with the work of numerous researchers 

(Lefebvre & Karray, 1998; Karray & Lefebvre, 2008; Hussien & Karray, 2016). Figs. 4.7a-c 

also demonstrate that, for a given void ratio, the higher the Cu of the tested soil, the lower the 

obtained normalized shear wave velocity. This behavior has also been observed in some 

previous studies. For example, Iwasaki and Tatsuoka (1977), using RC, performed tests on 

normally consolidated sands with different characteristics and found that G0 decreases 

significantly with increase in Cu. Further, Wichtmann and Triantafyllidis (2009) and 

Wichtmann et al. (2015 & 2017) conducted a structured program on 25 different gradations of 

reconstituted quartz sand samples using RC, and their data showed that the value of G0 

decreased as the Cu of the sand increased. Also, Figs. 4.7a-c show that under a given void ratio, 

soils of angular particles exhibit higher Vs values than rounded particles, this behavior has also 

been observed by Liu and Yang (2018) and Altuhafi et al. (2016). For a given void ratio, it was 

also demonstrated that samples with coarse mean grain size had higher Vs values than the finer 

grained samples. This behavior was previously suggested by Menq (2003). Also, Menq and 

Stokoe (2003) proposed that the increase of D50 leads to an increase of Go, subsequently, 

increases in Vs values. Scrupulous comparisons on the results presented in Figs. 4.7a-c prove 

these observations. For example, Poste Carignan CF31and CF18 have almost similar D50, and 

A2D values and both soils are well graded. Fig. 4.7c shows that they almost have similar Vs1  



94 Chapter 4: Investigation of small- to large strain moduli correlations

 

 

 
Figure 4.7– Normalized shear wave velocity (Vs1) as a function of void ratio: a) Soils with Fc %    

6%, b) Soils with 6% < Fc % < 35%, and c) Soils with Fc %   35% 
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values for a given void ratio. In details, the best fitting trend of both soils have Vs1 values of 

around 110 m/s at e = 0.9 and 220 m/s at e = 0.6. Champagne and Poste Carignan CF31 samples 

have almost similar A2D values but different D50 and Cu values. Figs. 4.7b and 4.7c show that 

Champagne samples of lower Cu and higher D50 has higher Vs1 values for a given e. In detail, 

for e = 0.7, the best fitting trends of Champagne and Poste Carignan CF31 have Vs1 values of 

170 and 150 m/s, respectively. While, for e = 0.5, the best fitting trends of Champagne and 

Poste Carignan CF31 have Vs1 values of 240 and 200 m/s, respectively. Similarly, to clarify the 

effect of A2D and Cu on the Vs1 at almost similar D50, two samples (Clermont CF-11 and 

Champagne) were compared. Figs. 4.7a and 4.7b indicate that the trend of Clermont CF-11 of 

lower Cu and higher A2D gives higher Vs1 values that ranged between 150 m/s at e = 0.9 to 250 

m/s at e = 0.6. 

In this study, an exponential trend was assumed for the negative (Vs1 – e) relation, in accordance 

with Karray et al. (2015), as follows: 

    3 2 41 2
1 50 5 6exp expDx A x ex x

s uV D C x x                                          [4.4]     

where x1 to x6 are fitting parameters determined by multi-regression analyses. In detail, x1, x2, 

x3, & x6 were initially assumed (= 0), x4 was assumed (= -1), and x5 was assumed (= 1). 

Regression analyses were carried out to determine x1, corresponding to the highest coefficient 

of relativity (R2 %) between the recorded experimental Vs1 values and the trend results of Eq. 

4.4. Similar procedures were repeated in sequence to estimate the values of x2 and then x3. 

Then, x4 was adjusted to minimize the intercept value (x6) as much as possible while 

maintaining an acceptably high R2 value, for simplification. Eventually, the value of x5, which 

is the amplitude factor, was determined by comparing the average trend values to the real 

experimental results. Therefore, Eq. 4.4 can be simplified to the following relationship: 

 2
2

1.0350.025 0.065 10000
1 50370 exp exp

DA
e

s uV D C
 
                                       [4.5]     

It is worth noting that Eq. 4.5 was able to predict all recorded Vs1 values in the current 

experimental program with a coefficient of correlation = 82.4 % for natural soils, as shown in 
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Fig. 4.8 However, the results of the reconstituted samples (CF3 & CF6) were found to have 

higher deviations similar to the trends of the natural soils gathered from sites on the border 

between two different geological provinces (e.g., Mauricie & Champlain).  

 

Figure 4.8– Comparison of measured and predicted Vs1 with the development of e 
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Figure 4.8 (follow) – Comparison of measured and predicted Vs1 with the development of e 

The general trend behavior of Eq. 4.5 with the variation of D50, Cu, and A2D values is also 

plotted in Fig. 4.7 For industry purposes, the above proposed equation may be rewritten in 

terms of Id as follows: 

 2
2

0.6210.025 0.065 10000
1 50130 exp exp

D
d

A
I

s uV D C
 
                                       [4.6]     

Fig. 4.9 displays the experimental Vs1 measurements against the predicted values from Eq. 4.6, 

and the relationship was found to have a linear coefficient of correlation of 87.2 %. 
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Figure 4.9– Comparison of measured and predicted Vs1 with the development of Id 
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Figure 4.9 (follow) – Comparison of measured and predicted Vs1 with the development of Id 

4.4.2 Small Strain Shear Modulus (Go) 

The small-strain shear modulus is theoretically calculated as 2
o sG V , where ρ is the density 

of the material. The obtained results were normalized by the applied vertical stress (

1 0 0 / 'G o v ) and plotted against the void ratio (e), as shown in Fig. 4-10a. From this 

figure, it is clear that the normalized Go increases with decrease of e. It can also be observed 

that higher Cu of the soil at a given void ratio corresponds with lower normalized shear modulus 

Go. This relation is logical and agrees well with the literature. For comparison, the upper and 

lower boundaries computed from the (Go – e) empirical correlation suggested by Menq (2003) 

and also the trend behavior of Eq. 4.6 were also plotted in Fig. 4.10a. These boundaries were 

found to adhere to the trends of the 22 soils tested herein. However, Menq’s correlation allows 

the estimation of the soil small-strain shear modulus Go from D50, Cu,  
v

, and e as follows: 
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                                                    [4.7]     

where 
3 6 7 .1GC   MPa;

1 0 .2 0b   ; 0 .7 5
5 01 ( / 2 0 )x D   ; and 0 .0 90 . 4 8Gn C u  . It 

is worth noting that this relation does not consider the variations of particle shape, texture, and 

minerals (geological background). A very good agreement was observed between the current 

experimental results and the predicted outcomes from Eq. 4.7; however, minor deviations may 

be observed between the corresponding Go values. This deviation may be attributed to the slight 

difference in the stress normalization exponent factor nG in Eq. 4.7, which was considered ≈ 

0.5 in this study, in addition to the difference in test techniques used in these two studies (Menq, 

2003, used RC). Moreover, the sandy and gravelly materials tested by Menq (2003) had a value 

of D50 ranging from 0.11 to 17.4 mm, while the natural granular materials tested in this study 

had a value of D50 ranging from 0.022 to 0.60 mm. 

By substituting Eqs. 4.5 and 4.3 into the theoretical definition of 2
o sG V , the small-strain 

shear modulus can be estimated as follows: 
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where Go is in MPa; ρ is in kN/m3, σ′v and Pa are in same unit, and n is routinely considered ≈ 

0.50. The experimental results in the current work show that Eq. 4.8 can be simplified to the 

following relationship: 
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                              [4.9]     

where a is an amplitude factor ≈ 205, 233, and 260 for samples of densities of 15, 17, and 19 

kN/m3, respectively. 
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Figure 4.10– a) Normalized shear modulus as a function of void ratio, and b) Normalized 

constrained modulus as a function of void ratio 
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4.4.3 Large-strain static constrained modulus (Moedo) 

The static constrained modulus values, determined at different stress states and at different void 

ratios, were normalized to the applied vertical stress. The normalization factor was assumed to 

be equal to (100/σ′v)n1. The stress exponent (n1) values may vary between 0.5 and 1.1 (e.g., 

Wichtmann et al., 2017; Ghali et al., 2019). Initially, the normalized Moedo values, using n1 = 

0.50, were plotted against the void ratio (e), as shown in Fig. 4.10b. Ohde (1951) suggested a 

value of normalized constrained modulus for granular soils ranging from 10 to 75 MPa, and 

the observed values for the tested soils show good agreement with this range. Further, Fig. 

4.10b indicates that the normalized Moedo increases with decreasing void ratio. It is noteworthy 

to mention that no single regression formula could be achieved to gather all of results presented 

in Fig. 4.10b; however, these trends can be grouped according to fines content and geological 

province, as indicated in Table 4.2. 

4.4.4 (Moedo/Go  Id) Proposed Correlations 

Scrutiny of the experimental data presented in Figs. 4.10b and 4.10b reveals that correlations 

between Moedo/Go and the relative density can also be established. Clear trends were achieved 

for each group of fines content. An exponential trend was assumed for each group in the 

following form: 
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                               [4.10]     

where the fitting parameters α1 to α6 were determined by multi-regression analyses. In detail, 

α2 to α5 were initially assumed (= 0), α6 was assumed (= 0.50), and α1 was assumed (= 1). 

Regression analyses were carried out to determine the α2 corresponding to the highest 

coefficient of relativity (R2 %) between the recorded experimental Moedo/Go values and the 

trend results of Eq. 4.10, respectively. Similar procedures were repeated simultaneously to 
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estimate the values of α3 to α5. Also, the corresponding values of Moedo and Go were initially 

stress normalized using a normalization factor of (100/σ′v)0.50; however, the current 

experimental results showed that, for each group of soils test, α6 varied slightly with the 

development of relative density, as shown in Fig. 4.11. From this figure, α6 has a slightly 

downward trend with the development of the relative density and shows high coincidence with 

the soils tested by Wichtmann et al. (2017), however, their work did not consider the variation 

of α6 with the relative density. Other researchers (e.g., Boulanger, 2003), generally, considered 

that the effective vertical stress normalization exponent factor could show significant changes 

with the development of the relative density. Boulanger (2003) proposed a downward trend to 

the variation of the exponent factor with the relative density. Notably, the trend proposed by 

Boulanger (2003), as shown in Fig. 4.11, has steeper downward slope upon the fact that this 

exponent factor is only for stress normalizing the standard penetration blow counts. Eventually, 

α1 was adjusted as the amplitude for the trend regression equation to the real recorded values. 

Table 4.3 displays the results obtained from the regression analyses for each group of trends. 

The comparisons in Fig. 4.12 show high coincidence between the results of natural soils, which 

proves the accuracy and efficiency of the current proposals. 

 

Figure 4.11– Stress exponent α6 with the development of Id 
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Figure 4.12– Comparison of measured and predicted Moedo/G0 values with the development 

of Id 
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Table 4.3 – Fitting parameters and limitations of Eq. 4.10 

Group 
Limitations 
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D50 (mm) Cu A2D Fc % α1 α2 α3 α4 α5 α6 

1 0.2-0.6 1.5-5 250-750 ≤ 6 0.28 - -0.615 -0.00138 0.661 

From 
Fig.6.11 

2 0.15-0.4 3-80 600-805 6 <   < 35 0.0022 0.2681 -0.537 0.00537 2.684 

3A 0.032-0.11 6-250 550-700  35 0.0164 - -0.17 0.0036 0.064 

3B 0.022-0.18 10-90 550-650  35 0.0691 0.022 -0.918 0.0062 0.583 

 

It is noteworthy that four of the tested soils (Levis, Silt Champlain River, Mauricie, and Silty 

Sand Champlain) exhibited relatively higher deviations for the progress of Moedo/Go with Id 

than the corresponding soils from the same fines content groups (2 & 3A). In fact, these four 

soils were selectively gathered from sites located on the border between two famous geological 

provinces in North America (Grenville & St. Lawrence Platform). Their images in Fig. 4.2 also 

illustrate the mixed nature of these soils. The observed deviation may be considered a result of 

the strange interlocking behavior occurring between the mixed particles of different geological 

provinces. It is also interesting to observe that the Moedo/Go ⁓ Id behavior of these four soils 

followed a distinctive trend (3B).  

4.5 Discussion and Practical Application 

Moedo/Go ⁓ Id exhibits four distinctive trends based on the variation of Fc% and the geological 

provinces (texture of particles) included in this study. Therefore, graphical representation 

charts of the Moedo/Go ⁓ Id relation with variations of D50, Cu, and A2D were plotted (Figs. 4.13-

4.16) for practical use of the achievements. These charts were produced under an assumed 

effective overburden pressure ’v =100 kPa. Therefore, the real stress normalization correction 

factor, f = (’v/100)6-0.50, should be considered to estimate Moedo/Go under a given σ′v, and 

the stress exponent 6 can be obtained from Fig. 4.11. As a result, geotechnical designers can 
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use the current data as a guide to estimate the in-situ stress-settlement behavior from the 

predicted Moedo & Id values using a simple in situ Vs measurement. In other words, the proposed 

Eqs. 4.6 and 4.9 in addition to the proposed charts in Figs. 4.12- 4.16 can be easily adopted to 

evaluate the in situ static constrained modulus at several depths by measuring the shear wave 

velocity and extracting disturbed samples at each depth.  

 

 

Figure 4.13– Proposed charts for Moedo/G0 versus Id with the variation of A2D, D50 and Cu for 

soils of Fc%  6% 
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Figure 4.14– Proposed charts for Moedo/G0 versus Id with the variation of A2D, D50 and Cu for 

soils of 6% < Fc% < 35% 
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Figure 4.15– Proposed charts for Moedo/G0 versus Id with the variation of A2D, D50 and Cu for 

soils of Fc%  35% 
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Figure 4.16– Proposed charts for Moedo/G0 versus Id with the variation of A2D, D50 and Cu for 

soils of Fc%  35% (mixed soils of different geological provinces) 
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It is clear from Figs. 4.13-4.16 that Moedo/Go is positively related to the development of Id with 

different proportions. This may illustrate the varied inclination of the corresponding trends 

between the different groups. The experimental results also showed that Id affects Moedo values 

with a wider range than the effect on Go values. The physical parameters under question in this 

study also showed similar effects that vary between the studied groups, as illustrated in Table 

4.3. In detail, for a given Id, the coefficient of uniformity negatively affects Moedo/Go; however, 

its effect decreases with increasing fines content. For a given Id, the mean grain size showed 

minimal effects on Moedo/Go values for clean sands and sands of fines content ≥35%, but it 

showed slightly positive effects on Moedo/Go values for soils of groups 2 and 3B. Similarly, A2D 

showed more minimal effects on Moedo/Go values for clean sands than for the other groups, 

which illustrates the reversed trend zones of Fig. 4.13 in addition to the negative exponent sign 

of α4 in Eq. 4.10 (Table 4.3). 

An application of utilizing the proposed correlations and charts to estimate the allowable 

bearing pressure (q / 25 mm) of a rigid strip footing was conducted. The effective depth beneath 

the founding level was assumed to equal three times the width of the footing (3B) and was 

divided into 1 m thick layers. The footing stress distribution was estimated, following 

Boussinesq (1883), below the center of the footing at the mid-height of each layer. Generally, 

this technique slightly overestimates the calculation of the expected settlement, which leads to 

a slight underestimation of q / 25 mm, which is also more conservative from the design 

perspective. In this example, the clean sand correlations (Group 1) were employed to calculate 

q / 25 mm under three different relative density values (40%, 60%, and 80%). Initially, Eq. 4.6 

was used to estimate Vs1 values for each relative density regarding the variations of D50, Cu, 

and A2D. Then, the corresponding G0 and Moedo/G0 values were estimated from Eqs. 4.9 and 

4.10, respectively. Therefore, Moedo, as well as q and the settlement of each layer were obtained.  

The results are plotted against famous trends from the literature (Terzaghi & Peck, 1996) in 

Figs. 4.17a-c. Three (N)60-SPT values of 10, 30, and 50 correspondings to Id values of 40%, 

60%, and 80%, respectively, were chosen according to Meyerhoff (1957). The graphical 

representation charts also show the effects of D50, Cu, A2D, and Id. A very good agreement 

between the obtained results and Terzaghi & Peck (1996) was observed. However, the chart of 

Terzaghi & Peck (1996) was found to be suitable for granular soils with moderate 
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compressibility conditions (e.g., D50 = 0.6–1.5, Cu = 3–4, and A2D = 400–500, following Ghali 

et al., 2019), but it has slightly higher deviations between low and high compressible soils. In 

this example, constant values of Cu = 4.5 and A2D =450 were used in Fig. 4.17a to investigate 

the effect of D50 on the results. From the figure, it is clear that increase of D50 increases q and 

that the effect of D50 variation on q increases with increase of Id. We can also observe for D50 

> 1 mm that the increase of q with D50 becomes minor and small compared with the case of 

D50 < 1 mm, which seems logical. Also, Figs. 4.17b and 4.17c show the effects of Cu and A2D, 

respectively. The figures show that increase of Cu and/or A2D decreases q significantly for clean 

sands. It is also noticeable, as in the D50 effect, that Cu and A2D variations on q increase with 

increasing Id.  

 

Figure 4.17– Variation of the allowable bearing pressure, q / 25 mm settlement with the 

width of footing, modified after Terzaghi and Peck (1996). 
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Figure 4.17 (follow) – Variation of the allowable bearing pressure, q / 25 mm settlement 

with the width of footing, modified after Terzaghi and Peck (1996). 

4.6 Conclusions 

This paper presents the results of experimental work carried out on 22 different granular soils 

correlating the large deformation static constrained modulus (Moedo) to the shear wave velocity 

(Vs) and/or small-strain shear modulus (Go). The experimental results achieved in this study 

show good agreement with the most widely utilized correlations from the literature. The Moedo, 

Go, and Vs of the tested soils were also formulated as functions of the void ratio (e) and the 

relative density (Id). The following additional conclusions were drawn: 
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a) The proposed Eq. 4.5 and Fig. 4.7 show that, for a given void ratio, the normalized 

Vs1 values are significantly influenced by the variation of the physical parameters of the 

soil tested. 

b) The proposed Eq. 4.10 and Figs. 4.12–4.15 show that, for a given relative density, 

Moedo/Go is significantly influenced by the variation of the physical parameters of the 

soil tested. 

c) Increase of fines content and variation of soil minerals may affect the trend behaviors 

of Moedo/Go with the development of Id, as illustrated in Table 4.3. 

d) Correlations between small- and large-strain moduli of granular soils can be used to 

evaluate the large-strain behavior beneath footings on granular materials from the direct 

in situ Vs measurement, which may represent the real behavior of subsoils without any 

disturbance. Also, for projects with limited budgets (which could be exposed to 

dynamic loads or located in active seismic areas), the current correlations can be used 

to evaluate the low-strain shear modulus (Go) from conventional inexpensive laboratory 

tests. 

e) Geotechnical designers can utilize the proposed correlations for estimating the 

allowable foundation bearing pressure with regard to variation of soil physical 

parameters.
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Contribution to the Thesis 

This paper investigated experimentally and numerically the relation between the Duncan-

Chang initial modulus (Ei) and the shear wave velocity (Vs) for rockfill soils. Four samples of 

different gradations, extracted from the rockfill materials used in the construction of the 

Romaine II dam, were experimented using the piezoelectric ring-actuator technique (P-RAT) 

incorporated in a modified oedometer cell to correlate the shear wave velocity (Vs) to Duncan-
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Chang initial modulus (Ei). Based on the experimental and numerical data, a relation between 

Ei and Vs of the tested rockfill samples has been established. 

Abstract 

Establishment of a relationship between the shear wave velocity (Vs) and other geotechnical 

parameters of rockfill soils at large strains (e.g., oedometer constrained modulus, Moedo, tangent 

modulus, Et) is considered a significant step towards more precise modelling of earth-structure 

deformation behaviour. In this study, four samples of different gradations, reconstituted from 

the rockfill materials used in the construction of the Romaine II dam, were experimented to 

correlate the small strain to large strain moduli. Development of Moedo and Vs with 

consolidation was measured in the laboratory using the piezoelectric ring-actuator technique 

(P-RAT) incorporated in a large oedometer cell. Therefore, a correlation between Moedo and 

small strain shear modulus Go was proposed. Moreover, numerical simulations were performed 

based on the Duncan-Chang hyperbolic model to correlate the Vs to Duncan-Chang initial 

modulus (Ei). Based on the experimental and numerical data, a relation between Ei and Vs of 

the tested rockfill samples has been established. Verification studies were also carried out on 

in-situ measurements, proofing the ability of the proposed relationships to predict Ei related to 

the minor principal stress (3) from in-situ Vs measurement. The proposed correlations could 

help the geotechnical designers to estimate accurately the deformation of rockfill materials 

from in-situ Vs measurement. 

5.1 Introduction 

Compacted rockfill dams, which known as embankment dam type structures, are gaining 

worldwide recognition as one of the most economical and adaptive types of dams (e.g., 

Pramthawee et al. 2011). For many years clay core has been conventionally used in 

embankment dams, as a sealing element in the dam body. However, when there is a lack of 

clay borrow sources at the dam site, or it is not available within an economically viable 

distance, it can be substituted with asphalt concrete core (ACC). The layered filling compaction 
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of dam materials is a major process in the construction of a rockfill dam. Therefore, effective 

quality control of the compaction is essential to ensure safe and stable operational performance 

of the dam. However, with the expansion of the filling scale, it became of necessity to utilize 

fast and accurate quality control method that provides high precision characteristics. 

Measurement of shear wave velocity (Vs) is considered as an interesting tool to control the 

quality of compaction without disturbance (e.g., Multi-Modal Analysis of Surface Waves, 

MMASW) during the dam construction (Smith 2015). For this reason, Karray and Wali (2013) 

spotted the light on estimating the deformation and control the compaction of rockfill by 

establishing relationships between Vs and the other parameters at large deformations (Elasticity 

modulus E, oedometer constrained modulus Moedo, Poisson's ratio ).  

The large deformation behaviour of soils is usually represented by the elasticity modulus (E), 

defined as the ability of the material to resist excessive deformation during loading. Also, in 

oedometer conditions, the static constrained modulus (Moedo) is widely utilized to represent the 

soil elasticity modulus (Lashin et al. 2021). From a practical point of view, it is very opportune 

to correlate the small-strain modulus to the large-strain modulus. Therefore, researchers have 

become interested in investigating this issue (e.g., Salgado et al., 2000; Wichtmann and 

Triantafyllidis, 2006; Lashin et al. 2021).  

Investigation of rockfill stress-strain behaviour based on laboratory methods only cannot fully 

reproduce in situ conditions affecting rockfill behaviour such as the presence of large particles 

as well as layering and anisotropy due to placement methods and segregation. Scale effects are 

almost always present when testing dam fill materials in laboratory (Smith 2015). Therefore, 

the determination of rockfill numerically based on laboratory testing with field data verification 

has an obvious contribution on geotechnical engineering designs.  

Choosing the suitable constitutive model of granular materials, especially coarse soils, requires 

specific complex arrangements as it significantly affect the reliability of numerical modeling 

results. Geotechnical investigations of rockfill dams use several modeling techniques to 

simulate the structured materials (Costa and Alonso 2009; Pramthawee et al. 2011; Varadarajan 

et al. 2003; Xing et al. 2006; Akbari Hamed 2017). Costa et Alonso (2009), used the Barcelona 

basic model to simulate the mechanical behaviour of the shoulder, filter, and core materials of 
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the Lechago dam in Spain, and a compatibility was achieved between laboratory results and 

model simulations. Varadarajan et al. (2003) utilized an elastoplastic constitutive model to 

produce the rockfill material characteristics. Varadarajan et al. were defined the rockfill 

material parameters based on large size triaxial test. They concluded that the model could 

provide a suitable prediction of the behaviour of the rockfill materials. (Duncan and Chang 

1970), is the most widely utilized model for the rockfill simulation (e.g., Saboya and Byrne, 

1993; Xing et al., 2006; Zhou et al., 2011). In this particular model, the input parameters are 

relatively simple and physically meaningful. Therefore, researchers were interested to 

investigate the static and seismic loading behaviours during and after construction of rockfill 

dams, as well as during impoundment using the Duncan–Chang model (e.g., Özkuzukiran et 

al. 2006; Seo et al. 2009; Dakoulas 2012).  Xing et al. (2006) were implemented the nonlinear 

elastic Duncan–Chang model in two-dimensional finite element software to model a reliable 

approximation of rockfill behaviour. They study the characteristics of weak rockfill during 

placement and compaction in three dam projects in China to evaluate the settlements and slope 

stability of the dams and compared the results with field measurements. 

5.2 Main Objectives of the paper 

The main objective of this study is to propose a correlation between the large “static” and small 

“dynamic” strain moduli for rockfill materials. To achieve this objective, four different 

reconstituted rockfill samples of the same material used in the construction of Romaine II dam 

(Québec, Canada) were experimented. The current investigation adopted laboratory 

measurements of Moedo and Vs using the P-RAT incorporated into large oedometer cell. The 

results were employed to correlate Moedo to Go. The proposed correlation can then be used by 

geotechnical designers to model the stress-strain behaviour near the centre of the dam. 

Moreover, Duncan-Chang hyperbolic model was employed to represent the stress-strain 

behaviour nearer to the upstream and downstream dam faces, where anisotropic behaviour is 

expected. A finite difference model using the two-dimensional computer code of FLAC2D 

(Itasca 2013) was validated then utilized to obtain the oedometric curves based on Duncan-
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Chang hyperbolic model. Results revealed that the Vs can be directly correlated to the Duncan-

Chang initial modulus (Ei).  

Establishing these correlations are very important, as it will allow the geotechnical designers 

to predict accurately, from accurate in-situ Vs measurement (e.g., MMASW), the Duncan-

Chang initial modulus Ei related to the minor principal stress 3; required for numerical 

modelling of various rockfill structures, and therefore estimate accurately its deformation. 

5.3 Duncan-Chang Hyperbolic Model 

The Duncan-Chang hyperbolic model used in the current study was developed by Duncan and 

Chang (1970) to describe the behaviour of a given material (stress-strain curve) under 

deviatoric loading under drained conditions. This model was developed based on triaxial tests 

and the proposals of Kondner (1963) and Janbu (1963) in a hyperbolic form:  

3

n

iE K Pa
Pa

   
 

                                                           [5.1]    

where Ei is the initial tangent modulus or slope of the stress-strain curve at the origin; K is a 

dimensionless modulus number; n is a stress normalization exponent and governs the stress 

dependency of Ei, and Pa is the atmospheric reference pressure of 100 kPa.  

Some modification to its formulation were performed by Duncan et al (1980) and Duncan et al 

(1984). The last formulation of hyperbolic stress-strain model can be described in the following 

formula: 
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where, Et is the tangent module corresponds to the modulus of elasticity of the soil at any stage 

of loading; Bt is the dependency of bulk modulus on confining stress; c and   are Mohr-
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Coulomb strength parameters; Kb bulk modulus number; m bulk modulus exponent; and Rf is 

the failure ratio (defined as a ratio between the deviator at failure and the ultimate deviator 

stress).  

Rf values, generally, vary between 0.65 and 1 (Duncan and Chang 1970; Li et al. 2015). 
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It is worth noting that for cohesionless soils the Mohr failure envelopes are usually curved and 

varied non-linearly with the development of 3: 

3
0 10log ( )

aP

                                                     [5.5]    

where 0 is the internal angle of friction at the unit atmospheric pressure of confining pressure 

3, and   is the reduction in   with increasing of 3. 

5.4 Romaine II Dam 

Hydro-Québec’s Romaine II hydroelectric site is located on the north shore of the St-Lawrence 

river, approximately 80 km north of Havre-Saint-Pierre, Montréal (Québec). The Romaine II 

project involves the construction of a 112 m high ACC rockfill dam and of six dykes up to 80 

m high (Smith 2015).  

The ACC is founded with variable width (from 0.85 m to 0.5 m). A support zone (3M) of 

crushed stone is flanked the core on both sides having a maximum particle size of 80 mm. The 

transition zone (3N) consists in screened rockfill or crushed stone having a maximum particle 

size of 200 mm. The maximum allowable size of rock particles is 600 mm for the 3O internal 

shell zone and 1200 mm for the 3P external shell zone (Smith 2015). A schematic cross section 

is presented on Fig. 5.1. Also, Fig. 5.2 represents the particle size distribution curves for (3M, 

3N, 3O, and 3P) rockfill material. 
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Figure 5.1– Typical cross section of  Romaine II dam 
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Figure 5.2– Particle size distribution curves of the materials used in the construction of the 

Romaine II dam in comparison with the experimented reconstituted rockfill specimens 

Moreover, monitoring instrumentation was installed in the dam body. Vertical and horizontal 

inclinometers, and chain of accelerometers were installed to monitor fill settlements. Readings 

were made periodically from 2012 (when the construction of the dam began) to April 2014 

(about 5 months after the end of construction). More details about the locations of the installed 

instrumentation in the dam body and the in-situ settlement results were provided by Smith 

(2015). 

5.5 Experimental Program 

5.5.1 Tested material 

Rockfill material with large particle size is not suitable to test in the laboratory.  Some modelling 

techniques are often used to reduce the size of particles so it can be tested in the laboratory 

such as: scalping technique (Zeller and Wullimann 1957), parallel gradation technique (Lowe 
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1964), generation of quadratic size distribution curve (Fumagalli 1969) and replacement 

technique (Frost 1973). The parallel gradation method was considered more appropriate to re-

size of rockfill particles (Ramamurthy and Gupta 1986). 

Four (4) combinations were reconstituted from rockfill material extracted from the construction 

site of Romaine II dam and dyke F, (soils N, M, O & P). The samples with dimensions less 

than 35 mm were used to reconstitute the rockfill soils, each size separated using sieves, then 

the soils reconstituted with respect to the parallel gradation technique. Therefore, reconstituted 

samples have the same coefficient of uniformity (Cu) and coefficient of curvature (Cc) as the 

Romaine II dam rockfill materials (Fig. 5.2). 

5.5.2 Testing equipment 

Piezoelectric elements with different geometries (e.g., strips, plates & discs) are widely used 

as laboratory techniques for measuring wave propagation in a media (e.g., Brignoli et al. 1996 ; 

Yamashita et al. 2009; Clayton 2011), as they proved their ability to transfer electric pulses 

into vibration waves and vice versa. The current experimental investigation is conducted using 

an innovative P-RAT developed at the Université de Sherbrooke (e.g., Gamal El-Dean, 2007 ; 

Ethier, 2009; Éthier et al., 2011; Karray et al., 2015; and Elbeggo et al., 2019; Hussien and 

Karray 2020) to advance the interpretation method of output signals during measurement of Vs. 

The ability of this technique to be easily incorporated into traditional geotechnical apparatus 

such as triaxial and oedometer cells makes it powerful in many applications.  

The conventional oedometer test procedures were followed during preparation and 

consolidation of medium size rockfill specimens 280 mm in diameter (d) and 90 mm in height 

(h) (Fig. 5.3-a). The cell was designed to meet the following criteria: 1) The internal wall of 

the cell is smooth so that the friction with the specimen may be minimized; 2) the (d / h) value 

˃ 3, therefore the friction between the soil and cell did not exhibit a significant effect on stress–

strain behaviours (ASTM D2435-04 (2004) and DIN 18135 (2012)); and 3) the height of 

sample is sufficiently large relative to the particle size in order to apply the assumption of 

continuity in material (h should be  4 mean grain size (D50) (Abbasi 2016); h should be  5 
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times mean diameter of largest particle of specimen (BS 1377 Part 5)).  Fig. 5.3-b shows the 

dimensions of the largest particle used in the oedometer tests with mean diameter  18 mm.  

The oedometer cell is equipped with two P-RAT sensors (40 mm in diameter) allowing Vs 

measurements in every stage of consolidation. Fig. 5.3-a shows the utilized modified large 

oedometer device which installed to withstand a vertical consolidation stress up to 1500 kPa. 

The system is connected to a computer that controlling an acquisition card and a wave 

generator. The utilized P-RAT sensors essentially consist of two piezoelectric rings, an emitter 

and a receiver. The emitter ring transmits the shear wave by converting the electrical voltage 

input with different frequencies, amplitudes, and shapes then the receiver diffuses the 

transmitted wave to an acquisition card. Four different input signals were used during the P-

RAT tests (Table 5.1). These signals provide the opportunities to cover frequency bands lower 

and higher than the fundamental frequency of the system. A detailed description of the P-RAT 

interpretation method has been provided by Karray et al. (2015) and Hussien and Karray 

(2020). The reliability of the P-RAT has been assessed by Karray et al. (2015) through a series 

of tests on granular soil; their results showed the dependency of the measured Vs on the vertical 

stress as well as the void ratio. Also, they validated the accuracy of the P-RAT by means of 

reliable experimental measurements available in the literature. 

Table 5.1 – Input signals used in P-RAT tests, modified after Karray et al. (2015) 

 Chap6 Ond1 Pulse 12p5 Pulse 25 

Time 
domain 

 

 

  

Frequency 
domain 
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a) 

 

b) 

 

Figure 5.3–a) Overview of the experimental setup; and b) dimensions of maximum particle 

size tested in the oedometer cell. 
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5.6 Expermental Results and Analysis 

5.6.1  Large-strain static constrained modulus (Moedo) 

Rockfill is a complex material whose response to loads depend on many factors related to its 

constitutive behaviour as well as in situ conditions. Stress-strain relationships of rockfill are 

nonlinear since the modulus tends to decrease with increasing deviatoric stresses (1-3). Also, 

the modulus tends to increase with increasing confining stress. In other words, rockfill modulus 

can vary spatially in the dam body and as fill placement progresses. Typically, for very dense 

granular materials, the stress-strain relationships are more linear and stress-independent at 

lower deformations. The non-linearity and stress-dependency increase as the soil approaches 

plasticity i.e., at greater deformations.  

The deformation behaviour of rockfill is also considered as stress path dependent. A 

cohesionless fill placed in layers over a large area compared to the depth will undergo simple 

one-dimensional compression with approximately constant (1/Ko) stress path as construction 

proceeds. Therefore, oedometer test can be used to characterize rockfill behaviour during 

construction since it provides a constant stress ratio path 1/ Ko. 

For each soil, at least 2 sets of tests were carried out under different states of density, either in 

dense or loose; to determine the stress-strain (’v - v) curves in oedometer conditions. The 

variation of the measured vertical strain (v) with the applied vertical stress (’v) in kPa under 

different initial densities for the different rockfill soils types have been recorded. For example, 

Fig. 5.4-a shows the stress-strain (’v - v) curves for 3O rockfill tested at two different states 

of density. Fig. 5.4-a also shows two examples of the input and output signals resulted from P-

RAT tests on 3O rockfill at two different applied ’v (560 kPa and 800 kPa). 

Theoretically, the constrained modulus can be determined at each stress state as the constrained 

modulus at any stress state corresponds to the tangent of the stress-strain curve as indicated in 

Fig. 5.4-a:  



126 Chapter 7: Effect of the driving system on the Hardin type RC results

 

v
oedo

v

M







                                                          [5.6]   

Eq. 5.6 indicates that it’s possible to obtain the value of the constrained modulus at each state 

of stress. 

5.6.2 Shear wave velocity (Vs) measurements 

For each test, a series of shear wave velocity measurements were performed under at least 

twelve (12) different charges varying between 7 kPa and 1500 kPa. Fig. 5.4-b represents the 

relation between Vs and ’v on tests performed on 3O rockfill at two different states of density. 

It is recognized that Vs is a function of (’v
0.25) in agreement with the majority of the results in 

the literature (e.g., Hardin and Richart, 1963; Hardin and Black, 1966; Hardin Drnevich 1972; 

Youd et al. 2001). Experimental results and theoretical considerations have shown that Vs is 

primarily a function of void ratio (e) and mean confining pressure (m) and the widely used 

empirical formula for estimation of Vs (e, m)  is the one originally proposed by Hardin (Hardin 

and Richart 1963; Hardin and Black 1966): 

( ) ( ') B
s mV A F e                                                [5.7]   

where F(e) is a void ratio function; A and B are material constants. Based on experimental data 

found in the literature for different granular soils, the stress exponent, B, varies from 0.22 to 

0.29 (Hardin and Richart 1963; Salgado et al. 2000; Wichtmann and Triantafyllidis 2006; 

among others) and a practical value of 0.25 was proposed by many researchers (Bui 2009).  

The value of Vs is consistently stress-normalized (e.g,. Hardin and Richart 1963; Hardin and 

Black 1966; Hardin Drnevich 1972; Youd et al. 2001) as: 

0.25
1 ( )

'
a

s s
v

P
V V


                                                               [5.8]    

where Vs1 is the stress-normalized shear wave velocity, and Pa is normal atmospheric pressure 

in the same units as ’v (e.g., kPa). The variation of Vs1 as a function of the soil void ratio (e) 

obtained from P-RAT tests on 3O rockfill is plotted in Fig. 5.4-c. Each test corresponds to a 

different state of density; this variation in results due to the variation in the corresponding ’v.  
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Figure 5.4–Results of 3O rockfill: a) vertical stress-vertical strain curves; b) Vs as a function 

of the vertical applied stress; and c) Vs1 as a function of void ratio. 
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Moreover, Fig. 5.4-c shows that the normalized shear wave velocities of specimens of the same 

soil (3O rockfill) under different densities are located on the same trend. Moreover, the Vs1 of 

all tested rockfill samples have been plotted against the void ratios (Fig. 5.5-a). Fig. 5.5-a shows 

that the values of Vs1 for all tested soil ranged between 200 and 425 m/s. 

In addition, Multi-Modal Analysis of Surface Waves (MMASW) method were conducted on 

rock fill in the Romaine II dam site to measure the shear wave velocities during and after 

construction. The MMASW was developed in the civil engineering department at the Université 

de Sherbrooke in the 1990s (Lefebvre and Karray 1998), in particular, to meet the needs for 

accuracy and reliability in engineering analyses. The MMASW method is distinguished by an 

identification and separation of all modes of surface wave participating in the recorded signals. 

MMASW tests are non-destructive, based on surface waves that allows to estimate shear waves 

velocity and therefore assess the shear modulus, Go, for small deformations. This technology 

has been used for several years in Hydro-Quebec geotechnical investigation studies. It was also 

used with success for controlling deep compaction in the sandy and gravelly foundation of the 

Péribonka dam located in Québec (Karray et al. 2010). Based on the available literature, neither 

the MMASW method nor any other similar technology designed to assess shear waves velocity 

has been used to characterize rockfills (Verret et al. 2013). The MMASW surveys were 

implemented essentially on four 85 m long lines parallel to the dam axis, two on the upstream 

side and two on the downstream side to measure the shear wave velocity during construction 

(Vannobel et al. 2013). 

Verret et al. (2013), presents the average in-situ Vs1 profiles based on the MMASW 

measurements for Romaine II dam various zones including zones 3P and 3O. Vs1 was measured 

during and after construction; before and after the compaction process; which represented Vs1 

at loose and dense state, respectively. The results show compatibility between both field and 

laboratory measurements of the Vs1, for zone 3P the Vs1 field results ranged from 255 to 305 

m/s; before and after the compaction; while the P-RAT results ranged from 250 to 350 m/s, also 

a good agreement was observed between results for zone 3O with Vs1 ranged from 245 to 360 

m/s based on MMASW and ranged from 250 to 390 m/s the laboratory measurements.  

This compatibility validates the accuracy and reliability of P-RAT laboratory measurements 

and affirms that the sample geometric scale does not affect the Vs measurements. In other 
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words, as both experimental results and theoretical considerations have shown that Vs is 

primarily a function of void ratio, so the scale effect can be considered very minor if it is 

verified that (emax-emin lab) is almost equal to (emax-emin field). Menq (2003), collected data from 

the literature of granular soils tested in Japan and USA during the 1990s. He found that the 

values of (emax-emin) are almost contestant and vary between 0.2 and 0.3, with an average of 

0.25 for D50 > 2.0 mm, the same conclusion was observed by many researchers (Ishihara 1996; 

Ameratunga et al. 2016). On the other hand, several researchers reported that the Vs is 

independent on D50 (Iwasaki and Tatsuoka 1977; Wichtmann and Triantafyllidis 2009). Based 

on the above, the laboratory Vs measurements are representing the field condition, and the 

geometric scale has no significant effect on the obtained results. 

 

Figure 5.5– a) Vs1 as a function of void ratio; and b) Normalized shear modulus as a function 

of void ratio. 
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5.6.3 Shear wave velocity (Moedo/Go  Id) correlation 

The small-strain shear modulus (Go) then theoretically calculated as 2G Vo s , as ρ is the 

density of the material. The calculated Go values were normalized by the applied vertical stress 

( '100 /o vG   ) and plotted against the void ratio (e) for all tested samples, as shown in Fig. 5.5-

b. 

In an attempt to investigate the correlation between the large strain constrained modulus (Moedo) 

and small strain shear modulus (Go), the results of (Moedo/Go) versus the relative density (Id) 

were plotted (Fig. 5.6).  

 

Figure 5.6 Comparison of measured and predicted Moedo/Go values with the development of 

Id. 

Lashin et al. (2021) proposed (Moedo/Go) correlation based on 22 different natural granular soil 

as: 
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(Lashin et al. 2021)
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where A2D is the two-dimensional angularity of particles used to describe the particles shape 

the and α1 to α6 are the equation fitting parameters. This (Moedo/Go) correlation was utilized 

after adjusting the fitting parameters (1 to 6) using multi-regression analysis considering the 

parameter (4 = zero), as all the tested samples almost have an the same A2D (angular to very 

angular particles). Fig. 5.6 shows the values of the used fitting parameters as well as the 

predicted Moedo/Go trends. We can observe that 2 is equal to zero in agreement with the 

findings of Lashin et al. (2021) for clean sands, which confirms that the D50 does not affect the 

Moedo/Go relationship.  

5.7 Correlation between Duncan-Chang Initial Modulus 

(Ei) and Vs 

For a dam, the simple one-dimensional compression could represent the stress-strain behaviour 

near the centre of the structure where the stress path can be expected to be constant 1/ Ko. 

While, due to lateral yield, the stress paths nearer to the upstream and downstream dam faces 

can deviate from this assumption (Smith 2015). From a practical point of view, it is critical to 

correlate the soil elastic modulus (E) under deviatoric loading to the small strain modulus. 

Therefore, the Duncan-Chang hyperbolic model was employed in this study to establish this 

correlation. However, the main objective of establish such correlation is to monitor the 

settlement during and after dam construction which is relatively very small. Therefore, the 

initial modulus (Ei) was considered as a suitable parameter that represents the deformation of 

the dam rockfill.  

5.7.1 Numerical simulation: description and calibration 

The computer program, FLAC2D (which is available at Université de Sherbrooke geotechnical 

laboratory and easy to reprogram with the required constitutive model) has been used in this 

study to simulate the soil element numerically using Duncan-Chang constitutive model capped 

by the Mohr-Coulomb failure criteria, then adjusting the Duncan-Chang hyperbolic model 

parameters (K, n, Kb, and m) to satisfy the experimental curves, then from the combination of 
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the elastic modulus and bulk modulus the Poisson’s ratio will be calculated internally (

3 (1 2 )E B   ). To calibrate the numerical model, two examples of experimental triaxial tests 

data available in the literature were used; Fig. 5.7-a represents experimental triaxial results 

obtained by Duncan and Chang (1970), and Fig. 5.7-b shows the triaxial results obtained by 

Dong et al. (2013) under different effective cell pressures. Table 5.2 illustrate the soil 

characteristics and Duncan-Chang parameters used in the simulation for the two validation 

examples to satisfy the experimental results. The stress-strain curves obtained from numerical 

model were plotted in Figs. 5.7-a and 5.7-b. From the figures there is a good agreement between 

the experimental and simulation results for the two examples, which illustrate the validity of 

the implementation model of the Duncan-Chang used in numerical model. 

 

Figure 5.7–  Comparison between literature experimental results and numerical Duncan-

Chang model: a) Duncan and Chang (1970); and b) Dong et al. (2013). 
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Table 5.2 – Duncan-Chang parameters of the validation examples 

 

 

 

5.7.2 Proposed (Ei-Vs) correlation 

To establish a correlation between the Duncan-Chang initial modulus and shear wave velocity 

(Ei-Vs) based on the oedometer results, the validated numerical model described previously was 

utilized after adjusting the soil element boundary conditions by constraining the element sides 

to represent the oedometric condition. Then, vertical stresses were applied to the model, and 

3 values used by the Duncan-Chang model are determined directly in numerical model 

according to Poisson's ratio values. Table 5.3 shows the rockfill characteristics (, , and Rf 

) obtained based on different rockfill example available in the literature, and the estimated 

Duncan-Chang parameters applied in the simulation to fit with the experimental oedometric 

curves for different states of density. It worth to notably that the selected rockfill characteristics 

(, , and Rf ) have no effect the correlation under study, as the objective parameter is Ei 

(Eq.5.1). 

Table 5.3 – Proposed Duncan-Chang parameters for the experimantel curves. 

 

Figs. 5.8-a, b, c, and d show comparisons between the experimental oedometric curves and 

those determined using numerical model for the obtained values of K, n and  in different states 

Referance Test type  ()  () Rf K n  

Duncan and Chang (1970) 
Triaxial 

32.00 6.50 0.90 295 0.65 0.32 

Dong et al. (2013) 55.82 12.29 0.73 1450 0.30 0.25 

Rockfill state Idi (%) Test type  ()  () Rf K n  

Very dense 81 

Oedometer 45 7 0.65 

2100 0.25 

0.25 
Dense 69 750-850 0.2 

Compacted 51 525-560 0.15 

Loose 18 275-325 0.15 
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of density; a) very dense rockfill with initial relative density (Idi) equal to 82%, b) dense rockfill 

(Idi = 69%), c) compacted rockfill (Idi = 51%), and d) loose rockfill (Idi = 18%). These figures 

also show the averages VS1 obtained during the consolidation tests.  

 

Figure 5.8–  Calibration of Duncan-Chang parameters based on the experimental 

oedometric curves: a) very dense rockfill (Idi =81%), b) dense rockfill (Idi =69%), c) 

compacted rockfill (Idi =51%), and d) loose rockfill (Idi =18%). 

Based on these results it is possible to establish relation between the value of K and VS1 and 

between n and VS1. Figs. 5.9-a and 5.9-b present these relations which make it possible to 

connect the Duncan-Chang initial modulus with the shear waves velocity as follows: 
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Figure 5.9–Variation of the Duncan-Chang hyperbolic parameters: a) dimensionless 

modulus number K, b) stress normalization exponent n; as a function of Vs1. 

5.7.3 Validation of the proposed corelation 

As mentioned before the shear wave velocity measurements for (3O) rockfill samples show a 

compatibility between field (MMASW) and laboratory (P-RAT) measurements (Fig. 5.10-a). In 

order to validate the proposed correlation, the field stress-strain ( ' - v) measurements for zone 

3O rockfill (with average Vs1 of 360 m/s) was plotted (Fig. 5.10-b). Then the values of Duncan-
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Chang parameters (K and n) were calculated considering two Vs1 values of 360 and 380 m/s 

from Eqs.10 and 11. After that the stress-strain ( ' - v) curves obtained from numerical model 

was also plotted (Fig. 5.10-b). Fig. 5.10-b confirms the applicability of the proposed correlation 

for estimating the rockfill stress-strain curves based on the field shear wave velocity 

measurements. 

 

Figure 5.10– Comparison between  a) experimental and in-situ measurements of Vs1 

for 3O rockfill; and b) the oedometric curve obtained from numerical model based on 

the proposed (Ei-Vs) relation and the field deformation measurements during Romaine 

II dam construction for 3O rockfill. 
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5.8 Conclusion 

This paper presents the results of experimental work carried out on four reconstituted rockfill 

material have the same nature as those used in the construction of Romaine II dam to investigate 

the small and large strain correlation. The rockfill materials were resized based on the parallel 

gradation technique to be suitable for laboratory testing, the geometric scale effect on both 

stress-strain and shear wave velocity measurements has been discussed.  

Moedo and Vs of the tested soils were obtained using the P-RAT incorporated into the oedometer 

cell as functions of the soil’s void ratio (e). The P-RAT results show compatibility with the 

MMASW measurements of the Vs1 in the field (Fig5.10-a). A correlation between Moedo and Go 

has been proposed (Eq.5.9 and Fig.5.6), shows that Cu and Id are the major parameters affect 

the Moedo/Go trends. On the contrary, the results show that the D50 does not affect the Moedo/Go 

trends. 

 The Duncan-Chang hyperbolic model has been used to represent the stress-strain behaviour 

under deviatoric stress. A finite differences model using the computer code, FLAC2D has been 

utilized to establish a numerical model based on the Duncan-Chang hyperbolic model to obtain 

oedometric curves, the model has been validated based on the results of two triaxial tests 

available in the literature.  

Through careful study, a correlation between Ei and Vs1 has been proposed for rockfill soils 

(Eqs.5.10&5.11 and Fig.5.9). Then, the numerical oedometric curves based on the proposed 

(Ei-Vs) relation have been compared with the field deformation measurements during the 

construction of Romaine II dam, confirms the applicability of the proposed correlation (Fig. 

5.10-b).  

Finally, construction of such correlations would contribute to the geotechnical community in 

predict accurately, from in-situ Vs measurement (e.g., MMASW), the Duncan-Chang modulus 

Ei related to the minor principal stress 3; required for numerical modeling of various rockfill 

structures, and therefore estimate accurately its deformation. It is fair to mention that the 
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proposed relation of the current study is limited to the used rockfill characteristics (Cu range 

and particles shape). Further wok is necessary to generalize the finding of the current study.   
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Contribution to the Thesis 

The reported study examines the influence of the driving mass, the geometry of the specimen, 

the mode of vibrations, and the boundary conditions on RC test results. In order to achieve the 

research scope, a FLAC3D finite differences (FD) simulation RC apparatus using the SIG-4 

constitutive model capped by the Mohr-Coulomb failure criteria was used in this study.  The 

results of this study illustrate clearly the applicability and limitations of RC interpretation 

method. 

Abstract 
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Resonant column (RC) testing is a widely used laboratory technique to determine stiffness 

characteristics of soils under small-to-medium strain perturbations. Solid or hollow cylindrical 

soil specimens are set into motion in either torsional or longitudinal modes of vibration by an 

electromagnetic loading system whose frequency is changing until the first mode resonant 

condition is reached, then the shear modulus of soil is back-calculated from the fundamental 

frequency, geometry of the specimen, and the end-restraint conditions. However, the outcomes 

of this test are largely affected by both the driving apparatus used for the specimen vibration 

and the motion monitoring instruments lumped into a mass that oscillates with the specimen. 

This study presents the results pertaining to three-dimensional (3D) finite differences (FD) 

simulations of RC tests on soil samples undergo both torsional and longitudinal modes of 

vibration. The prime objective of the study is to examine the influence of the driving mass, the 

geometry of the specimen, the mode of vibrations, and the boundary conditions on RC test 

results. Numerical results showed that the attachment of the instrumentations on the sample is 

the driving factor to contribute the error in the estimation of the soil dynamic characteristics, 

and typical equations for the calculation of shear modulus from the resonant frequency in the 

longitudinal mode of vibration cannot be directly applied to their torsional mode counterparts. 

6.1 Introduction 

A proper estimation of the strain-dependent characteristics (i.e., shear modulus, G and damping 

ratio, D) of soils constitutes a fundamental part in analyzing the dynamic response of grounds, 

seismic soil-structure interactions, and soil liquefaction potential (Kramer 1996;  Ishihara 

1996). Infinitesimal-strain (  10-6) shear modulus, Gmax can be systematically obtained from 

in situ (Campanella et al.1986; Hryciw 1990) and/or laboratory (Hardin and Richart 1963; 

Brignoli et al. 1996; Karray et al. 2015) measurements of shear wave velocities, Vs as the soil 

elastic stiffness is straightforwardly related to its shear wave propagation velocity ( 2
max sVG 

, with  being the density of the soil). However, the shear modulus measurements over a broad 

range of shear strains can be performed only in the laboratory through specialized testing 

apparatus such as direct simple shear (DSS) (Bjerrum and Landva 1966; Dyvik et al. 1987; 

Boulanger et al. 1993) resonant column (RC) (Avramidis and Saxena 1990; Cascante et al. 

1998; Wang et al. 2003; ASTM 2007), cyclic triaxial ( Geremew and Yanful 2012; Ghayoomi 
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et al. 2007) and torsional shear (TS) (Tatsuoka et al. 1982; Koseki et al. 2000) devices. The RC 

procedure, in particular, constitutes the most popular apparatus in evaluating the dynamic soil 

behavior ( Hall and Richart 1963; Schaeffer et al. 2013). The test is primarily based on wave 

propagation theories, and the specimen’s modulus and its damping ratio are, respectively 

determined at different strain levels from its resonant frequency in torsional vibrational mode, 

and the half-power bandwidth (in forced-vibration mode) or logarithmic decaying (in free-

vibration mode) methods. Unlike the DSS and TS tests that are generally performed at quasi-

static frequencies (i.e.,  5 Hz), excluding the influence of the inertia of the driving apparatus 

and the specimen itself, the RC test is performed, by necessity, at the specimen’s frequency, 

thus the RC output would be more sensitive to inertial effects of the attached apparatus. Many 

interpretive methods have been, therefore, used with different theoretical bases to probably 

evaluate the strain-dependent dynamic characteristics of soil specimens tested in the RC 

apparatus. These methods of interpretation generally produce different results with respect to 

both the soil modulus and its damping ratio and it is very troublesome task for geotechnical 

engineers and practitioners to decide on the most appropriate method to follow for the back-

analysis calculations with recourse to coupled soil-apparatus system. 

Evaluating of shear modulus over a broad range of shear strains could also performed using 

numerical simulation of different laboratory devices which allows to more investigations for 

both large- (Nie et al. 2016) and small- strains (Bui 2009; Perino and Barla 2014) devices. 

Researchers customarily deal with this issue in particular and the sources of errors in RC results 

in general through numerical simulations. For example, Bui (2009) adopted the finite element 

(FE) approach to investigate the errors related to equipment as well as specimen compliance. 

His results indicated that when testing relatively stiff specimens in the Stokoe RC apparatus, 

significant errors in the measurement of the sample’s resonant frequency had been arisen due 

to the compliance of many parts of the system such as drive mechanism deformability, poor 

base fixity, and design of the calibration bars. Perino and Barla (2014) used the distinct element 

method (DEM) to assess the correction procedure required for the interpretation of the RC test 

results when specimens of stiff geomaterials are used. They found that the shear modulus and 

the shear wave velocity of soft rocks can be properly determined using RC after applying a 

correction procedure. Their study showed also that the correction factor increases with the 
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measured resonant frequency of the soil specimen. Although Bui (2009) and Perino and Barla 

(2014) examined the RC outcomes in a wide range of samples and testing conditions, their 

works is limited to the simulation of RC tests on very stiff materials such as rocks and 

aluminum calibration bars that experience very little shear modulus degradation during testing. 

Thus, their conclusions could not be directly applied to soils expected to behave inelastically 

with a significant reduction of their modulus associated with an increase in their damping 

ratios. 

In this study, a rigorous finite differences (FD) modeling using the three-dimensional computer 

code FLAC3D (Itasca Consulting Group Inc.) was used to simulate a typical Stokoe fixed-free 

type RC tests on natural soils idealized through the SIG4 constitutive model capped by the 

Mohr-Coulomb failure criteria. Before presenting the results of the numerical modelling, this 

article presents a comprehensive review on the RC testing and the available interpretation 

methods to be followed by a detailed description of the adopted numerical model. Special 

section has been placed, in this article, to validate the adopted numerical model against 

available RC test results. 

6.2 Resonant Column (RC) Test and its Interpretation 

Methods: Basic State of Knowledge 

In RC testing, torsional sinusoidal vibrations are applied at the top of a cylindrical soil 

specimen. The excitation frequency is gradually increased until the system resonant frequency 

is achieved. The shear modulus and damping capacity can be then determined at a given 

excitation/strain level (typical range of shear strain is between 10−5% and 0.5 %) based on the 

geometry, mass, and system parameters. In other words, it has been shown ( Richart et al.1970) 

that the relationship between the soil’s natural frequency and its shear wave velocity Vs and 

consequently its shear modulus, Gmax ( 2
max sVG  , with  being the density of the soil) can be 

obtained by: 

 tan
0


I

I
                                                          [6.1] 
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s
n V

h                                                              [6.2] 

where I and I0 are the specimen and the driving system polar moments of inertia, n is the 

system natural frequency and h is the specimen height. If the loading system was massless 

(I0=0), Eqs. 5.1 and 5.2 would degrade to: 

                                                     hf
h

V n
n

s 4
2





                                                [6.3] 

where  is the fundamental frequency in Hertz (Kramer 1996). Eq. 6.3 assumes that the soil 

behave elastically and thus cannot be correctly applied where soil is expected to undergo 

inelastic behavior (strain level  0.01%). The damping ratio, D can be estimated from the RC 

test results using the free vibration decay (FVD) or the half-power-point (HPP) methods. While 

the average shear strain in the specimen can be related to the rotation of the top platen given 

by: 

%100%
L

ravg                                                        [6.4] 

where L= the specimen length, and ravg= two thirds to 0.8 times the specimen radius for linearly 

elastic materials. A value of 0.8 is adopted in the current study following the recommendation 

of Chen and Stokoe (1979). 

In fact, RC testing is a non-destructive technique that allows a soil specimen to be repeatedly 

tested at different effective stress levels. However, its main limitation is that the test can only 

be performed in a specifically designed apparatus and thus the output is not the response of the 

soil specimen itself but contains combined effects of the soil and its attached apparatus.  

6.3 Numerical Modelling 

The computer program, FLAC3D (Itasca Consulting Group Inc.) has been used in this study to 

simulate the soil dynamic response in the Stokoe fixed-free type RC device. The torsional 



144 Chapter 6: Assessment of Conventional Interpretation Methods of RC Results

 

dynamic behaviour of full-scale soil samples of 50 mm diameter and variable heights were 

discussed in this study. The mesh size in the propagation direction was set to be less than one-

tenth (1/10) of the minimum wave length of the used propagating wave (Fig. 6.1) to avoid the 

numerical distortion that could be resulted in the dynamic analysis (Kuhlemeyer and Lysmer 

1973). The head of the specimen was joined with the drive-system which is fixed in z direction 

(Fig. 6.1), while the specimen bottom was fixed in all directions to simulate the fixed-free type 

RC apparatus. The drive mechanism for this type of RC apparatus generally consists of an 

aluminum plate with four equidistant spaced arms (cross-arms). At the end of each arm, a 

relatively heavy magnet is fixed in the rotation axis. The drive mechanism should have a 

torsional stiffness at least ten times that of the specimen (Drnevich 1978). In the analysis, four 

cross-arms with four masses with similar dimensions and properties of the Stokoe fixed-free 

type resonant column device have been simulated with torsional stiffness being fifty times 

(>10) that of the specimen stiffness following the recommendation of Drnevich (1978). 

Excitations, in the form of harmonic waves, were imposed at each node of the blocks forming 

the magnets masses (Fig. 6.1). Two granular soils with different characteristics were used in 

this study: soil A (medium sand) and soil B (dense sand). Table 6.1 shows the elastic properties 

of the two soils. A very small value of Rayleigh damping of 0.002% was used to ensure the 

model stability at very low strains. 

Table 6.1 – Elastic properties of soils used in this study and SIG-4 model parameters 

Soil 
 ρ, Density

)3/mt( 
 

Elastic Modulus, 
E (MPa) 

Shear Modulus, 
G (MPa) 

Shear wave velocity 
normalized at 100 
kPa, Vs1 (m/sec) 

SIG-4 model parameters 

a b xo yo 

A 2.0 0.33 300 113 235 0.9762 -0.4393 -1.285 0.03154 

B 2.2 0.33 400 150 259 0.9762 -0.4393 -1.285 0.03154 
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Figure 6.1: General meshing of the 3D FLAC model showing points of application of input 

harmonic waves 

With the application of the excitation waves whose frequency is varied until the system 

resonant frequency is achieved and the output waves were recorded at each frequency. The 

frequency response curve is then plotted to evaluate the resonant frequency of the soil. The 

stress-strain hysteresis loop at the resonant frequency obtained from FLAC3D is also plotted to 

evaluate the shear modulus and the damping ratio of the soil. The same procedure has been 

followed at each strain levels (from 10−5% to 10−2%) for both soil types considered.  

6.4 Numerical Results and Discussion 

The shear wave propagating in a soil specimen is customarily assumed to be similar to that in 

a cylindrical elastic rod, and the relation between shear wave velocity, Vs, of the soil specimen 

and its fundamental frequency, n is given by Eq. 6.3 without taking into account the effect of 

the loading modes (i.e., longitudinal or torsional). To investigate the applicability of Eq. 6.3 to 

different loading modes, a three-dimensional FD model of the RC test with the fixed-free soil 
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specimen loaded both longitudinally and torsionally by applying a very low strain  of 10-5% 

directly to its top (i.e., assuming a massless driving system). The two soil types (A and B) 

whose properties are presented in Table 6.1 were used with three different specimen heights 

and diameters. In each case, the value of fn was evaluated from the numerical results and 

compared to the value estimated from Eq.6.3 using the known specimen and soil 

characteristics. Table 6.2 shows the dimensions of the soil models analyzed and the calculated 

values of resonance frequency of each case. 

Table 6.2 – Resonant frequencies for massless driving systems under torsional waves 

Soil 

Sample height 

h (m) 

Sample diameter 

d (m) 

n (Hz) 

Vs/4h 

Gmax (MPa) 

From hysteresis loop 

A 

1.0 0.5 59 

113 0.5 0.25 118 

0.1 0.05 588 

B 

1.0 0.5 65 

150 0.5 0.25 129 

0.1 0.05 647 

6.4.1 Model Validation 

After applying the excitation waves to the soil sample, two types of data outputs were 

determined from FLAC3D model: 1) stress-strain hysteresis loop, and 2) the output waves in 

both time and frequency domains. Fig. 6.2-a shows the stress-strain hysteresis loop of soil A 

(h = 1.0 m) at  of 10-5% where the loop is almost linear. The stress-strain relationship is not 

linear at large deformations and their linearity is only approximated to the small deformations, 

so that, deformation cycle consists of a closed hysteresis loop as shown in Fig. 6.2-c where the 

elastic domain deformations (γ <10-3%) are defined by the tangent modulus Gmax which is equal 

to the slope of the tangent at the origin of the stress-strain curve. Fig. 6.2-b presents the 
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corresponding transfer function (i.e., the ratio of output to input wave amplitudes at different 

input frequencies) obtained from the FLAC3D outputs. The numerical results show that all the 

values of Gmax computed from the stress-strain hysteresis loop for the different heights for soils 

A and B are equal to 113 and 150 MPa respectively, which equal to the values of Gmax  presented 

in Table 6.1.    

6.4.2 Effect of Loading Modes in a Massless Driving System  

To investigate the relation between shear wave velocity, Vs, and the fundamental frequency, n 

in a massless driving system; the values of the resonant frequency were obtained for all soil 

models (with different dimensions) loaded both longitudinally and torsionally. Fig. 6.3 presents 

the results of the resonant frequencies calculated from Eq. 6.3 for different samples dimensions 

compared to those computed from FLAC3D under both lateral and torsional loading. Fig. 6.3 

shows that, for laterally loaded samples, the resonant frequencies computed from FLAC3D 

results coincide with those calculated from Eq. 6.3, while the resonant frequencies of 

torsionally-loaded samples are very different. These results harmonize the reality because Eq. 

6.3 is based on the assumption of longitudinal wave propagation. These results imply that Eq. 

6.3 cannot be applicable to calculate the resonant frequency or shear wave velocity of soil 

samples tested in a massless driving system and subjected to torsional loading, and a modified 

version of Eq. 6.3 may improve the resonant frequency estimation. Based on the current 

numerical results, the following equation could be used to estimate the shear wave velocity of 

soil samples loaded torsionally: 

hfV ns 74.0                                                                [6.5] 

Table 6.3. shows a comparison between the values of the soil specimen’s shear wave velocity 

estimated from its resonant frequency using Eq. 6.3 and Eq. 6.5. 
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Figure 6.2– FLAC3D outputs (soil A, h=1m): a) stress-strain hysteresis loop, b) transfer function and 

c) evaluation of shear modulus from the stress-strain hysteresis loop 
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Figure 6.3– Results of resonant frequency values for different massless driving system models 
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Table 6.3 – Resonant frequencies for massless driving systems under torsional waves 

Soil 
Shear wave velocity 

Vs (m/sec) 
h (m) 

n (Hz) 

FLAC3D 

Vs (m/sec) 

hfV ns 4  

Vs (m/sec) 

hfV ns 74.0  

A 235 

1.0 318 1272 235 

0.84 379 1273 235 

0.67 476 1276 235 

0.5 637 1274 235 

0.36 884 1273 235 

0.23 1390 1279 235 

0.1 3183 1273 235 

B 259 

1.0 350 1400 259 

0.84 418 1404 259 

0.67 525 1407 259 

0.5 700 1400 259 

0.36 975 1404 259 

0.23 1535 1412 259 

0.1 3493 1397 259 

 

6.4.3 Modeling of the Specimen Response in RC with a Driving 

System 

Adding the mass of the driving system to the numerical model results in a more linear variation 

of the sample’s rotation and consequently a more uniform strain conditions over the specimen’s 
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height (Kramer 1996). Also, for the analysis of RC, Eqs. 6.1 and 6.2 are used to estimate the 

value of Vs from the resonant frequency estimated from RC outputs irrespective of the values 

of the ratio I/I0. Through the current FLAC3D model, the applicability of this postulation has 

been investigated adopting four different I/I0 ratios: (i.e., driving system inertia = (7.25, 15, 

22.5, and 27.75) * sample inertia), that corresponds to I/I0 of 0.138, 0.067, 0.044, and 0.036. 

The values of the soil resonant frequencies then computed from the numerical model results 

and the corresponding Vs values were calculated using Eqs. 6.1 and 6.2 for the two soils (A and 

B) with two different sample heights of 0.5 and 0.1 m  

6.4.3.1 Effect of I/I0 ratio on RC results   

The values of resonant frequencies obtained for each model at very low strain   =10-5% are 

presented in Table 6.4. The values of shear modulus Gmax for all models with different I/I0 

values were obtained from the stress-strain hysteresis loop (FLAC3D outputs) to verify the 

validity of the model proposed in this paper, and the results show that the values of Gmax for 

soil A and B with different dimensions and different I/I0 values are equal to the values of Gmax 

calculated from the soil properties (Table 6.1.).    

Fig. 6.4 compares the values of the resonant frequency obtained from FLAC3D model at a very 

low-strain =10-5% with those calculated via Eqs. 6.1 and 6.2 for the two soils. From Fig. 6.4, 

it can be observed that for the driving system inertia greater than 22 times the sample inertia 

(I/I0<0.045), the results of the resonant frequency obtained from the model are consonant with 

the results calculated from Eqs. 6.1 and 6.2, while there is a large difference for inertia ratio 

I/I0 greater than 0.045. So, for the Stokoe fixed-free RC apparatus simulated in this study, the 

value of driving system inertia is equal to 27.75 times the sample inertia (I/I0 = 0.036) and Eqs. 

6.1 and 6.2 are applicable to estimate the shear wave velocity, Vs, and the maximum shear 

modulus, Gmax of the tested soils. 

6.4.3.2 G/Gmax- and D- interpretations 

The normalized shear modulus degradation (G/Gmax) and the increase of damping ratio, D with 

shear strains (γ) are key parameters to the fundamental understanding of soil behavior. In this 
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study, the SIG-4 model used to simulate the variation of G/Gmax-γ and D-γ. Table 1 shows the 

SIG-4 model parameters used in this study to model the soil behavior. The sigmoidal curves 

ssss 

 

Table 6.4 – Soil resonant frequencies for driving systems with different I/I0 values 

Soil I/I0 h (m) 

n (Hz) 

 tan
0


I

I
 

Gmax (MPa) 

From hysteresis loop 

n (Hz) 

FLAC3D 

A 

0.138 
0.5 27.40 

113 

109.60 

0.1 137.0 575.00 

0.067 
0.5 19.30 39.500 

0.1 96.50 184.70 

0.044 
0.5 15.85 17.000 

0.1 79.30 85.000 

0.036 
0.5 14.20 14.500 

0.1 71.00 72.000 

B 

0.138 
0.5 30.10 

150 

120.00 

0.1 150.5 652.00 

0.067 
0.5 21.30 40.600 

0.1 106.5 202.10 

0.044 
0.5 17.45 19.000 

0.1 87.30 92.600 

0.036 
0.5 15.60 15.800 

0.1 78.00 78.600 
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Figure 6.4– Results of resonant frequency values for different I/I0 values 

are monotonic within the defined range and have the appropriate asymptotic behavior. Thus, 

the functions are well-suited to represent modulus degradation curves. The sigmoidal model 

(SIG-4) presented by: 

)/)(exp(1 bxL

a
yM

o
os 
                                          [6.6] 

where Ms is the secant modulus, the 4 symbols, a, b, x0 and y0 are the curve parameters depends 

on the soil type, and L =log10 (). A very small value of Rayleigh material damping of 0.002% 

was used to ensure the model dynamic stability at very low strains.  

For each strain level (from  = 10-5 to 0.5 %,), the resonant frequency and the hysteresis loops 

were obtained then the G/Gmax-  curves were plotted. Fig. 6.5 shows examples of the hysteresis 

loops for soil (A) obtained at different strain levels. Fig. 6.6 compares the degradation curves 

obtained from the results of the FLAC model (output) to those of the SIG-4 model (inputs) as 

well as degradation limits provided by Seed and Idriss (1970) for sand soils. Fig. 6.6 infers that 

there is compatibility between the input and the output degradation curves, and these curves 

generally fall within degradation limits of Seed and Idriss (1970). 
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Figure 6.5– Hysteresis loops at different shear strain levels (soil A) 

 



156 Chapter 6: Assessment of Conventional Interpretation Methods of RC Results

 

Figure 6.6– G/Gmax degradation curves: (a) soil A and (b) soil B 

The values of damping ratios have been obtained from the model outputs using the equivalent 

viscous damping (from the hysteresis loop) and half-power bandwidth (from the transfer 

function curve) methods. The D- curves from both methods are plotted in Fig. 6.7. In Fig. 6.7, 

the D- curves obtained from the current study are also compared to theoretical curves found 

in the literature. In these theoretical approaches, the values of D% at certain strain level are 

related to the corresponding values of G/Gmax. The advantage of this is that a better-defined 

G/Gmax can be used to infer the damping ratio which is rather difficult to accurately obtain. For 

example, Ishibashi and Zhang (1993), based on a hyperbolic model and experimental data, 

proposed the following relation between D and G/Gmax: 

                    2
m a x0 .3 3 3[ 0 .5 8 6 ( / ) 1 .5 4 7 ( / ) 1 7 .1 1]m a xD G G G G                          [6.7] 

Ishihara (1996) suggested another relationship: 



2
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D                          [6.8] 

Zhang et al. (2005), based on a modified hyperbolic model and a statistical analysis of existing 

resonant column and torsional shear test results from 122 specimens, provided: 

                      2
m a x m a x m in9 .4 ( / ) 2 6 .5 ( / ) 1 7 .1D G G G G D                          [6.9] 

where Dmin = Dmin1(’
m/Pa)k, Dmin1 and k are equal to 0.82 and 0.4 for granular soils and 

3/)2( '''
hvm   which equals to 100 KPa in the numerical model. It can be observed from 

Fig. 6.7 that the values of damping obtained from FLAC3D model are compatible with Zhang 

et al. modified hyperbolic model for different strain levels. Ishihara model gives matching 

values only at very low strains levels. For Ishibashi and Zhang hyperbolic model, it’s clear that 

the values of damping ratio are generally over-estimated compared to other models. 
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Figure 6.7– D- for different models: (a) soil A and (b) soil B 
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6.5 Conclusions 

A three-dimensional finite differences model using the computer code, FLAC3D has been used 

to simulate the soil response in the resonant column test. An attempt was made to check 

whether the different interpretations methods of the RC test results, in general use today, are 

applicable for different loading and driving mass system conditions, and to assess the influence 

of these conditions on wave propagation.  

It was found that: 

1. For massless driving system (I0=0), the well-known equation (Vs= 4 n h) is not 

applicable for the case of torsional vibration mode. 

2. Using the equation (  tan
0


I

I
) to evaluate the shear wave velocity, Vs, from the 

resonant frequency is useful only when the driving mass inertia > twenty two times the 

sample inertia (I/I0 < 0.045). 

3. The modified hyperbolic model for estimating the damping curve gives a very good 

fitting with the current numerical results, while the hyperbolic model generally 

overestimates the damping ratios. 

It is fair to mention that the results of the current study are limited to the used soil types of soils 

and the adopted limit of (I/Io). Further wok is necessary to generalize the finding of the current 

study.
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Contribution to the Thesis 

This paper presents the effect of driving system rigidity on Hardin-Type RC device. For this 

purpose, a series of RC tests using two types of driving system mechanism with different 

rigidity were performed. The RC tests were accompanied with the bender elements 

measurements and carried out on different types of soils with diverse stiffness. The obtained 

RC results were compared to the bender element measurements and the driving system rigidity 

effect was then assessed and discussed. 

Abstract 

Resonant column (RC) devices have been widely used for estimating the shear modulus and 

damping ratio over a broad range of shear strain amplitudes. Although RCs significantly 

improve the assessment of soil dynamic properties, some challenges mainly associated with 

the calibration process still exist. This paper discusses the effect of the driving system rigidity 

on the measurements performed on a Hardin-type RC. It is shown that the use of a rigid 

connection between the soil specimen and the driving mass could significantly influence the 
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obtained results. The findings of this study indicate that the apparatus resonant frequency of 

the Hardin-type RC device should be lower than the resonant frequencies likely to be 

measured during testing of the specimens. 

7.1 Introduction 

The resonant column (RC) is a laboratory device widely used for measuring the dynamic 

properties of soils. RCs have been used for more than 50 years to determine the shear modulus 

and damping ratio of soils across a wide range of shear strain amplitude (). During RC tests, 

a cylindrical soil specimen is subjected to a harmonic torsional load, and the input frequency 

is varied until the fundamental frequency (fn) of the specimen is obtained. Next, the stiffness 

and damping can be determined from the fundamental frequency. Several versions of RC 

devices under different boundary conditions at the top and bottom of the specimen have been 

developed (fixed–free, free–free, and fixed–partly fixed) (Wilson and Dietrich 1960; Hardin 

and Richart 1963; Hardin and Music 1965). The most widely used RC devices are the Stokoe-

type RC (Wilson and Dietrich 1960; Clayton et al. 2009), in which the specimen is fixed at the 

base and is free at the top, and the Hardin-type RC (Hardin and Music 1965), in which the 

specimen is fixed at the base and partly fixed at the top with the ability to apply deviatoric axial 

loads. The specimen is usually excited at the top, and the response is recorded using 

accelerometers and transducers.  

Even though RC devices have been successfully used and significantly improved the 

assessment of the dynamic properties of soils, some difficulties mainly associated with the 

calibration process still exist. For example, Clayton et al. (2009) showed that the stiffness of 

the drive head and the mass of the base in a Stokoe-type RC device could significantly influence 

the results obtained for stiffer geomaterials. Other studies have highlighted the diverse sources 

of errors in the RC related to the analysis method, driving system, specimen compliance, and 

non-uniform stress–strain distribution (Richart et al. 1970; Drenvich 1978; Isenhower 1979; 

Scholey et al. 1995; Ishihara 1996). 

In this study, the effect of the driving system rigidity on a Hardin-type RC device was 

investigated. A series of RC tests based on two types of driving system mechanisms with 
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different rigidities were performed. The RC tests were accompanied by bender element 

measurements performed on different soil types with different stiffnesses. The obtained RC 

results were compared with the bender element measurements, and the effect of the driving 

system rigidity was analysed. 

7.2 Description of the apparatus 

The RC device used in this study was manufactured by the GDS instrument, UK in 2018 and 

initially designed following a fixed–partly fixed configuration (GDS Manual 2018). Fig. 7.1 

shows a schematic of the RC device used. The device consisted of a standard triaxial cell, an 

axial displacement actuator, back and cell pressure generators, and transducers of pressures 

and deformations that could be automatically controlled from the connected computer. Inside 

the triaxial cell, the sample was fixed to a rigid base at the bottom. However, at the top, the 

sample top cap was connected to a rigid aluminium bar linked to the driving system, which 

transferred both vertical and torsional loads (Fig. 7.1). The driving system consisted of four 

coils with magnets symmetrically installed at 90 to each other. The coils were connected to 

an electrical generator that could generate a sinusoidal signal at different frequencies and 

amplitudes. Therefore, when the electrical signal passed through the coils, torsional vibration 

was transmitted to the tested sample through the aluminium bar. The utilized RC can house 

specimens of a solid cross-section of 70 mm or 50 mm dia., with respective length of 140 mm 

or 100 mm. The specimens used in this study are 50 mm diameter and 100 mm in length. 

7.3 Calibration procedure 

As Richart et al. (1970) described, the RC test is based on the estimation of the resonant 

frequency. The excitation frequency was gradually increased until the resonant frequency was 

obtained. The shear modulus could then be obtained using the following equation: 
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Figure 7.1: Schematic of the GDS Hardin type resonant column. 
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                                                    [7.1]     

where   is the density of the specimen, L is the specimen length, fT is the system resonant 

frequency of the sample, and FT is the dimensionless frequency factor. FT could be obtained 

using the Drnevich et al. (1978) charts based on the active-end inertia factor Ta equation, which 

is expressed as follows: 
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                                                         [7.2]     

where Ja is the rotational inertia of the active-end platen system, J is the rotational inertia of 

the specimen, fa is the apparatus resonant frequency without springs attached to the active-end 

platen, and fn is the system resonant frequency. 

A series of tests on three aluminium bars with different diameters (10, 12.5, and 15 mm) were 

performed to estimate Ja. For each bar, three weights (158, 230, and 287 g) were used. As the 

mass polar moment of inertia of the added mass could be expressed as follows: 

2am a

k
I J


                                                                [7.3]     

where k is the stiffness of the aluminium bar, and  is the natural frequency of the system, Ja 

could then be directly estimated by plotting Iam against 
2

1


. Additional details about the 

calibration process and the estimation of Ja are provided in the device manual (GDS 2018). 

Therefore, after the resonant frequency was determined, the shear modulus could be estimated 

using Eq. (7.1), the damping ratio could be estimated using the half-power-bandwidth method, 

and the shear strain amplitude was determined as follows: 

0.8r

L

                                                                         [7.4]     

where r is the radius of the sample, and  is the rotational angle. 
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7.4 Effect of driving system stiffness 

7.4.1 Description of the utilized connections 

The driving system of the Hardin-type RC device consisted of four coils with equally spaced 

magnets and rigidly attached to the connection piece. This connection piece was laterally 

attached to the magnets and vertically connected to the deviatoric load actuator at the top and 

the soil-specimen top cap at the bottom.  

Two types of connection pieces: 1) rigid connection (aluminium bar); and 2) flexible 

connection, were utilized to evaluate the effect of driving system rigidity on RC results. Figs. 

7.2-a and 7.3-a show the two connection pieces. The aluminium bar was provided with the 

original RC device; however, the flexible connection was designed and manufactured at 

Sherbrooke University. 

As shown in Figs. 7.2-a and 7.3-a, the aluminium bar ensured a rigid connection between the 

driving system and the soil specimen. This type of connection was applied by Li et al. (2018). 

The flexible connection was equipped with a bearing that allowed for the vertical load to be 

transferred to the sample without affecting the torsional vibrations. Moreover, the piece 

contained a spring installed to turn the specimen back to its initial position after excitation. 

Thus, the specimen could be tested several times while preventing pre-shearing, which may 

result from the previous measurements. It should be noted that the original Hardin-type device 

that was presented by Hardin and Music (1965) was also equipped with a spring. 

7.4.2 RC results and analysis 

RC tests were first carried out without any attached soil specimens or calibration bars to 

determine the resonant frequency fa of the apparatus. The results showed that the rigid 

connection yielded a fa value of approximately 49 Hz (Fig. 7.2-b). However, fa was 

approximately 10.5 Hz when a flexible connection was used (Fig. 7.3-b). The Y-axis in Figs. 

7.2-b and 7.3-b represents the accelerometer output voltage at different input voltages (i.e., 
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different strain levels). Where, the shear strain 
24.596 /VR f L  , V is the accelerometer 

output voltage (Volts), R is the radius of samples (m), f is the system frequency (Hz), and L is 

the length of the sample (m). 

 

 

 

Figure 7.2: a) Rigid connection (aluminum rod); and b) RC results with the rigid connection. 

 

a) 
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Figure 7.3: a) Schematic illustration of the modified flexible connection; b) driving system 

frequency with the flexible connection; and c) example of RC results for clay sample with the flexible 

connection. 

 

a) 
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Figure 7.3 (follow) : a) Schematic illustration of the modified flexible connection; b) driving 

system frequency with the flexible connection; and c) example of RC results for clay sample with the 

flexible connection. 
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Subsequently, a series of RC tests accompanied by bender element tests were performed on 

different soils using both types of connections. Fig. 7.2-b The obtained results for the soft clay 

indicated that the resonant frequency was approximately 50 Hz at a very small strain, 

corresponding to 0G  of approximately 53 MPa, which was very high compared with the 

measurements performed on the same sample using the bender element method, in which 0G  

was equal to 11 MPa. Moreover, an increase in the voltage amplitude was not accompanied by 

a change in the shear strain amplitude or resonant frequency (fn 50 Hz) (Fig. 7.2-b). The 

measurements were repeated on other soil types, and each time, the RC results were 

significantly higher than the expected values (obtained with bender elements).  

However, the same clay measurements using a flexible connection piece showed that the 

resonant frequency was approximately 30 Hz at a very small strain and gradually decreased as 

the strain amplitude increased (Fig. 7.3-c). Fig. 7.4 depicts a comparison of the shear wave 

velocity (Vs) ( o
s

G
V


 , where 0G  is the initial shear modulus, and  is the soil density) obtained 

from the RC and bender element tests for different soils (two sand samples with different 

relative densities, Id, and two clay samples with different plasticity index, PI), under different 

effective confinement pressure. The measured Vs values were within a narrow band, the RC 

measurement values were slightly higher than those of the bender element measurements.  

Figs. 7.5-a and 7.5-b show the shear modulus reduction curves plotted for results obtained 

using the RC device with a flexible connection compared to the models obtained by Seed and 

Idriss (1970) and Vucetic and Dobry (1991) for granular soils and cohesive soils, respectively. 

The RC method yielded relatively higher curves. These results are consistent with the literature 

results (Cavallaro et al. 2003; Bedr et al. 2018; D’onofrio et al. 2019). Overall, the RC tended 

to overestimate the shear modulus, owing to several reasons, for example, the assumption of 

the linear elastic behaviour of soil in the result analyses (Fig. 7.4). According to Viggiani and 

Atkinson (1995), “since analyses of resonant column tests are based on the assumption that 

the behaviour of the soil is linear and elastic, analyses of the test data are strictly valid only in  



7.4 Effect of driving system stiffness 169

 

  

 

Figure 7.4: Comparison between shear wave velocity obtained from both RC and Bender element 

tests. 

the region of very small strain.” Moreover, the high frequency applied in RC tended to increase 

the measured shear modulus (Lo-Presti et al. 1997; Vardanega and Bolton 2013). 

The results showed that the rigidity of the driving system significantly influenced the Hardin-

type RC device results, and the use of a flexible connection appeared to provide acceptable 

results. When a rigid connection was utilized, the driving system rigidity (reflected by fa) was 

significantly higher than the soft soil rigidity. Consequently, the rigidity of the total system 

(driving system + soil specimen) was not significantly influenced by the soft soil rigidity, which 

generated the close resonant frequency obtained with or without the soil specimen. Therefore, 

the RC device should be designed with a driving system having a resonant frequency of the 

apparatus fa significantly below the expected resonant frequency of the total system (soil and 

device). Otherwise, the results will be significantly affected by the driving system rigidity, 

particularly for soft soils. 
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Figure 7.5: Shear modulus reduction curves obtained from the RC with flexible connection for: a) 

Granular soils; b) Cohesive soils. 

7.5 Conclusion 

In this study, the effect of the driving system rigidity on a Hardin-type RC device was 

investigated through a series of RC tests performed on two types of driving system mechanisms 
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with different resonant frequencies of the apparatus. Different types of soils with different 

stiffnesses were tested. It was demonstrated that the RC measurements could have significant 

error because of the high rigidity of the driving system, particularly for soft soils. The results 

suggest that the resonant frequency of the Hardin-type RC device should be lower than the 

resonant frequencies likely to be measured during the testing of the soil specimens. 
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Contribution to the Thesis 

This paper presents the estimation of strain-dependent shear modulus of Ottawa F-65 sand with 

different strain levels using different laboratory techniques (RC,  P-RAT, TxSS, and DSS tests) 

to develop the degradation curve (GLog) with different strain levels towards a deep 

understanding of the obvious deviation between the different methods used to measure and 

estimate the soil stiffness shear modulus G, and to help the geotechnical researchers and 

designers to establish the G Log  degradation curve for clean sand with appropriate accuracy. 

Abstract 

The accurate estimation of the soil shear modulus ( )G  is a fundamental aspect of analyzing 

the dynamic soil response. The initial shear modulus ( )oG  can be obtained through laboratory 
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measurements of shear-wave velocities ( )sV . However, the G  measurements over a broad 

range of shear strains ( )  can be performed using specialized devices. In this study, four 

techniques were used to determine the shear modulus of Ottawa F-65 sand with different strain 

levels: the piezoelectric ring-actuator technique ( )P RAT , resonant column ( )RC test, combined 

triaxial simple shear ( )xT S S test, and direct simple shear ( )D SS test. Both P RAT and RC

tests were performed to estimate 
oG . Next, the RC ,

xT SS , and DSS results were used to plot the

( )G Log  curves. The results showed that the RC overestimated the values of
oG compared to

P RAT , particularly in the loose state. 
xT SS and DSS results showed good compatibility in the 

estimation of G  values at 0.1%  . A proposed sigmoid function SIG-4 model, used for 

predicting the cyclic soil response over a wide range of strains based on xT SS  results, was 

adopted to estimate the ( )G Log  relationship. These results are useful for describing the 

deviation between the different methods used to estimate the soil shear modulus G of soil and 

will help the geotechnical researchers and designers establish accurate ( )G Log  relationship 

for clean sand. 

8.1 Introduction 

The accurate estimation of the strain-dependent shear modulus degradation of soil is necessary 

for the analysis of the dynamic response of the ground, seismic soil–structure interaction, and 

soil liquefaction potential (Kramer 1996; Ishihara 1996; Andrus and Stokoe, 2000; Youd et al., 

2001). Several researchers have investigated the dependence of the secant shear modulus G on 

the strain amplitude using different laboratory techniques (Seed and Idriss 1970; Hardin and 

Drnevich 1972; Iwasaki et al. 1978; Kokusho 1980; Yamashita and Toki 1994). Very small 

strain 5( 1 0 )  shear modulus ( )oG was used in static and dynamic soil modeling in the early 

1970s (e.g., Seed and Idris, 1970; Riepl et al., 2000; Wang and Hao, 2002; Thompson et al., 

2010). oG can be estimated through both in situ (e.g., Campanella et al., 1986; Hryciw, 1990; 

Lefebvre and Karray, 1998) and laboratory (e.g., Hardin and Richart, 1963; Rollins et al., 1998; 

Zhang et al., 2005; Karray et al., 2015) measurements of the shear wave velocity ( )sV , as the 
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soil elastic stiffness is directly related to its shear wave propagation velocity (
2

max sG V , where

  is the soil density). However, the shear modulus can be measured over a broad range of 

shear strains using specialized laboratory testing apparatuses, such as direct simple shear 

( )D SS (Lanzo et al. 1997; Doroudian and Vucetic 1995; Bjerrum and Landva 1966; Dyvik et 

al. 1987; Boulanger et al. 1993) resonant column ( )RC (Drnevich 1978; Avramidis and Saxena 

1990; Cascante et al. 1998; Wang et al. 2003), cyclic triaxial ( )CTX (Seed et al. 1986; 

Geremew and Yanful 2012; Ghayoomi et al. 2017) torsional shear ( )TS  (Tatsuoka et al. 1982; 

Koseki et al. 2000) and triaxial simple shear ( )xT S S (Chekired et al. 2015; Karray and Chekired 

2019; Khashila et al. 2020) tests.  

Even though these apparatuses are widely used, it is still suffering from some limitations. 

According to Ishihara (1996), the RC test is based on a back-analysis procedure and the 

response obtained is not solely a response of the soil specimen but contains some combined 

effects of the soil and the attached apparatus. Moreover, several literature studies highlighted 

various sources of error in RC  related to the interpretation method, equipment and specimen 

compliance, and non-uniform stress/strain distribution (Richart et al. 1970; Drenvich 1978; 
Isenhower 1979; Ishihara 1996; Sasanakul and Bay 2008; Bui 2009; Lashin et al. 2018). Other 

difficulties have been reported for other devices such as the triaxial and DSS  (Scholey et al. 

1995; La Rochelle 1981; Boulanger et al. 1993; Degroot et al. 1994; Ishihara 1996; Kramer 

1996). These limitations may lead to a significant discrepancy between the G obtained using 

these different devices (e.g. Cavallaro et al. 2003; Szilvágyi et al. 2016; Bedr et al. 2019), thus 

making it challenging for geotechnical engineers and practitioners to select the most suitable 

method for estimating the soil shear modulus over a wide strain range.  

In an attempt to improve the measurements of the shear modulus, the geotechnical group the 

Université de Sherbrooke developed new laboratory apparatuses that overcome some of the 

aforementioned limitations of the standard apparatuses: P RAT and xT SS . The P RAT reduces 

the energy of compression waves and produces approximately pure shear waves. Moreover, 

the 
sV measurements in P RAT are analyzed using high accuracy frequency domain 

interpretation method. On the other hand, the xT SS apparatus is a simple shear device with high-



8.2 Tested Material 175

 

  

quality of stress, strain, and pore water pressure measurements. The
xT SS  allows an accurate 

control of the confinement conditions, and a direct measurement of the pore water pressure. 

Additional details about the development of
xT SS  were presented by Karray et al. (2015) and 

Chekired et al. (2015). 

The main objective of this study was to investigate the strain-dependent shear modulus 

degradation of clean sands using a series of laboratory cyclic and dynamic techniques 

(piezoelectric ring-actuator technique (P-RAT, RC, TxSS, and DSS) to plot ( )G Log 

relationship over a wide strain range with accurate precision. This study also enhances the 

understanding of the limitations and sources of errors for different apparatuses and their effects 

on the results. 

8.2 Tested Material 

In this study, Ottawa F-65 sand with three different relative densities ( )dI  (35%, 62% and 

85%) was used. The ASTM specification guidelines (ASTM D854-14, 2014; ASTM D4253-

14, 2014; ASTM D4254-14, 2014; and ASTM D2487-11, 2011) were adopted to determine 

the specific gravity ( )sG , maximum and minimum void ratios (
m axe and 

m ine , respectively), 

mean grain size
50( )D , and uniformity coefficient ( )uC of the tested sand. Fig. 8.1 shows the 

properties and particle size distribution curve of the Ottawa F-65 sand. The wet-tamping 

preparation method was used to prepare the odometer, RC , 
xT SS , and DSSsamples. The 

application of the wet-tamping method enabled the preparation of specimens having a wide 

range of relative densities with acceptable uniformity (Ishihara 1996). In addition, the under-

compaction method was also utilized to produce a uniform density of soil specimens (Ladd 

1978). Each odometer, xT SS , and DSS  specimen was compacted in three layers, whereas the

RC samples were compacted in six layers.  
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Figure 8.1: Particle size distribution curve of the Ottawa F-65 tested sample. 

8.3 Testing Program 

The results of the used laboratory techniques are analyzed and discussed in this section. The 

summary of all experimental results is presented in Figs. 8.2 to 8.6 and listed in Table 8.3.  

8.3.1 Piezoelectric ring-actuator technique (P-RAT) 

The P RAT developed at the Université de Sherbrooke was utilized in this study. A Bishop-

type odometer with a conventional cell was used, and it had a diameter ( )d and height ( )h of 

63 and 18 mm, respectively. The emitter and receiver sensors were fixed and leveled to the 

bottom surface and the loading cap of the cell. The emitter and receiver sensors could produce 

and record radial shear wave readings of various signals. These sensors were placed in direct 

contact with the top and bottom surfaces of the tested samples without penetrating the samples. 

The P RAT reduces the energy of the compression waves and generates almost pure shear 

waves. Additionally, the height of the sample can be changed inside the cell to minimize the 

reflection of superfluous waves. Therefore, this system is generally considered suitable for 
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testing various soils, rockfills, and hardened cement-based materials (Gamal El-Dean, 2007; 

Soliman, 2010; Éthier, 2009; Éthier et al., 2011; Karray and Wali, 2013; Karray et al., 2015; 

and Elbeggo et al., 2019; Hussien and Karray 2020). Karray et al. (2015) recommended using 

four input signals (Chap 6, ond1, pulse 12p5, and pulse 25) during P RAT tests (Table 8.1) to 

ensure that the shear wave velocity was measured with high accuracy and to verify that the 

emitter/receiver has the same transfer function irrespective of the excitation frequency content. 

These signals enabled the covering of frequency bands that were lower and higher than the 

fundamental frequency of the system and characterization of the emitter–receiver dynamic 

system in terms of the resonance frequency and damping ratio. Moreover, an interpretation 

method was developed to facilitate the implementation of frequency analyses. Additional 

details are presented by Karray et al. (2015), who explained the methodology and scientific 

development of the method.  

Table 8.1 – Input signals used in P-RAT tests, modified after Karray et al. (2015) 

 Chap6 Ond1 Pulse 12p5 Pulse 25 

Time 

domain 

 

 

  

Frequency 

domain 

    

The sV  values of the tested soils under different stress states, and the initial dI values were 

recorded for all strain levels during the odometer tests using the P RAT . It has been 

recognized that sV  is a function of 'v with a stress exponent 0.25 , which with findings 

reported in the literature (e.g., Hardin and Richart, 1963; Hardin and Black, 1966; Hardin and 
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Drnevich, 1972). Therefore, sV  values of normally consolidated, uncemented sands were 

routinely stress-normalized using approaches adopted in previous studies (e.g., Robertson et 

al., 1992; Youd et al., 2001), as follows: 

0.25

1 '
a

s s
v

P
V V


 

  
 

                                                             [8.1]     

where 1sV  is the stress-normalized shear wave velocity, and aP is the reference atmospheric 

pressure of 100 kPa, which has the same unit as 'v . The variation of 1sV  with the void ratio 

( )e  obtained from different tests on Ottawa F-65 sand was plotted (Fig. 8.2). It was found 

that the values of 1sV  for the tested soil ranged between 150 and 230 m/s, and that the variation 

between the loosest and the densest states was lower than 150 m/s. These results were in 

agreement with the findings of several researchers (Lefebvre & Karray, 1998; Karray & 

Lefebvre, 2008; Hussien & Karray, 2016). 

 

Figure 8.2 – Normalized shear wave velocity (Vs1) as a function of void ratio (e). 
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8.3.2 Resonant Column (RC) test 

The RC used in this study was supplied by GDS, and it had a fixed semi-free configuration. 

The boundary conditions at the top of the specimen were developed using a cylindrical piece 

constrained by aluminium springs. The bottom of the  cylindric  piece was rigidly connected 

to the drive mechanism of the RC . An actuator, which was connected to the top of the drive 

mechanism base, contained an embedded load cell of 2kN capacity and could be used to 

apply axial loads to the specimen. The drive mechanism consisted of four magnets surrounded 

by a system of four coils. An embedded accelerometer recorded the response of the specimen 

during dynamic vibrations. The specimens used in this study had solid cross-sections of 50 

mm diameter and 100 mm in length each. 

Samples with three relative densities ( 33.75%;63.13%;83.13%)dI  were tested isotopically in 

the RC  under confining cell pressure ( ' )c  equal to 100 kPa. For each shear strain ( ) , 

torsional sinusoidal vibrations were applied at the top of the soil specimen, and the rotational 

response was determined. Next, the frequency of excitation was varied until the system 

resonant frequency ( )nf  was obtained. Fig. 8.3-a shows an example of RC results; this figure 

depicts the accelerometer output voltage versus the system frequency ( )f  at different input 

voltages (i.e., different strain levels). Here, the shear strain 
24.596 /VR f L  , V is the 

accelerometer output voltage (Volts), R is the radius of samples (m), f is the system frequency 

(Hz), and L is the length of the sample (m). Therefore, the shear modulus ( )G  was calculated 

using the ASTM D4015-15e1 equation: 

 2( ) aG L F                                                           [8.2]     

where   is the density of the soil specimen, L is the length of the specimen, and Fa is the 

dimensionless modulus factor. 
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The variation of ( )G  with the shear strain ( )  obtained for the different relative densities 

was plotted in (Fig. 8.3-b). The shear strain varied from 10-5 % to 0.02%, and the pore water 

pressure started to build up at 0.02%th  . 
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Figure 8.3 – Resonant column (RC) results: a) accelerometer output voltage as a function of 

system frequency for Id = 83.13%, b) shear modulus (G) as a function of shear strain () for 

different Id. 

 

Then, the shear wave velocities of the tested soils with different relative densities were 

calculated. The variation of 1sV  1( ; ' 100 )s s cV V kPa   with the void ratio ( )e  determined 

from RC tests was plotted (Fig. 8.2). The RC measurements showed higher values of 
1sV  

than the P RAT measurements, particularly in the loose state. With the decreases in e , the 

divergence of the results reduced, and the values were approximately equal when 88%dI  . 

This difference could be attributed to two main reasons: 1) the analyses of RC  tests were 

based on the assumption that the soil behavior was linear and elastic, and 2) the stress and 

strain distributions along the RC sample were nonuniform. A detailed explanation of this 

issue is provided in Section 8.4. 

8.3.3 Triaxial simple shear (TxSS) test 

The combined 
xT S S apparatus was manufactured and designed at the Institut de Recherche 

d’Hydro-Québec ( )IREQ in collaboration with the geotechnical group at the Université de 

Sherbrooke (Chekired et al. 2015; Karray and Chekired 2019; Khashila et al. 2020) to model 

simple shear stress on a soil sample in a triaxial chamber. The device is operated using an 

electric system that can vary both shearing and confining stresses on a cylindrical soil specimen 

either monotonically or cyclically at different stress amplitudes and frequencies up to 100 Hz. 

The 
xT S S  tests were performed under fully undrained conditions; the pore water pressure was 

directly measured at the top of the specimen and yielded better accuracy compared to the 

standard DSS test (Dyvik and Suzuki 2019; Ladd and Edgers 1972; Saada et al. 1983). The 

specimen was located between relatively rigid bottom and top caps and is confined by a rubber 

membrane. The bottom and top caps contained acted as “frictional” surfaces and enabled 

drainage. The specimen was first consolidated to desirable confining stress, and simple shear 
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stress or strain was assumed to be imposed when the specimen top cap was displaced using the 

shear ram, which was connected to a shaker mounted on a rigid horizontal table.  

Soil specimens of 79 mm diameter and 22 mm height having different relative density were 

prepared in an elastic membrane. These specimens were saturated and then isotropically 

consolidated to a 'c  value of 100kPa . For each relative density, six strain-controlled cycles 

were performed at a frequency of 1 Hz. It is worth to mentioned that the procedure followed in 

this study is the same as proposed by Seed et al. (1986). During the cyclic loading process, the 

shear strain and shear stress were directly recorded. The secant shear modulus was obtained by 

calculating the average value of the secant shear modulus for the six cycles. Fig. 8.4-a shows 

an example of the variation of the cyclic stress ratio ( )
'c

CSR



 with the shear strain ( )  in 

the form of hysteresis loops for 85%; 0.57%dI   . 

These results were influenced by the increase in the pore-water pressure ratio (
'u
v

U
R




 where 

U  is the excess pore water pressure), which coincided with the applied strain level and the 

number of cycles (Fig. 8.4-b), as the values of G decreased with the increase in pore-water 

pressure during cyclic loading. The soil softening in successive cycles owing to pore pressure 

generated by the degradation of soil stiffness was considered by updating G in each time step 

as a function of the generated pore pressure ratio (Youd et al. 2001), as follows: 

0 .5(1 )o uG G R                                                               [8.3]     

Therefore, it is crucial to determine G  at all strain levels using effective stress analysis (Ru=0). 

Thus, geotechnical designers can easily estimate ( )G Log  relationship under any different 

corresponding  uR  relation (total stress analysis). 

The experimental hysteresis ( )CSR   relationships determined through the 
xT S S  tests 

plotted using the sigmoid function (SIG-4 soil model) available in the FLAC (Itasca 2013) 

software, as shown in Fig.8.4-a. The SIG-4 model is a four-parameter model; thus, it provides 

more flexibility control than other models in fitting the stiffness data (Chehat et al., 2018). The 

SIG-4 model is expressed as follows:   
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o
os 
                                             [8.4]   

where sM  is the normalized secant modulus, a, b, xo, and yo are the curve parameters, which 

depend on the soil type, and 
10log ( )L  . Fig. 8.4-c shows the established ( )G Log   

relation 
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Figure 8.4 – Triaxial simple shear (TxSS) test results; a) cyclic stress ratio (CSR) versus shear 

strain () curve for Id  85%), b) six cycles pore water pressure ratio (Ru) as a function of 

shear strain (), and c) shear modulus (G) as a function of shear strain () for different Id 

based on the SIG-4 model 
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based on the SIG-4 models. The ( )G Log  relationship for each 
dI  is represented by an area 

bounded by two SIG-4 models with different fitting parameters (Fig. 8.4-c), based on  several 

xT S S  tests performed at each 
dI . Table 8.2 lists the SIG-4 fitting parameters for each 

dI . 

Table 8.2 – Proposed SIG-4 parameters based on TxSS results. 

Relative density (Id%) 
SIG-4 Parameters 

a b xo yo 

30 
Upper bound 1.0 -0.5 -2.0 0.1 

Lower bound 1.0 -0.45 -1.8 0.09 

60 
Upper bound 1.0 -0.5 -2.0 0.1 

Lower bound 1.0 -0.45 -1.8 0.09 

80 
Upper bound 1.0 -0.5 -2.0 0.1 

Lower bound 1.0 -0.45 -1.8 0.1 

8.3.4 Direct simple shear (DSS) test 

In this study, a conventional DSS  apparatus manufactured by GDS was used. It is suitable for 

performing monotonic/cyclic tests over a wide range of shear strains (0.005% -10%) and for 

applying cyclic loads at a frequency of 0.001 - 5 Hz. The soil specimen was encased in a rubber 

membrane, which was surrounded by stacked rings. Each of the specimens had a height of 26 

mm and a diameter of 79 mm. The soil specimen was consolidated under effective mean stress

( ' )m equal to100kPa ( 1 2
' '

3
o

m v

K 
 ,where 0.5 1 sinok    ). Subsequently, shear tests 

were performed by applying a horizontal shear strain to the specimen. Six cycles were applied 

at each strain level with the horizontal load, horizontal strain, vertical load, and vertical strain 

measurements. 

Fig.8.5 shows the ( )CSR   hysteresis loops for three different applied strain amplitudes 

obtained during the DSS  tests for 84.06%dI  . These hysteresis loops were used to estimate 

the average secant shear moduli for each DSS test. Based on  the recorded vertical load during 
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the loading process, 
uR  was calculated for each cycle (using the equation, vo vn

u
vo

R
 



  

where v o  is the initial applied vertical stress and v n is the average vertical stress for each 

cycle) at different strain levels. Fig.8.6-a shows the 
uR  relationship for 84.06%dI  .Eq. 

(8.3) was used to compute the values of G  for Ru = 0, as explained in the previous section. The

( )G Log   relationship for all the tested densities with the average Ru value and Ru = 0 were 

plotted (Fig. 8.6-c). 

  

 

Figure 8.5 – Direct simple shear (DSS) test results; cyclic stress ratio (CSR) versus shear 

strain () curves with different strain levels (Id = 84.06%). 
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Figure 8.6 – Direct simple shear (DSS) test results; a) pore water pressure ratio (Ru) as a 

function of shear strain () for Id = 80%, b) variation of G  with different Ru, and c) G  

relation for different relative densities. 

Figs 8.7-a, b, and c show that, the 
uR  values obtained by DSSare higher than the corresponding 

values obtained by 
xT S S . Prevost and Høeg (1976) and DeGroot et al. (1994) perceived some 

inconsistent high values of uR specially during the first few cycles of DSS test. Prevost and Høeg 

(1976), suggested that the effective normal stress during the first cycle of DSS test does not vary 

much, and the change in uR  is mainly due to the change of normal stress resulting from lateral 
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total stresses change. They observed that the artificially variation of vertical effective stress 

leads to a jump in
uR values (Fig. 8.7-d)  during the first few cycles of loading, and should be 

accounted in the DSS results interpretation. Therefore, a correction was applied to the
uR

obtained from DSSbased on Prevost and Høeg (1976) work. This correction was varied from 

zero at small strains, to maximum value 0.2uR  (Fig. 8.7-d) at strains of 0.15%, 0.2%, and 

0.4% for 
dI   35%, 62% and 85%, respectively. The corrected 

uR value showed a good 

agreement with the uR values obtained from xT S S  (Fig. 8.7-e). Moreover, the measured and 

corrected 
uR value of DSS tests carried out by Hazirbaba and Rathje (2009) on Monterey sand 

with 50%dI   were plotted in (Fig. 8.7-e).    

 

Figure 8.7 – a) Ru as a function of  for Id  35%, b) Ru as a function of  for Id   62%, c) Ru 

as a function of  for Id   85%,  d) Ru jump during DSS test (Modified after Prevost & Høeg 

1976), and e) DSS test corrected Ru values as a function of . 
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Figure 8.7 (follow)– e) DSS test corrected Ru values as a function of . 

From the DSS  test results, following the ( )G Log  trend, the estimated 
oG based on the DSS  

was slight compared to the 
oG obtained using other techniques. These results were consistent 

with those of previous studies (e.g. Cavallaro et al. 2003; Bedr et al. 2019). Bedr et al. (2019) 

attributed this difference to the stacked rings used during the DSS  tests, which were ineffective 

in applying 
oK  conditions, and thus, resulted in the application of  lower actual 'm to the 

specimens. Consequently, lower stiffness values obtained for the DSS  tests in comparison with 

those for RC  tests performed at the same nominal effective stress. 

Table 8.3 – Summary of the experimental results. 

Apparatus Soil State   (%) eini econs Id (%) G (MPa)  (%) Ru (6 cycles) 

RC 

Loose 0.00001 - 0.0171 0.732 0.722 33.75 

Fig8.3-b Fig.8.11 

0.00 

Medium 0.00001 - 0.0203 0.642 0.628 63.13 0.00 

Dense 0.00001 - 0.0214 0.571 0.564 83.13 0.00 
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TxSS 

Loose 

0.225 0.732 0.716 35.55 6.3 12.5 0.28 

0.268 0.730 0.715 35.84 5.0 13.2 0.38 

0.280 0.727 0.711 37.06 4.0 18.0 0.59 

0.301 0.730 0.714 36.31 4.5 13.3 0.39 

0.420 0.731 0.715 35.98 3.6 18.4 0.69 

0.570 0.730 0.714 36.25 2.6 20.4 0.91 

Medium 

0.368 0.655 0.642 58.61 5.7 14.9 0.36 

0.530 0.634 0.622 65.11 3.5 19.9 0.59 

0.543 0.666 0.651 56.06 4.0 14.6 0.42 

0.560 0.646 0.631 62.18 3.9 23.1 0.65 

0.571 0.644 0.629 62.66 3.4 19.8 0.67 

Dense 

0.350 0.571 0.557 85.31 6.3 6.5 0.17 

0.520 0.568 0.561 84.06 5.2 13.8 0.33 

0.638 0.559 0.551 87.19 4.6 17.7 0.44 

0.648 0.574 0.555 85.94 4.6 16.2 0.42 

1.000 0.568 0.556 85.63 2.9 4.5 0.66 

DSS Loose 

 

0.004 

0.729 0.719 34.69 

23.9 0.0 0.00 

0.008 22.8 4.3 0.00 

0.016 22.1 5.7 0.00 

0.030 20.6 7.0 0.01 

0.057 18.2 8.4 0.09 
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0.113 14.2 9.7 0.30 

0.546 5.2 18.3 0.95 

0.004 

0.734 0.715 35.93 

26.2 0.0 0.00 

0.008 25.1 3.8 0.00 

0.016 24.0 5.2 0.00 

0.030 23.0 6.5 0.01 

0.058 21.5 7.9 0.08 

0.114 17.4 8.9 0.32 

0.230 12.0 12.5 0.76 

Medium 

 

0.004 

0.639 0.631 62.19 

24.4 0.0 0.00 

0.008 24.4 0.0 0.00 

0.015 22.9 5.0 0.00 

0.029 22.2 5.5 0.02 

0.056 20.0 6.5 0.10 

0.114 16.8 7.8 0.30 

0.230 12.5 10.9 0.60 

0.460 8.8 15.0 0.76 

0.004 

0.635 0.627 63.43 

28.7 0.0 0.00 

0.008 28.7 0.0 0.00 

0.015 27.3 4.8 0.00 

0.029 25.3 5.3 0.01 
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0.056 22.9 6.3 0.08 

0.114 18.7 7.5 026 

0.230 13.5 10.3 0.58 

0.360 11.4 13.5 0.63 

Dense 

 

0.004 

0.568 0.561 84.06 

24.7 0.0 0.00 

0.008 24.6 3.6 0.00 

0.015 24.2 4.2 0.00 

0.029 23.3 5.0 0.01 

0.056 21.2 5.7 0.04 

0.114 17.0 6.6 0.32 

0.177 14.6 7.3 0.48 

0.413 11.1 12.0 0.64 

0.004 

0.562 0.554 86.25 

27.8 0.0 0.00 

0.008 27.6 2.1 0.00 

0.015 26.6 3.9 0.00 

0.030 24.4 4.8 0.01 

0.057 22.9 5.3 0.03 

0.113 19.5 6.4 0.31 

 0.363 9.7 10.9 0.61 

Note: eini, initial void ratio; econs, void ratio after consolidation; damping ratio 
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8.4 Analysis and Discussion of Go 

Based on this study and previous studies, there were inconsistencies between the
oG results 

obtained using different laboratory techniques (Cavallaro et al. 2003; Szilvágyi et al. 2016; 

Bedr et al. 2019). Based on previous results (Fig. 8.2),  the RC measurements showed higher 

values of 
1sV   compared to P RAT . Several researchers reached the same conclusion after 

comparing the RC  results using different techniques such as bender element ( )BE , cyclic 

torsional shear ( )C TS , and DSS (Cavallaro et al. 2003; Szilvágyi et al. 2016; Bedr et al. 

2019). 

Generally, the interpretation of the RC  test is generally based on the method of wave 

propagation in a cylindrical elastic rod (Timoshenko et al. 1974; Richart et al. 1970). Because 

the analyses of RC  tests are based on the assumption that the behavior of the soil is linear 

and elastic, the analyses of the test data are strictly valid only within the region of very small 

strains (Isenhower 1979). Jardine (1992) described the soil stress-strain behavior of soil under 

monotonic loads in normalized stress space, and divided the behavior into three zones: I) 

linear elastic zone, which corresponds to the region where the soil exhibits perfectly linear 

elastic behavior; II) recoverable zone, where the stress–strain behavior is non–linear, but 

complete load–unload cycles show full recoverable behavior , and III) plastic zone 

(irrecoverable strains). However, Jardine (1992) explained that it is difficult to prove that an 

almost constant value of 
oG  exists when 

410 %  , and the zone of full elastic behavior is also 

very small (Jardine 1992).  

As a discrepancy exists between the assumption of the RC interpretation method and the 

actual behavior of the granular soil, there is no doubt that it could be a reason for the higher 

values of 
oG obtained using the RC test technique than those in other techniques. Because of 

nonuniform behavior of the soil, the load applied at the top of the RC specimens will not 

propagate entirely through the total length of the soil specimen due to the loss of contact 

between soil particles. Thus, the length L in Eq. (8.2) should be reduced to the effective length 

(which is previously unknown), and consequently, the estimated values of 
oG  will decrease. 
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Additionally, a disadvantage of the RC  test method is that the stress–strain distributions are 

different in the radial and longitudinal directions of the horizontal plane of a soil specimen 

during torsional loading (Richart et al. 1970; Sasanakul and Bay 2008). During the RC  tests, 

the shear strain increases from zero at the rotation axis to the maximum value at outer 

perimeter of the sample. Chen and Stokoe (1979) developed method called the equivalent 

radius approach for solving this problem. In this approach, it is assumed that the 

representative stress and strain in the soil specimen in torsion exists at a radius called the 

equivalent radius ( )eqr , which is a ratio of specimen radius ( )r . The relationship is expressed 

as follows: 

max% %eqr                                                            [8.5]     

where 
max is the maximum strain at the specimen perimeter, and eqr = 0.8 r (ASTM D 4015). 

According to Chen & Stokoe (1979), eqr  ranges from 0.76 r to 0.82 r. However, the equivalent 

radius approach has limitations (Sasanakul and Bay 2008), as follows: 1) using a single value 

of eqr over a broad range of strain leads to inaccuracies in both the stress and strain for RC  

testing; 2) this approach is limited to 0.1%  ; and 3) the facts that different soils begin to 

exhibit nonlinear behavior at different strain levels, and eqr  should be decreases at strains 

where the soil begins to behave nonlinearly, are ignored in the eqr  approach. Sasanakul and 

Bay (2008) used the stress integration approach to develop an accurate analysis technique for 

evaluating the eqr  over any range of strains during RC  tests. They established a eqr 

relationship considering soil nonlinearity and found that eqr  should be decreased with an 

increase in the strain level.  

As the RC  test is a widely used method for plotting modulus reduction curves for soils, it is 

critical to investigate and correct every source of error that might affect the RC  results. In 

an ongoing study, experimental, analytical, and numerical programs will be conducted to 

investigate the different sources of error obtained during RC  tests and apply some correction 

procedures. Nevertheless, it is recommended that the value of 
oG  obtained using other 
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methods, such as P RAT , should be used as a reference for correcting the 
oG . The most 

significant advantage of piezoelectric techniques (i.e., bender elements, shear plates, 

P RAT ) is that the shear wave velocity is directly measured without any hypothesis and 

definitely at very low strain.  

8.5 Analysis and Discussion of GLog () Relationship 

Most of the researchers employed more than one laboratory technique to estimate the G  

values over a broad range of strains, as each apparatus is applicable to a limited strain range. 

On the one hand, Torsional shear ( )TS , and RC  are widely used in the laboratory for small 

to medium strains; on the other hand; CTX , and simple shear tests are usually applied for 

medium to large strains (e.g., Alarcon-Guzman et al. 1989; Vucetic and Dobry 1991; 

Darendeli 2001; Zhang et al. 2005; Vardanega and Bolton 2013). However, combining 

different results of the ( )G Log  relationship obtained using more than one apparatus could 

lead to discontinuous values of G  within a narrow strain range (Figs. 8.8-a, b, and c).  
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Figure 8.8 – Shear modulus (G) as a function of shear strain () obtained from P-RAT, RC 

and DSS, a) Id  35%, b) Id  62%, and c) Id  85%. 

 

Figure 8.8 (Follow)– Shear modulus (G) as a function of shear strain () obtained from P-

RAT, RC and DSS, a) Id  35%, b) Id  62%, and c) Id  85%. 

Figs. 8.8-a, b, and c show  the experimental results of the RC and DSS  tests; it is clear that 

there is a gap between RC  and DSS  results (the dotted line in Figs. 8.8-a, b, and c) which 

leads to a sudden decrease in G  values over a narrow strain range (0.02% 0.05%)  . This 
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abrupt drop was not noticeable in the ( )G Log   curves plotted using a single apparatus 

(Seed et al. 1986; Okur and Ansal 2007; Lanzo et al. 2009). Hence, this drop is attributed to 

the difference in the used measurement methods. Therefore, it is necessary to modify and 

correct the results of RC  and/or DSS  tests results minimize the inconsistency between G  

values.  

8.5.1 Analytical and Numerical Analyses of RC results 

The interpretation of the RC  test results is based on a linear elastic assumption. Contact 

mechanics theories suggest that, due to microyielding at the edges of the particle contacts, the 

behavior of normally consolidated, unbounded, particles under both shear and normal forces 

should be gradually nonlinear from even such negligibly small strains (Bowden and Tabor 

1964; Johnson 1985). Kuwano and Jardine (2002) concluded that the granular materials 

exhibit linear behavior within a very narrow strain range, and nonlinearity and plastic 

straining have significant effects on the ground movement that develops in most practical 

geotechnical engineering problems. 

An analytical analysis was conducted to plot the response curve of a cylinder under a torsion 

loading system (Fig. 8.9-a) to interpret the RC results. 

The area was divided into N elements, as follows: 

1
*

n N

total nn
F S 


                                                        [8.6] 

 where Ftotal is the total shear force; Sn is the elementary surface area of the specimen cross-

section; and  is the shear stress. Each element has a radius of R (Fig. 8.9-a), and the area of 

each element Sn was equal to: 

2 2

2 2 2 2

2

( ( 1) ) ( )

[( 1) ] 2( 1) ( ) 2( )

[( 2 1) 2 ]

nS R n R R n R
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The average shear stiffness of the system could be calculated using the following equation:  

1

1 1n N

navg nG G





                                                           [8.10]      

The upper and lower degradation curves proposed by Seed and Idriss (1970) for granular soils 

were employed as an input data (Fig 8.9-a), and the system response curves were then plotted 

using values obtained from Eqs. (8.9) and (8.10). We observed that the system response 

curves overestimated the 
0

( )
G

Log
G

  relationship (Fig 8.9-a). The reason for the difference 

between the input and the output is attributed to the assumption of linear systems. In addition,  

from the curve, it is evident that the deviation in results for the upper limit curves, which are 

considered to be more nonlinear than the lower limit curves, is higher than the deviation of 

lower limit curves. This observation confirmed the inaccuracy in the interpretation of G  in 

the torsional shear mode, particularly at medium and high shear strain amplitudes. Therefore, 

a correction should be applied to the RC  results to reflect the nonlinearity effect. 

Furthermore, numerical analysis was conducted using FLAC3D (Itasca, 2013) to simulate the 

dynamic response of the soil in an RC device. A full-scale soil sample having a diameter of 

500 mm and a hight of 100 mm was simulated. The mesh size in the propagation direction 

was set to lower than one-tenth of the minimum wavelength of the propagating wave to 

prevent the numerical distortion that could occur in the dynamic analysis (Kuhlemeyer and 

Lysmer 1973). The head of the specimen was connected to the drive mechanism, which is 

consists of an aluminum plate with four equidistant-spaced arms (cross-arms). Excitation in 

the form of harmonic waves was applied at each node of the drive mechanism. Additional 

details of the model, including the model description and validation, were explained by 
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Lashin et al. (2018). Excitation waves were then applied, and the frequency was varied until 

the system resonant frequency was attained. The SIG-4 model was used to simulate the 

variation in 
0

( )
G

Log
G

 .  

The SIG-4 model parameters estimated according to xT S S  results, as previously explained for 

Ottawa F-65 sand with Id85%, were used as the input in this simulation (see Table 8.2). Fig. 

8.9-b shows the 
0

( )
G

Log
G

  relationship for the input SIG-4 model, the RC experimental 

results, the analytical system response, and the numerical output. Fig. 8.9-b shows the 

compatibility between both numerical and the analytical analyses and the experimental 

results. This difference between the input and output curves for the used model confirms that 

the linear interpretation assumption for the RC system cannot be considered the most suitable 

hypothesis. From these analyses, it is clear that the results of the RC are intrinsically 

inconsistent due to the nonlinear behavior of soils, and consequently, the RC results should 

be corrected accordingly. 
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Figure 8.9 – Mathematical illustration of the torsional system output, and b) comparison 

between different methods to estimate the Ottawa F-65 sand degradation curve.  

 

Figure 8.9 (Follow) – Mathematical illustration of the torsional system output, and b) 

comparison between different methods to estimate the Ottawa F-65 sand degradation curve.  

8.5.2 DSS results 

The DSS  results showed compatibility with the applied SIG-4 model, especially for strains  

0.1%. However, for the strains lower than 0.1% (Figs. 8.8-a, b, and c), the DSS  values were 

lower than those of the other methods. In addition to the effect of DSS  stacked rings on oK  

and 'm  mentioned previously, the effect of the friction between the stacked rings should be 

considered, even if the effect is minimal; particularly, at the small strains when the applied 

stress could not overcome this friction, but then this effect becomes slight with the increase 

in the applied strain, and therefore, the applied stress. Baxter et al. (2010) investigated this 

effect by replacing the stacked rings with reinforced membranes; they noticed that the 

estimated G values changed. Nonetheless, this effect remains unclear. Furthermore, DeGroot 
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et al. (1994) demonstrated that the nonuniformity imposed on the DSS  device tends to 

underestimate the shear stress, and therefore, underestimates the measured G . Consequently, 

it appears that the results obtained using the DSS  device should be used with caution, 

particularly at small shear strain amplitudes. 

8.5.3 Corrected GLog () Curves 

The results of all the utilized methods were plotted for different relative densities (Figs. 8.10-

a, b, and c). The initial modulus ( )oG values obtained through the RC tests were corrected 

based on the P RAT results to overcome the elasticity problem in the RC  interpretation 

assumption. Subsequently, in an attempt to modify the RC  results at the different strain 

levels and solve the nonlinearity problem, the ratio between the input SIG-4 model and system 

response curve (Fig.8.9-b) was considered as an approximate correction ratio to modify the 

RC  results.  

 

Figure 8.10 – Corrected Shear modulus (G) as a function of shear strain () from different 

experimental methods, a) Id  35%, b) Id  62%, and c) Id  85%.  
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Figure 8.10 (Follow) – Corrected Shear modulus (G) as a function of shear strain () from 

different experimental methods, a) Id  35%, b) Id  62%, and c) Id  85%.  
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From Figs. 8.10-a, b, and c, we can observe the compatibility between the proposed SIG-4 

models and the corrected RC  results. In addition, the connection of he RC  results with the 

DSS results become smoother and more reasonable. Also, even as the DSS test is an anisotropic 

test, and 
xT S S test is an isotropic test, however, both results showed a good compatibility. 

The correspondence between DSSand 
xT S S  results, because during the DSSshearing, the

oK  

value gradually increases up to the unity while maintains constant in the
xT S S (e.g. Ishihara 

and Li 1972; Dyvik and Zimmie 1983). Moreover, the gap between the shear modulus results 

using different techniques is also observed in the measurements of the damping ratio (Fig. 

8.11). It is fair to mention that an extensive investigation is still required to adjust and correct 

both the shear modulus and damping ratio obtained from RC . An ongoing study with further 

details will be concluded soon to explain this correction. 

 

Figure 8.11 – Damping ratio () versus shear strain () obtained from RC, TxSS and DSS 

tests, for different relative densities.  
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8.6 Conclusions 

This paper presents the results of experimental work carried out on Ottawa F-65 clean sand 

using different laboratory techniques ( P RAT , RC ,
xT S S , and DSS ) to establish a precise 

( )G Log  degradation curve for clean sands. For the initial shear modulus ( )oG , the P RAT

considered a suitable technique for estimating the oG  for clean sand with high accuracy as it 

is a direct measurement technique without any hypothesis. On the contrary, the RC test, which 

is based on a back-analysis procedure, shows higher values of 
oG . 

The experimental results show a clear gap between RC and DSS results lead to a discontinuous 

transition in  G   over different strain levels (Figs. 8.8-a, b, and c). Analytical and numerical 

analyses were used to recognize the RC outcomes, showed that the linear elastic system 

considered for the RC results interpretation, as well as the non-uniform deformation along the 

RC specimens, are clearly affected the RC results. Corrections are then proposed for RC

results based on both analytical and numerical analyses, which are relatively improving the 

degradation curve. The proposed sigmoid function SIG-4 model; used to predict the cyclic 

soil response over a wide range of strains based on 
xT S S  results; showed compatibility with 

the corrected results obtained from other apparatus. 



 

CHAPTER 9  

CONCLUSIONS AND RECOMMENDATIONS 

9.1 Conclusions 

This study correlated the “dynamic” small-strain modulus to the “static” large-strain stiffness 

modulus. Twenty-two different granular soils were employed to correlate the large deformation 

static constrained modulus (Moedo) to the shear wave velocity (Vs) and/or small-strain shear 

modulus (Go). The experimental results achieved in this study show good agreement with the 

most widely utilized correlations from the literature. The Moedo, Go, and Vs of the tested soils 

were also formulated as functions of the void ratio (e) and the relative density (Id). The 

following additional conclusions were drawn: 

1. The proposed Eq. 4.5 and Fig. 4.7 show that, for a given void ratio, the normalized Vs1 

values are significantly influenced by the variation of the physical parameters of the soil 

tested. 

2. The proposed Eq. 4.10 and Figs. 4.12–4.15 show that, for a given relative density, 

Moedo/Go is significantly influenced by the variation of the physical parameters of the soil 

tested. 

3. Increase of fines content and variation of soil minerals may affect the trend behaviors of 

Moedo/Go with the development of Id, as illustrated in Table 4.3. 

4. Correlations between small- and large-strain moduli of granular soils can be used to 

evaluate the large-strain behavior beneath footings on granular materials from the direct 

in situ Vs measurement, which may represent the real behavior of subsoils without any 

disturbance. Also, for projects with limited budgets (which could be exposed to dynamic 

loads or located in active seismic areas), the current correlations can be used to evaluate 

the low-strain shear modulus (Go) from conventional inexpensive laboratory tests. 

5. Geotechnical designers can utilize the proposed correlations for estimating the allowable 

foundation bearing pressure with regard to variation of soil physical parameters. 
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In addition, to correlate the “dynamic” small-strain modulus to the “static” large-strain stiffness 

modulus of rockfill, an experimental work carried out on four rockfill combinations material 

having the same nature as those used in the construction of Romaine II dam to establish the 

correlation between the Duncan-Chang initial modulus at large deformation (Ei) and the shear 

wave velocity (Vs). Moedo and Vs of the tested soils were obtained using the P-RAT incorporated 

into the oedometer apparatus with 28 cm diameter and 9 cm height cell as functions of the 

soil’s void ratio (e) and its relative density (Id). The P-RAT results show compatibility with the 

MMASW measurements of the Vs1 in the field. A finite differences model using the computer 

code, FLAC2D has been used in this study to establish a numerical model based on the Duncan-

Chang hyperbolic model to obtain oedometric curves. The model has been validated using two 

triaxial tests data.  

Through careful study, a direct relation between Ei and Vs1 has been proposed for rockfill soils, 

the FLAC oedometric curves based on the proposed (Ei-Vs) relation showed a good agreement 

with the curves obtained from the field deformation measurements during the construction of 

Romaine II dam. The construction of such relations would contribute to the geotechnical 

community in predict accurately, from in-situ Vs measurement (e.g., MMASW), the Duncan-

Chang modulus Ei related to the minor principal stress 3; required for numerical modeling of 

various rockfill structures, and therefore estimate accurately its deformation and sequentially 

evaluate and control the in-situ rockfill compaction. It is fair to mention that the proposed 

relation of the current study is limited to the used rockfill characteristics (D50 and Cu ranges). 

Further wok is necessary to generalize the finding of the current study. 

Furthermore, as the RC apparatus has great limitations and various sources of error related to 

interpretation method, equipment and specimen compliance, and non-uniform stress/strain 

distribution (Drenvich 1978; Isenhower 1979; Scholey et al. 1995; Ishihara 1996; Sasanakul 

and Bay 2008; Bui 2009; Lashin et al. 2018). A three-dimensional finite differences model 

using the computer code, FLAC3D has been used to simulate the soil response in the resonant 

column test. An attempt was made to examine the influence of the driving mass, the geometry 

of the specimen, the mode of vibrations, and the boundary conditions on RC test results. It was 

found that: 
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6. For massless driving system (I0=0), the well-known equation (Vs= 4 n h) is not applicable 

for the case of torsional vibration mode. 

7. Using the equation (  tan
0


I

I ) to evaluate the shear wave velocity, Vs, from the 

resonant frequency is useful only when the driving mass inertia > twenty two times the 

sample inertia (I/I0 < 0.045). 

8. The modified hyperbolic model for estimating the damping curve gives a very good 

fitting with the current numerical results, while the hyperbolic model generally 

overestimates the damping ratios. 

Moreover, this study investigated the estimation of ( )G Log  degradation curve over different 

strain levels for clean sands using different laboratory techniques. As the laboratory techniques 

differ one each other depending on the boundary conditions applied to the specimen (e.g. stress 

state, drainage, strain rate, etc.) and interpretation criteria (Cavallaro et al. 2003), also there is 

a lack of agreement between the G obtained from different techniques was observed through 

the literature (e.g. Cavallaro et al. 2003; Szilvágyi et al. 2016; Bedr et al. 2018).  

Experimental work carried out on Ottawa F-65 clean sand using different laboratory techniques 

( P RAT , RC ,
xT S S , and DSS ) to establish a precise ( )G Log  degradation curve for clean 

sands. For the initial shear modulus ( )oG , the P RAT considered a suitable technique for 

estimating the oG  for clean sand with high accuracy as it is a direct measurement technique 

without any hypothesis. On the contrary, the RC test, which is based on a back-analysis 

procedure, shows higher values of 
oG . 

The experimental results show a clear gap between RC and DSS results lead to a discontinuous 

transition in  G   over different strain levels (Figs. 8.8-a, b, and c). Analytical and numerical 

analyses were used to recognize the RC outcomes, show that the linear elastic system 

considered for the RC results interpretation, as well as the non-uniform deformation along the 

RC specimens, are clearly affected the RC results. Corrections are then proposed for RC

results based on both analytical and numerical analyses, which are relatively improving the 

degradation curve. The proposed sigmoid function SIG-4 model; used to predict the cyclic soil 
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response over a wide range of strains based on xT SS  results; showed compatibility with the 

corrected results obtained from other apparatus. 

Finally, the most important feature of this study its practical applicability in the geotechnical 

field, it could help the geotechnical researchers and designers to: 

 Evaluate the large-strain behavior beneath footings on granular materials from the direct 

in situ Vs measurement, which may represent the real behavior of subsoils without any 

disturbance. 

 Evaluate the low-strain shear modulus (Go) from conventional inexpensive laboratory 

tests for projects with limited budgets. 

 Estimate the allowable foundation bearing pressure with regard to variation of soil 

physical parameters. 

 Predict accurately, from in-situ Vs measurement, the Duncan-Chang modulus Ei related 

to the minor principal stress 3; required for numerical modeling of various rockfill 

structures, and therefore  

 Estimate accurately the rockfill deformation and sequentially evaluate and control the in-

situ rockfill compaction.  

 Establish an accurate GLog () degradation curve for clean sands. 

9.2 Recommendations for Future Work 

Results of the current research consider a promising step toward understanding and evaluating 

the different experimental methods to measure the strain-dependent shear modulus of granular 

soils and correlating the small and large strain moduli. However, additional efforts are still 

recommended based on the findings of the current study to cover the following points: 

 Establish a correlation between soil allowable bearing capacity and small strain modulus. 

 Investigate the influence of the non-uniform stress/strain distribution on RC test results 

through both experimental and numerical program. 
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 The proposed relation between Ei and Vs1 for rockfill soils of the current study is limited 

to the used rockfill characteristics (D50 and Cu ranges). Further wok is necessary to 

generalize the finding of the current study. 

 Produce a suitable correction process to correct the shear modulus obtained from RC 

using experimental, analytical, and numerical program. 

 Investigate and adjust the damping ratio obtained from RC. 

 Study the variation of vertical effective stress during the DSS shearing and its effect on 

Ru, then propose a correction for DSS interpretation. 

The French version of this section is presented below: 

9.3 Conclusions 

Cette étude a corrélé le module de petite déformation « dynamique » au module de rigidité de 

grande déformation « statique ». Vingt-deux sols granulaires différents ont été utilisés pour 

corréler le module de contrainte statique à grande déformation (Moedo) à la vitesse de l'onde de 

cisaillement (Vs) et / ou au module de cisaillement à petite déformation (Go). Les résultats 

expérimentaux obtenus dans cette étude montrent une cohérence avec les corrélations les plus 

utilisées de la littérature. Les Moedo, Go et Vs des sols testés ont également été formulés en 

fonction de l’indice des vides (e) et de la densité relative (Id). Les conclusions supplémentaires 

suivantes ont été tirées: 

1.  L'équation proposée. 4.5 et Fig. 4.7 montrent que, pour un indice des vides donné, les 

valeurs Vs1 normalisées sont significativement influencées par la variation des 

paramètres physiques du sol testé. 

2. L'équation proposée. 4.10 et Figs. 4.12–6.15 montrent que, pour une densité relative 

donnée, Moedo / Go est significativement influencé par la variation des paramètres 

physiques du sol testé. 
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3. L'augmentation de la teneur en fines et la variation des minéraux du sol peuvent affecter 

les comportements de tendance de Moedo / Go avec le développement de Id, comme illustré 

dans le tableau 4.3. 

4. Les corrélations entre les modules de petite et grande déformation des sols granulaires 

peuvent être utilisées pour évaluer le comportement à grande déformation sous les 

semelles sur les matériaux granulaires à partir de la mesure directe in situ de Vs, qui peut 

représenter le comportement réel des sous-sols sans aucune perturbation. En outre, pour 

les projets aux budgets limités (qui pourraient être exposés à des charges dynamiques ou 

situés dans des zones sismiques actives), les corrélations actuelles peuvent être utilisées 

pour évaluer le module de cisaillement à faible déformation (Go) à partir d'essais de 

laboratoire conventionnels peu coûteux. 

5. Les concepteurs géotechniques peuvent utiliser les corrélations proposées pour estimer 

la contrainte admissible des fondations en ce qui concerne la variation des paramètres 

physiques du sol. 

De plus, pour corréler le module de petite déformation « dynamique » au module de rigidité de 

grande déformation « statique » de l'enrochement, un travail expérimental réalisé sur quatre 

types de matériaux d'enrochements de même nature que ceux utilisés dans la construction du 

barrage de la Romaine II pour établir la corrélation entre le module initial de Duncan-Chang à 

grande déformation (Ei) et la vitesse de l'onde de cisaillement (Vs). Moedo et Vs des sols testés 

ont été obtenus en utilisant le P-RAT incorporé dans l'appareil œdomètre avec une cellule de 

28 cm de diamètre et 9 cm de hauteur en fonction de l’indice des vides sol (e) et de sa densité 

relative (Id). Les résultats du P-RAT montrent une compatibilité avec les mesures MMASW du 

Vs1 sur le terrain. Un modèle à différences finies utilisant le code informatique, FLAC2D a été 

utilisé dans cette étude pour établir un modèle numérique basé sur le modèle hyperbolique de 

Duncan-Chang pour obtenir des courbes œdométriques. Le modèle a été validé à l'aide de deux 

d'essais triaxiaux. 

A travers une étude approfondie, une relation directe entre Ei et Vs1 a été proposée pour les sols 

d'enrochement. Les courbes œdométriques FLAC basées sur la relation proposée (Ei-Vs) ont 

montré une bonne concordance avec les courbes obtenues à partir des mesures de déformation 

in-situ lors de la construction du barrage la Romaine II. La construction de telles relations 
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contribuerait à la communauté géotechnique en prédisant avec précision, à partir de la mesure 

Vs in-situ (par exemple, MMASW), le module de Duncan-Chang Ei lié à la contrainte principale 

mineure 3; nécessaire pour la modélisation numérique de diverses structures d'enrochement, 

et par conséquent estimer avec précision sa déformation et évaluer et contrôler 

séquentiellement le compactage d'enrochement in situ. Il est nécessaire de mentionner que la 

relation proposée dans l'étude actuelle est limitée aux caractéristiques d'enrochement utilisées 

(gammes D50 et Cu). Un travail supplémentaire est nécessaire pour généraliser les conclusions 

de l'étude actuelle. 

De plus, comme l'appareil CR a des limites importantes et diverses sources d'erreur liées à la 

méthode d'interprétation, à la conformité de l'équipement et des échantillons, et à la distribution 

non uniforme des contraintes déformations (Drenvich 1978; Isenhower 1979; Scholey et 

al.1995; Ishihara 1996; Sasanakul et Bay 2008 ; Bui 2009; Lashin et al.2018), un modèle à 

différences finies en trois dimensions utilisant le code informatique, FLAC3D a été utilisé pour 

simuler la réponse du sol dans le test de la colonne résonnante. Une étude a été faite pour 

examiner l'influence de la masse motrice, la géométrie de l'éprouvette, le mode des vibrations 

et les conditions aux limites sur les résultats des essais CR. Il s'est avéré que: 

6. Pour le système d'entraînement sans masse (I0 = 0), l'équation bien connue (Vs= 4 n h) 

n’est pas applicable pour le cas du mode de vibration de torsion. 

7. L'utilisation de l'équation (  tan
0


I

I ) pour évaluer la vitesse de l'onde de 

cisaillement, Vs, à partir de la fréquence de résonance n'est utile que lorsque l'inertie de 

la masse motrice> vingt-deux fois l'inertie de l'échantillon (I/I0 <0,045). 

8. Le modèle hyperbolique modifié pour l'estimation de la courbe d'amortissement semble 

cohérent avec les résultats numériques actuels, tandis que le modèle hyperbolique 

standard surestime généralement les rapports d'amortissement. 
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En outre, cette étude a étudié le comportement de la courbe de dégradation (G/Go) avec 

différentes amplitudes de déformation pour des sables propres à l’aide de différentes techniques 

de laboratoire. Comme les techniques de laboratoire diffèrent les unes des autres en fonction 

des conditions aux limites appliquées à l'échantillon (par exemple, état de contrainte, conditions 

de drainage, amplitude de déformation…etc.) et des critères d'interprétation (Cavallaro et 

al.2003), les estimations de G diffèrent d’une manière significative selon les techniques utilisés 

(par exemple Cavallaro et al.2003; Szilvágyi et al.2016; Bedr et al.2018).  

 

Cet article présente les résultats de travaux expérimentaux réalisés sur du sable propre F-65 

d'Ottawa en utilisant différentes techniques de laboratoire ( P RAT , CR , xT SS , and DSS ) 

pour établir une courbe de dégradation d’une manière précise pour les sables propres. Pour le 

module de cisaillement initial, on a considéré que le P RAT  est une technique appropriée 

pour estimer oG  du sable propre avec une grande précision; car c'est une technique de mesure 

directe sans aucune hypothèse. Au contraire, le test, la colonne de résonance qui est basé sur 

une procédure de rétro-analyse, montre des valeurs plus élevées de oG . 

Les résultats expérimentaux montrent un écart clair entre les résultats du CR et DSS conduisent 

à une transition discontinue de la courbe ( )G Log  à des niveaux de déformation différents 

(figures 8.8-a, b et c). Des analyses analytiques et numériques ont été utilisées pour interpréter 

les résultats du CR, ont montré que le système élastique linéaire considéré pour l'interprétation 

des résultats du CR, ainsi que la déformation non uniforme le long des échantillons, ont 

clairement affectés les résultats. Des corrections sont alors proposées pour les résultats du CR 

basés à la fois sur des analyses analytiques et numériques, qui améliorent relativement la courbe 

de dégradation. Le modèle proposé de la fonction sigmoïde SIG-4; utilisé pour prédire la 

réponse cyclique du sol sur une large gamme de déformation basé sur résultats du xT SS ; ont 

montré une compatibilité avec les résultats corrigés obtenus à partir d'autres appareils. 

Enfin, la caractéristique la plus importante de cette étude est son applicabilité pratique dans le 

domaine géotechnique, c’est qu’elle pourrait aider les chercheurs et concepteurs géotechniques 

à: 

 Établir une courbe de dégradation précise et correcte (G/Go) pour les sables propres. 
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 Évaluer le comportement à grande déformation sous les semelles sur les matériaux 

granulaires à partir de la mesure directe in situ de Vs, qui peut représenter le 

comportement réel des sous-sols sans aucune sollicitation. 

 Évaluer le module de cisaillement à faible déformation (Go) à partir d'essais de 

laboratoire conventionnels peu coûteux pour des projets aux budgets limités. 

 Estimer la pression admissible sur les fondations en fonction de la variation des 

paramètres physiques du sol. 

 Prédire avec précision, à partir de la mesure Vs in-situ, le module de Duncan-Chang 

Ei lié à la contrainte principale mineure 3; nécessaire pour la modélisation numérique 

de diverses structures d'enrochement, et donc 

 Estimer avec précision la déformation de l'enrochement et évaluer et contrôler 

séquentiellement le compactage de l'enrochement in situ. 

9.4 Recommandations pour les travaux futurs 

Les résultats de la recherche actuelle sont considérés comme une étape prometteuse vers la 

compréhension et l'évaluation des différentes méthodes expérimentales pour mesurer le module 

de cisaillement dépendant de la déformation des sables propres et corréler les petits et grands 

modules de déformation. Cependant, des efforts supplémentaires sont toujours recommandés 

sur la base des résultats de l'étude actuelle afin couvrir les points suivants: 

 Établir une corrélation entre la capacité portante admissible du sol et le module de 

cisaillement initial. 

 Étudier l'influence de la distribution non uniforme des contraintes / déformations sur 

les résultats des tests CR par le biais d'un programme expérimental et numérique. 

 La relation proposée entre Ei et Vs1 pour les sols d'enrochement de l'étude actuelle est 

limitée aux caractéristiques d'enrochement utilisées (gammes D50 et Cu). Un travail 

supplémentaire est nécessaire pour généraliser les conclusions de l'étude actuelle. 
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 Produire un processus de correction approprié pour corriger le module de cisaillement 

obtenu à partir de CR en utilisant un programme expérimental, analytique et 

numérique. 

 Examinez et ajustez le rapport d'amortissement obtenu de CR. 

 Étudier la variation de la contrainte effective verticale lors du cisaillement DSS et son 

effet sur Ru, puis proposer une correction pour l'interprétation DSS. 
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