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Résumé 

La présente étude émerge d'un besoin actuel de l'industrie aéronautique, spatiale et 

automobile pour des approches numériques précises et rapides dévouées à l'estimation du 

comportement vibro-acoustique des structures composites, sandwich et les traitements 

viscoélastiques. 

La structure est modélisée en utilisant une approche d'onde appliquée aux configurations 

multicouches comme: laminée composite symétrique, sandwich composite symétrique et 

laminé général symétrique ou non symétrique et sandwich composite en plus de 

traitements viscoélastiques. Trois approches comportementales sont étudiées: stratifié à 

propriétés moyennées, sandwich à couches discrètes et stratifié général à couches discrètes. 

L'approche «stratifié à propriétés moyennées» est consacrée aux panneaux stratifiés 

composites symétriques et utilise des propriétés élastiques équivalentes calculées en 

moyennant ces propriétés des couches suivant l'épaisseur du panneau. L'approche 

«sandwich à couches discrètes» est consacrée aux panneaux sandwich composites 

symétrique et utilise des champs de déplacements individuels pour chaque couche. Les 

hypothèses classiques des panneaux sandwich à peaux épaisses sont adoptées. L'approche 

«stratifié général à couches discrètes» est adaptée aux panneaux composites laminées et 

sandwich à arrangement symétrique ou non symétrique des couches. Des champs de 

déplacements individuels sont employés pour chaque couche. Ces trois approches 

comportementales sont appliquées dans cette étude aux configurations de panneaux plans 

et courbes ainsi qu'aux poutres laminées. Les relations de dispersion développées pour 

chaque configuration sont résolues dans un contexte de problème aux valeurs propres 

polynomial. Ces solutions sont utilisées dans un contexte SEA pour calculer la vitesse de 

groupe, la densité modale, l'efficacité de rayonnement ainsi que les contributions 

résonnantes et non résonantes du coefficient de transmission. Les relations de dispersion 

sont utilisées pour le développement d'expressions générales pour calculer la fréquence 

d'anneau et les fréquences critiques. Dans le contexte des traitements viscoélastiques, 

l'impédance mécanique, la mobilité d'entrée, l'énergie de déformation ainsi que le facteur de 

perte équivalent sont calculées. Les approches présentées sont validées avec succès avec des 

résultats expérimentaux et des théories précédemment publiées. En plus de leur précision, 

les approches proposées sont rapides et générales. 



Abstract 

The present study emerges from a present industry need for accurate and fast 

numerical modeling approaches to estimate the vibro-acoustic behaviours of multilayered 

composite and viscoelastic treatments configurations. 

The structure is modeled using a wave approach applied to vanous multilayer 

configurations such as: symmetrical laminate composite, symmetrical sandwich composite 

and general symmetrical or unsymmetrical laminate or sandwich composite as well as 

viscoelastic treatments. Three behavioural modeling approaches are investigated: smeared 

laminate, discrete layer sandwich and general discrete layer laminate. Smeared laminate 

approach is devoted to symmetrical laminate composite panels and uses equivalent elastic 

properties computed by smearing out the layers' properties through the panel's thickness. 

Discrete layer sandwich approach is devoted to symmetrical sandwich composite panels 

and uses individual displacement fields for each layer. Classical assumptions of thick skins 

sandwich panels are adopted. General discrete laminate approach accommodates both 

laminate and sandwich composite panels of symmetrical or unsymmetrical layout. 

Individual displacement fields are used for each layer. These three behavioural modeling 

approaches are applied in the present work to fiat and curved panel configurations as well 

as laminated beams. Dispersion relations are developed for each configuration and solved 

in a generalized polynomial eigenvalue problem context. These solutions are used in a SEA 

framework to compute the group velocity, the modal density, the radiation efficiency as 

well as the resonant and non-resonant contributions to the transmission coefficient. 

Moreover, the dispersion relations are used to develop general expressions to compute the 

ring frequency and the critical frequencies. In the context of viscoelastic treatments 

modeling the mechanical impedance, the input mobility, the deformation energy as well as 

the equivalent loss factor are computed for several boundary conditions. 

The presented approaches are successfully validated with experimental results and 

previously published theories. In addition to their proven accuracy, the proposed 

approaches are quick and general. 
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Chapter 1 

Introduction 

1. 1. Interest of the study 

Laminate and sandwich composite panels are special modern structures, largely used in 

the aeronautics and aerospace industries. Considered in that context, in addition to their 

inherent complexity related to their composite character, these structures are characterized 

by a large three-dimensional scale. Moreover, the composite materials used for these 

constructions are generally lighter and stronger than most advanced aluminium alloys, 

which are prevalent in aerospace constructions. However, these qualities may lead to 

increased radiation efficiency and lower non-resonant transmission loss which unfortunately 

leads to higher interior noise levels. The prediction of sound transmission into such 

structures, and understanding the influence of their structural parameters, require a 

prediction tool that accounts correctly for various acoustic waves propagating in the 

structure. 

In this context, particular treatment configurations are dedicated to the acoustic and 

vibrations energy control. Such a control is performed by different ways. Multilayer 

poroelastic treatments are generally used to ameliorate the transmission loss and the 

acoustic absorption so as to control the interior noise levels. More complicated applications 

consist of constrained viscoelastic layered main structures with poroelastic treatments. The 

concept of vibration energy dissipation by controlling the resonance response of structures 

with viscoelastic layers is then augmented by the acoustic dissipation behaviours of the 

poroelastic treatment. 

As an example, damped multilayer structures in flat panel and beam configurations are 

largely used in experimental test setups (Oberst beam tests are an example) and industry 

applications. From the point of view of the arrangement of layers through the panel's 

thickness, these configurations are classified into (i) constrained and (ii) free layer ( of 

isotropie or laminate composite constitution) damping treatments. Such configurations 

have high damping efficiency when optimal transversal properties are chosen. Optimal 

layouts selection and their inverse characterisation are case-studies generally known for 
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Introduction 

their large requirements of computer resources. On the other band, for such studies, 

accounting for curvature, general layout-definition capabilities ( non case specific 

approaches), accuracy and fast convergence towards the solution are key requirements for 

the adopted modeling approach. 

It is of paramount importance to well understand the physical behaviours of such 

configurations (laminated or sandwich composite and viscoelastic laminates of flat or 

curved shape) and propose accurate, quick and general modeling tools to assist the 

optimization, prediction and design tasks of acoustics engineers. There lies the interest and 

the challenge of this study. 

Scientifically, this study tackles several interesting challenges: 

l. The structure is a curved composite of large dimensions, thick, and is excited by 

diffuse field. Law, mid and high frequencies accuracy of the modeling approach (up 

ta the audible limit) is the principal aim. 

These particularities, fostered SEA to be adopted for the modeling of such structures. 

A well validated SEA framework, adapted to the special case of laminated and 

sandwich composite panels of flat or curved shape, is proposed here. 

2. The problem of non-resonant contributions is treated in the literature as well 

known. H owever, asymptotical ameliorations have been recently proposed in the 

literature. These ameliorations are not general or are difficult ta extend. 

A well validated method to correct the non-resonant contributions is proposed here. 

This method uses a spatial windowing technique applied to the mass-controlled 

transmission coefficient. A special care was given to the speed of the execution of the 

method. Moreover, flat and curved panels of any multilayer configuration are 

supported by this approach. 

3. The structure is thick; its configuration is laminate or sandwich. 

Several challenges are encountered here. Flat and curved laminate panels must be 

accurately modeled. Flat and curved sandwich (with thin or thick skins) panels must 

also be accurately modeled. These four models must be compared and the differences 

discussed. 
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Introduction 

An approach which accurately models all these four cases must be proposed and 

compared with more complicated approaches accounting for transversal strain and 

stresses ( through thickness). 

Such a general discrete laminate model is presented here. It is successfully compared to 

spectral and classical finite elements methods as well as experimental results. 

4. Some commercial finite elements software uses a "smeared" laminate approach ta 

model the laminate and sandwich composite panels. 

This approach accommodates laminate lay-ups and uses "smeared" equivalent 

properties and shearing correcting factors. An exhaustive evaluation of this approach is 

imperative; comparisons with more complicated approaches may bring out the 

limitations of such an approach. 

Such a model is developed and evaluated with more complex approaches (such as 

laminate and sandwich with discrete layers) in the present study. 

5. Propose general relations ta compute the critical and ring frequencies in the case of 

laminate and sandwich curved composite panels. 

Critical and ring frequencies are important indicators largely used by practitioners in 

preliminary design steps. Their estimation is subject to simplified behavioural (such as 

pure bending) assumptions. More general and accurate methods to estimate such 

indicators are needed. Such general relations are proposed in the present work. 

6. Laminate and sandwich panels have multiple propagating waves. 

In the context of classical transmission loss set-up, it is not clearly indicated in the 

literature which of the propagating waves of a composite structure is most influential 

in the global result. The use of these propagating solutions of the dispersion relation is 

not indicated in the literature. 

These propagating wave solutions are calculated and their influence is discussed in the 

present work. 

7. Propose rules ta optimize the vibro-acoustic behaviours of composite panels. 

Parameter studies are of paramount importance to detect and decide the ways to 

ameliorate and optimize existing configurations. Such studies are possible only with 

well validated models. 

3 



Introduction 

A parameters study complementary to those excellent studies previously published in 

the literature is given here. 

8. The structure has viscoelastic layers. 

Several challenges are intended here. It must be proved here that the proposed discrete 

laminate model is accurate when high damping layers are present in the lay-up. This 

model should be applied to compute the equivalent damping loss factor of a structure. 

Note that this parameter is a key variable of the SEA framework. The discrete 

laminate model should be validated in that specific context (viscoelastic lay-up). 

1.2. Literature review 

1.2.1. Statistical Energy Analysis 

Statistical Energy Analysis, commonly referred to in the literature as SEA, is (as 

established in the original formulation) dedicated to the study of the high frequency 

dynamics of linear conservative vibro-acoustic systems. Developed in the early sixties to 

fulfil the aerospace needs in predicting the vibrational response of satellite vehicles and 

their payloads [1], the SEA represents a solid alternative to the deterministic approaches. 

At that time and nowadays, the special needs of the aerospace industry were and still are 

related to difficulties (in predicting the vibrational response) incurred by the high 

complexity of the launch vehicles' structures. On the other hand, these systems are 

characterized by very high fondamental frequencies, significantly active in the response, on 

the very broad frequency range of the excitation [1]. Moreover a third difficulty is related 

to the high complexity of the vibrational transmission paths involved in linking a great 

diversity of structure types. Such modeling difficulties have later been faced in many other 

industries ( due to the technological progress and the arrival of high-complexity 

constructions) such as aeronautics, automotive, naval, and railway. 

Modal and wave deterministic approaches from simple analytical idealisations to more 

complex and accurate numerical representations (finite elements) are used to predict the 

response of simple to mid-complexity type structures. Contemporary theoretical analysis of 

structural vibro-acoustic behaviours is increasingly oriented toward high-complexity 

systems and high frequencies. Detailed modeling of such structures is possible (at a certain 

level) due to the scientific advances and optimizations of the numerical computational 

methods. The fact remains that, even with large computational resources, such numerical 

tools are impractical beyond few hundred Hertz [1]. However, the large amount of 
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computational resources needed, the time expenses, and the limitations to low and mid-

frequencies are not the only reasons of failure of even the most advanced numerical 

deterministic tools. There is a fondamental physical reason associated to the uncertainty 

regarding the precise physical, dynamical and geometrical properties as well as the 

assembly and boundary conditions between each connected subsystem composing a 

complex structure. Those details are particularly important at high frequencies because of 

(i) the sensitivity of the resonance frequencies estimations to small physical and 

geometrical variations, (ii) the important influence of the structural damping distribution 

and (iii) the increase of the number of modes and their modal overlap. 

It can be justly concluded that the vibrational response of such systems could not be 

expressed by deterministic methods at high frequencies. In that context, the precision of 

such numerical deterministic tools is illusory at high frequencies and the use of large 

computational resources becomes unjustified [l]. One possible approach is the use of 

statistical means e.g. probabilistic expressions of the system's parameters, time-average 

vibrational energy - considered as primary variable, and time-average input power. Such 

approach is the SEA. 

The accuracy of this method is directly related to, and strongly influenced by the 

partitioning of such vibro-acoustic systems in (i) physical ( e.g. beam, plate, cavity, etc.) 

and (ii) abstract ( e.g. pure bending, traction-compression, torsion, shearing, etc.) 

subsystems [2]. 

The SEA is principally concerned with the distribution of energy in each subsystem; 

the main system energy is described by the energies of its resonant modes. Each subsystem 

is considered as a probabilistic realisation of an aleatory homolog subsystem. Moreover, in 

the SEA context the natural frequencies of a structure are not perceived as frequency 

singularities but as a modes population with statistical behaviours in a given frequency 

band [3]. 

The statistical description of the parameters defining the dynamic behaviour of a 

system allows a global representation of the vibro-acoustical problem. It avoids a detailed 

geometrical and mechanical-behavioural description of the physical subsystem as required 

by classical numerical modeling methods. Due to this global representation by statistical 

means, local properties and phase behaviour are lost. On the other hand, the method is 

simple to implement and requires low computing resources to predict the dynamic 

behaviours of high-complexity structural problems at high frequencies where classical 

numerical prediction methods are unsuccessful. 
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The fundaments of the SEA were presented for the first time by R.H. Lyon and G. 

Maidanik [4] in 1962. The approach was rapidly adopted and developed so as, in 1975, 

R.H. Lyon [5] published the first book on SEA which establishes the theoretical bases and 

assumptions of the method. Moreover, the developments of the SEA and an exhaustive 

presentation of the related works since the sixties to 1973 were reported. Consequently, 

reference [5] establishes the state of the art and knowledge on the SEA until 1975. The 

following decades have been prolific for SEA (C. Soize [2] selected 610 representative 

references and reported in 1987 an exhaustive bibliographie study on SEA from 1975 to 

1986). A decade later, in 1996, J.N. Pinder and M.G. Smith [1] propose a "Handbook for 

applications of Statistical Energy Analysis". These three remarkable contributions [1,2,5] 

are systematically referenced in the literature since their publication and represent 

excellent sources of information on the basic formulation, parameters, variables and 

developments of SEA. 

As a general rule, the contributions reported in the literature, related to the SEA, 

could be divided into two classes: (i) validations and applications (numerical and 

experimental) of the basic SEA formulation and (ii) extension and improvements of the 

basic SEA formulation. The later are oriented towards special real problems where the 

SEA's classical assumptions are not respected. In these later cases, less-restrictive 

assumptions are used and the SEA formalism is reformulated. 

In the following the SEA assumptions and a bibliographie study on the mam SEA 

parameters estimation are presented. A brief presentation of some extensions and 

improvements of the basic SEA formulation is also given. 

1.2.1.1. SEA assumptions 

The rules of applying and operating SEA can be grouped in a set of assumptions [2]: 

a) SEA is performed on frequency bands of central frequency w0 and bandwidth .1w. 

b) SEA is performed in permanent regime. 

c) The mechanical system of interest is partitioned into subsystems. Each subsystem 

considered separately is weak-dissipating and have a countable number of modes. 

d) The coupling between two subsystems is conservative. It is performed by mass, 

stiffness and gyroscopic behaviours. There are no coupling lasses. This also means 

that damping is small. 

e) The excitation of each subsystem is defined by frequency band; the excitations are 

statistically independent (uncorrelated) and randomly stationary. 
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f) The mean number of resonant modes of each subsystem must be large ( classically a 

minimum of five modes are required) for a given frequency band (see Ref. [1], 

Section 2.5.2.). This is a fondamental assumption in SEA and guarantees the 

statistical representation of the mean computed values. lt mainly assumes that any 

subsystem have to be reverberant. 

g) The averaged total energy in a frequency band is due to the contributions of the 

resonant modes in the band. 

h) The energy transmission between two coupled subsystems is performed only by the 

resonant modes of the two subsystems in the frequency band. 

i) The behaviours of a group of modes of a subsystem may be described by an 

average mode. These modes have the same energy level and have sensibly the same 

behaviours. 

j) The behaviours of resonant modes of a subsystem considered separately are not 

perturbed by the presence of a coupling with other subsystems. This is the 

assumption of weak coupling. 

The main parameters used in the Statistical Energy Analysis context are: the 

subsystems energies, the input power, the modal density, the dissipation loss factors 

(structural, acoustical) and the coupling loss factors. The variables used by SEA are space, 

time and frequency averaged. 

1.2.1.2. Application of SEA 

a. Calculating the total transmission loss by SEA means 

The following contains a literature review of the modeling of the transmission loss 

using SEA. A simple SEA acoustic transmission scheme consists of two reverberation 

rooms separated by the candidate panel. One of the rooms is excited by a diffuse field and 

the acoustic transmission problem is assumed to combine two ways of transmission 

contributions: resonant and non resonant transmission. A schematic of the studied problem 

is presented in figure 1. 

The acoustic rooms (cavities) are described by the systems 1 and 3 while the panel is 

identified as system 2. Two resonant transmission ways are described by I112 , TI23 while the 

non resonant contribution of the panel transmission is described by Il13 . 
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1 Th1 2 3 
.....0,.. Ilfüs1 ...Q_ l1iss3 

Figure 1. SEA acoustic transmission scheme. 

Cracker and Price [6] used statistical energy analysis to predict the sound transmission 

loss, the radiation resistance and the vibration amplitude of a partition. A black diagram 

representing energy flows between coupled systems of transmission suite, similar to the 

scheme represented in figure 1 was used. The mass law sound transmission was shown to 

be due to non-resonant modal vibration while the transmission in the coïncidence region 

was due to the resonant modal vibration. The modal behaviour of a panel was discussed. 

The resonant modes were divided in two classes: acoustically fast (with bending velocity 

greater than the speed of sound in air) and acoustically slow (having bending velocities less 

than the speed of sound). Previously, it has been shown by Maidanik [7] that acoustically 

fast modes have high radiation efficiency whilst the acoustically slow have low radiation 

efficiency. The acoustically slow modes were also divided in two groups: edge modes (with 

bending phase speed greater in one edge direction and less in the other direction than the 

sound speed) and corner modes (with bending phase speeds in both edge directions less 

than the speed of sound). 

In a similar manner to reference [6], the power flow relations associated to the schema 

represented in figure 1 are written as follows: 
3 3 

ndissl + L nlj - L njl = ninl 
j=2 j=2 

3 3 

ndiss2 + I:n2j - I:nj2 = O; j :;r:: 2 
j=l j=l 

2 2 

fldiss3 + Lfl3j - Lflj3 = Ü 
j=l - j=l 

The powers dissipated within a subsystem lldissI,2,3 and the powers exchanged between 

subsystems llii are defined in terms of dissipation loss factors rJi, coupling loss factors T/ii 

and the total energies Ei in the three subsystems by the following relations [6]: 

!
ndiss[j] = wryjEJ -

nij = wryijEi i += J 

Relations (1.2) are replaced in the system of equations (1.1); it results: 

8 
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lWrJ!El + WrJ12E1 + WrJ13E1 - WrJ21E2 = Jiinjl 

WrJ2E2 + WrJ23E2 + WrJ21E2 - WrJ12E1 = WrJ32E3 = 0 

WrJ3E3 + WrJ32E3 - WrJ23E2 - WrJ13E1 - 0 

(1.3) 

In relations (1.3), as represented in figure 1, the path of non-resonant transmission ll31 

from subsystem 3 to subsystem 1 is neglected. This assumption is correct since the energy 

of subsystem 3 is generally much less than that of subsystem 1. Moreover, subsystem 3 is 

assumed to dissipate completely the non-resonant transmitted power. The terms 

corresponding to energy exchanges in the first relation of system (1.3) are expressed in 

terms of the modal energy densities (ratio of the total energy Ei to the modal density ni) 

of each subsystem: 
El El E2 

WrJ1 El + WrJ12 n1 - + WrJ13 ni - - WrJ21 n2 - = IIinj1 
n1 n1 n2 

or, using the reciprocity relations of the SEA ( 'r/;jni = rJiinj ): 

El El E2 
WrJ1 El + WrJ12 ni - + WrJ13 n1 - - WrJ12 n1 - = IIinj1 

Tii n1 n2 
(1.4) 

Using a similar procedure, the second and third relations of the system (1.3) are 

expressed in terms of modal energy densities; it results in the following symmetric system 

of equations: 

(1.5) 

Writing the problem in that form (1.5) allows a symmetrical matrix representation of 

the linear system of equations. The panel 's modal energy density is expressed from the 

second relation of system (1.5) as follows: 

E2 [El E3 l 'r/rad 
-;;; = + 'r/2 + 2rJrad ; 

where, the equality 'r]21 = rJ23 = rJrad has been used, where rJrad represents the radiation loss 

factor. Assuming E1 / ni » E3 / n3 , (which means that the coupling power is completely 

dissipated in the receiving room and the reason for which the resonant coupling path ll32 
was neglected in Figure 1) the panel's modal energy density is written in the following 

form [6]: 

El 'r/rad 

ni 'r/2 + 2rJrad 
(1.6) 
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It should be noted that the radiation loss factor Tlrad is computed in reference [6] using 

the model proposed by Maidanik [7] to compute the radiation resistance of a panel. 

The total transmission loss of the panel is computed using the ratio of the total 

energies in the receiving, and the excitation rooms respectively [6]: 

[ sp l [E3 l [ Spc0 l TL= NR + 10log10 - = 10log10 - + 10log10 --- . 
A,, E1 4w173v; 

(1. 7) 

It is worth remembering that relation (1.7) was obtained using the following 

assumptions: (i) the excitation room accommodates a diffuse field and (ii) the receiving 

room dissipates both the transmitted non-resonant and resonant coupling powers (there is 

no power transmitted back to the structure or the source room). In relation (1. 7) SP is the 

area of the panel and A,, is the absorption area of the reception room. The ratio ( E3 / E1 ) 

in relation (1.7) is expressed in terms of modal densities and the loss factors of radiation, 

dissipation and non-resonant coupling as follows: 

E3 = T/13 + ( n2 / nl )TJ;ad / ( T/2 + 277rad) 
E1 T/3 + (n1 / n3 )7713 + (n2 / n3 )71raa 

(1.8) 

In relation (1. 7) the total transmission loss of a structure is defined as a function of the 

mean energies in the source and reception rooms as well as the area of the partition and 

the absorption area of the receiving room. This relation could also accommodate the 

special case of a cylinder submerged in a diffuse field. The reception subsystem will be in 

that case the cylindrical cavity. Such configuration is generally used to predict aircraft 

interior noise [8,9]. 

The Noise Reduction defined in relation (1.7) 

NR = 10 log10 [ !: ]-10 log10 [ ~] (1.9) 

is similar to the expression given in references [8,9], limited to the high frequencies: 

NR = lOloglO [a/4i + [Tnr + Tr r;2 1~i (1.10) 
ÀT 71rad T 

where, A is the surface of the panel, a/4i is the surface absorption of the receiving room, 

fi2 = 772 + 277rad is the sum of the space and band averaged radiation loss factor 71raa of the 

panel and its averaged structural loss factor f/2 ; Tnr is the field incidence non-resonant 

transmission coefficient (mass controlled), T,. 1s the diffuse field resonant transmission 

coefficient and T = Tnr + Tr. 

The resonant transmission coefficient is calculated from the radiation efficiency of the 

panel and its modal density using [10]: 

(1.11) 
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b. Non-resonant coupling loss factor 

Non-resonant contribution to the total transmission loss through a structure is 

accounted for using a fictive transmission path ll13 (see figure 1). The non-resonant 

coupling power is defined as a fonction of a coupling loss factor 7713 : 

(1.12) 

The partition is considered in this context as a junction transmitting vibration energy 

by its non-resonant modes controlled by mass. The incident power on the partition (from 

the diffuse field in the source room) is expressed classically as [3]: 
E1SPc0 II =---inc 4V, 

1 

(1.13) 

and the non-resonant transmission coefficient (referred to also as "mass law") of the 

partition is defined as: T 13 = ll13 / IIinc. Using Eqs. (1.12), (1.13) and ll13 = T 13 IIinc where 

T 13 is the non-resonant transmission coefficient, the following relation of the non-resonant 

coupling loss factor is obtained: 
c0 SP 

T/13 = T13 --
4w½ 

(1.14) 

The estimation of the non-resonant transmission coefficient is classical [3,6]. In the 

following, some important notions to be considered for the modeling of non-resonant 

contributions of curved and composite panels are presented. 

c. Non-resonant transmission coefficient of curved and composite panels [3,11] 

The principal phenomena concerning the resonant and non-resonant transmission as 

well as a comprehensive review on these matters were presented by Szechenyi [11]. The 

problem of the non-resonant transmission of a cylinder was solved by a simple geometrical 

argument. The contribution of the stiffness-controlled region was neglected and the sub-

coincident region was assumed to be a circular sector for frequencies below the ring 

frequency. A brief presentation of this contribution is given in the following. 

Non-resonant diffuse field transmission through cylinder walls was considered [11]. A 

solution by Smith [12] was used to compute the resonant response of the cylinder to diffuse 

sound. For the non resonant transmission, the standard flat plate theory, adapted to the 

particular vibration behaviour of cylinders, was used. 

In the frequency regions where the radiation efficiency is high, the resonant 

transmission is the principal source of radiation. Moreover, at frequencies where the 
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resonant radiation properties are weak, the transmission due to non-resonant vibrations 

can be important. 

In non-resonant transmission conditions, it is asserted that any incident acoustic wave 

will force the structure to vibrate with a flexural wavelength equal to the acoustic trace 

wavelength [11]. The non resonant transmission of any incident acoustic wave is (i) mass 

controlled - if the excitation frequency is greater than the natural frequency of the 

structural mode and (ii) stiffness controlled - if the excitation frequency is less than the 

structural natural frequency. If the excitation frequency is equal to the natural frequency 

of the structural mode, the transmission is resonant and the excitation is called coincident. 

As a general rule, below the critical frequency, isotropie flat panels transmit mass 

controlled vibration energy; all incident waves are sub-coincident. At and above the critical 

frequency, the coïncidence phenomena acting at resonance are high radiation-efficient. At 

those frequencies, non-resonant transmission becomes negligible. 

For a cylinder, below the ring frequency the non-resonant transmission is strongly 

dependent on the incidence direction of the acoustic wave (given in the diffuse field 

context by the pair of parameters 0 and cp ) . This is illustrated in Figure 2. For a given 

excitation frequency band (with wcen the center of the frequency band and w1 , w2 the 

frequency limits of the band), the acoustic and structural wave number curves are 

represented. It is observed that certain structural wavenumbers are coincident with the 

acoustic wavenumbers for frequencies below the ring frequency wring. 

kx 

0 

Super-coincident - Stiffness controlled 

Coincident - Resonant 

Wcen < Wring 

Wccn < Wcrit 

Figure 2. Super coincident, coïncident and sub-coincident wavenumber regions for a 

cylinder below the ring frequency. 

As illustrated in Figure 2, for a heading direction 'P and an incidence angle 0 , the 

forced wave number exciting the cylinder will be: 

• sub-coincident, if kJwceJ < k,(wi), the non-resonant transmission is mass-controlled; 

• coincident, if k,(w1 ) < kJwceJ < k,(w2 ), the transmission is resonant; 
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• super-coïncident, if ka(wceJ > ks(w1 ), the non-resonant transmission is stiffness-

controlled. 

Szechenyi solved the problem of the non-resonant transmission of the cylinder by a 

geometrical argument. The stiffness-controlled region contribution was neglected whereas 

the sub-coincident region was assumed to be of triangular shape. 

This geometrical assumption is acceptable for low frequencies but a detailed study of 

the structural wavenumber behaviours reveals an evolution tendency towards flat panel 

behaviours-type for increasing frequencies. Consequently, for frequencies approaching the 

ring frequency, the sub-coincident region can rather be assumed to be of quasi-

quadrilateral shape (see Figure 3). Considering Szechenyi's triangular shape assumption on 

the entire domain below the ring frequency, the sub-coincident area is grossly 

underestimated, thus the non-resonant transmission loss results are overestimated. 

Between the ring and the critical frequency region, all incident waves are sub-

coincident as illustrated in Figure 4. The transmission loss is non-resonant and controlled 

by mass. 

It is worth noting that the dispersion curves situations presented in Figures 3 and 4 are 

encountered also for flat orthotropic panels below the critical frequency. 

Above the critical frequency wcrit, the coordinate components of the structural wave 

numbers are coïncident with the acoustic wave as illustrated in Figure 5. 

The transmission coefficient is computed according to 0 and t.p. For any combination 

(wcen, 0,t.p) the structural and the forced wave numbers are calculated. In our opinion, 

considering the discussions around Figure 2 to 5, a single condition is sufficient to insure 

an assumption-free computation of the non-resonant transmission loss: 

k0 (wceJ sin 0 < k,(w1 ) or k0 (wceJ sin 0 > ks(w2 ); (1.15) 

so as, just forced wave numbers satisfying this condition are considered. 

kx 

0 

Figure 3. Wave number regions for a cylinder below (close to) the ring frequency. 
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----

Sub-coincident - Mass controlled 

0 

Figure 4. Sub coïncident wave number region for a cylinder above the ring frequency. 

ka(W2) 
ka(W1) 

ks(w2) 
ks(w1) 

0 

1 Super-coïncident - Stiffness controlled 1 

1 Wren< Wcri! 

Sub-coincident 
Mass controlled 

1

11111111111111111111111111 

Figure 5. Super coïncident, coïncident and sub coïncident wave number regions for a 

cylinder above the critical frequency. 

This accounts for both mass and stiffened controlled non-resonant modes. Usually, 

stiffness controlled modes contribution is neglected and the mass-controlled non resonant 

transmission coefficient is given by [3]: 
1 2,r 0m~ 

Tnr (w) = 2 2 J J Tnr (w,0,c.p)sin0cos0d0dc.p; (1.16) 
1r( cos emln - cos emax) 0 0min 

where, 
4z2 

Tnr(w,0,c.p)= 0 2 l liwm, + 2Z0 I (1.17) 

and (&min, 0rnaJ are the limit incidence angles describing the diffuse field, Z0 = p0 c0 / cos 0 

is the specific acoustic impedance of the medium and ms is the surface mass of the panel, 

and r.p is the heading direction limited to non-resonant modes (Eq. (1.15)). 
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Alternatively, a modal method can also be used to calculate the diffuse field incidence 

transmission coefficient for mass controlled modes [10, 3]: 

In the above equation, Rmn = <TmnP0 C0 denotes the modal radiation resistance and U!J 
the joint acceptance. Symbol wmn < Llw indicates that the summation is limited to non 

resonant modes in the band of interest. The joint acceptance fonction describes the 

coupling between the excitation field and the structure ( the spatial correlation between the 

parietal pressure distribution and the structural modes), and is defined by the relation [10]: 

l ff sin (k.j(x - x 1)
2 + (y - y 1)

2
) 

[J!n(w)]=-2 1/Jmn(x,y) .J 
2 2 

'l/Jmn(x 1,y 1)dAdA 1 (1.19) 
A k (x - x 1) + (y - y 1) 

where, Ais the structure's radiating area, 1/Jmn (x,y) = sin(kxx)sin(kyy) are the structural 

mode shapes, k is the structure wavenumber, and kx, ky its components. For the case where 

the external excitation is diffuse it simplifies to [8]: 

d. Radiation loss factor [13] 

[ 
·2 ] = 7r CoRmn 

Jmn 2 pw2 A2 (1.20) 

A structure loses by radiation onto an acoustic medium a certain part of its vibrational 

energy. The associated radiation coupling concerns the resonant modes in the band ( of the 

structure and the acoustic room). The power flow is classically expressed through the 

associated coupling loss factor by the following relation: 

IJ23 = Wf/23E2. (1.21) 
The radiated power and the vibrational energy of a structure are reciprocally related 

by a parameter called the radiation efficiency: 

ll23 ( ) <T - --~ 1.22 
- PoCoSp (v2). 

Combining relations (1.21) and (1.22), the radiation loss factor is expressed as follows: 

(1.23) 

where, ms is the mass per unit area. Classical SEA relation (1.23) is obtained using the 

assumption that the kinetic energy equals the deformation energy at resonance and 

consequently the total energy of the structure could be expressed in the following form: 

E2 =Uc +ud =2Uc =M(v2 )=mssp(v2
). (1.24) 
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A discussion on the evaluation of radiation loss factor and radiation efficiency is given 

in section i. 

e. Modal density of acoustic rooms [14] 

The acoustic rooms are considered here, for the sake of development, as rectangular 

cavities with perfectly reflecting walls. The relations giving the natural frequencies, and 

their physical nature, of such cavities of side dimensions Lx, Ly, Lz are presented by 

Bruneau [14]. A brief description of these developments is presented here. The natural 

frequencies of a cavity are given as: 

!: = [ k;:· r = l r + l r + l r (1.25) 

where the following classical relations were used: 

k2 = k2 +k2 +k2 n X y Z 
and with i = x, y, z. 

In the dispersion relations context, the volume associated to each acoustical mode ( Vm) 
is expressed by the following relation: 

3 
Co Co Co Co Vm =-X-X-=-- (1.26) 

2Lx 2Ly 2L, 8V,.00m 

The number of axial modes along a side direction (a= x, y, z) in a frequency band df 

is obtained using relation (1.25): 

dNao. = 2L0 df; (1.27) 
Co 

then, the total number of axial modes of an acoustic cavity is: 
df df 

dNa = dNax + dNay + dNaz = -2(Lx + Ly + L,) = -P; 
c0 2c0 

(1.28) 

where the perimeter of the cavity was noted by P. 

The number of tangential modes parallel to the plan yz in a frequency band is given 

by the ratio of the volume of a disc's quarter of thickness c0 / 2Lx and radius J: 
!._ 7r J2 _5__ 
4 2Lx 

Ntyz =----c3 
0 

(1.29) 

of which it must be subtracted the axial modes contained in these results (half because the 

other part will be accounted for in the subtraction along the other plans): 
l f 

Na-subs = -(2Ly + 2L,)- • (1.30) 
2 C0 
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It results from (1.29) and (1.30) that the number of tangential cavity's modes, parallel 

to the plan yz is: 

1rj2 f Ntvz = - 2 (LvL,) - -(Lv + L,); 
Co Co 

(1.31) 

so the total number of tangential modes is: 

N1 = 1rf
2 

A-_l_P; (1.32) 
2c~ 2c0 

where A= 2(LxLy + LyLz + LxLz) is the total area of the acoustic room; the total number of 

tangential modes by band is given by: 

dNt = [7ft A - -
1 pl df. (1.33) 

c0 2c0 

The number of oblique modes of natural frequency less than fis given by the ratio of 

the volume of an eighth of a sphere of radius f and having the volume of a modal cell, to 

which the contribution of the previous cited modes is subtracted: 

N
0 

= ¾¾1r/
3 

_ !(1r/2 A-!__Lpl = 41r/3 V - 1r/2 A+ _l_p 
cÏ 2 2c5 2 2c0 3cÏ 4c5 Sc0 

(1.34) 

SV 
while the number of oblique modes in a band is: 

dN0 = (41rf V - 1r{ A +-1
-P)df. 

c0 2c0 Sc0 
(1.35) 

The total number of modes of the acoustical room with rigid perfectly refiecting walls is 

given by the sum of axial (1.28), tangential (1.33) and oblique (1.35) modes: 

dNTatal = (41rf V+ 1r{ A+ -1-P) df 
c0 2c0 Sc0 

(1.36) 

which allows to express the modal density of an acoustic room in the following form: 
41r/2 1rf l 

nRoom = -3- V + -2 A + - p . 
c0 2c0 Sc0 

( 1. 37) 

This expression is assumed to be valid for other geometrical shapes. 

f. Modal density of elastic structures [15-17] 

The relations defining the modal density of elastic subsystems (beams, plates, cylinders 

etc.) are classical. In the following is presented the main mathematical development of the 

modal density for the case of fiat panels. This development is easily extendable to curved 

panels and cylinders so as to obtain similar results as presented in the references [15-17]. 

Let us consider, as an example, the wavenumber domain of a fiat panel (Figure 6). Any 

wave of angular frequency w and heading direction cp is represented by a point on the 
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curve w=const. and the vector k. There is supposed to exist a group of waves propagating 

along a direction contained in the band [cp to cp+dcp] with wavenumbers contained in the 

band [k to k+dk]. To this group of waves is associated an elementary area A1 = AB x AD, 

where AB= k X dcp and AD= dk. The area A1 is expressed as follows: 

A1 = k x dcp x dk = k x dcp x 1 :: 1 dw (1.38) 

Using the definition relation of the group velocity c9=âw/âk, relation (1.38) is rewritten as: 

A = 21rk dfdrn (1.39) 
i jcgj ..,., 

Considering the area associated to a mode A2=w2
/ LxLy (where Lx and Ly are the sicle 

dimensions of the panel) and the number of modes dN in the area band df x dcp, the 

angular distribution of the modal density is defined as follows: 

n(f ) = n(f) = dN . 
' cp dcp df dcp (1.40) 

Using the equality A1=dNxA2 and relation (1.39), Eq. (1.40) is rewritten: 

2wk w2 2LxL k -df x dcp = n(f, cp)df x dcp x -- , which gives: n(f, cp) = __ Y - • 

jcg j LxLv 7r jcg j 
(1.41) 

The final result in relation (1.41) represents the angular distribution of the modal 

density. The modal density is defined as a summation over all heading directions cp as 

follows: 

"12 2S k 
n(f) = J-p -dcp; 

o 7r \cg 1 
(1.42) 

where SP=LxLv is the area of the panel. Relation (1.42) is applied to sandwich and laminate 

composite fiat and curved panels as well as cylinders by using the propagating (bending-

type) solution of the dispersion relation and the associated group velocity. Moreover, the 

integration in relation (1.42) should be extended from [ü--+ 1r / 2] to [ü--+ 1r] so as to 

correctly account for orthotropie and/or curvature behaviours. 
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ro + dro 
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Figure 6. Wavenumber domain of a flat panel. 

g. Spatial windowing of the non-resonant contributions [18,19] 

There are two methods for applying SEA methodology. The first is referred to as the 

"modal approach" and is based on modeling each subsystem as a superposition of the 

resonant responses of the set of uncoupled modes of the system. The second method is 

based on a "wave approach" and models each subsystem as a superposition of waves 

travelling around the subsystem. It consists of deriving and solving a dispersion system of 

equations between wavenumbers and frequency for the sub-system of interest assuming 

simple geometrical configurations (plates, shells, etc.). At interfaces, the non-resonant 

coupling loss factor is usually expressed in terms of the semi-infinite system wave 

impedances. At low frequencies where size effects are important, it is essential to include 

corrections. One approach, for the specific problem of air-borne transmission loss, is based 

on the application of spatial windowing [18, 19]. Similar but less general approaches are 

presented in references [20,21]. 

An excellent contribution (general and well validated) on the transmission coefficient of 

laterally finite plane structures evaluated by spatial windowing means is presented in 

reference [18]. Both the determination of the diffuse field transmission loss and radiated 

power for both acoustical and mechanical excitation are considered and the results are 

compared to similar but less general previous techniques[20,21]. The authors [18] show that 

the diffuse field transmission index of the finite size structure 'finit, can be expressed 

according to the transmission index of the infinite structure 'infinite corrected by a factor: 

Tfinite ( e, 'P) = Tinfinite ( e, <p) [o-(ko sine, <p) x cos e]2 ; (1.43) 

where, 0 is the plane wave incidence angle, <p the propagation direction of the structural 

wave, k0 the acoustic wave number and o- the non-resonant radiation efficiency. Because 
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the non-resonant radiation efficiency is not dependent on the properties of the structure 

but only on its sicle dimensions, the transmission index of any laterally finite multi-layered 

structure is estimated using a unique correcting factor [0"("1i sin0,<p)cos0]2. The radiation 

efficiency is expressed as: 

_ Sp J"" J21r l-cos((krcosP-kpcos<p)Lx) 1-cos((krsinP-kpsin<p)Ly) 
O" ( kp, 'P) - 2 2 2 

7r o o [ ( kr cos tp - kp cos <p) Lx l [ ( kr sin tp - kp sin <p) Ly l 
(1.44) 

where, SP is the structure area, kr 1s the radiating wavenumber and P its heading 

direction, kP is the structural propagative wavenumber and <p its heading direction, ku is 

the wavenumber in the air, and Lx, Ly are the panel 's sicle dimensions. Thus for a given 

triplet (kP=ku sin0,<p) the non-resonant radiation efficiency must be evaluated. This 

evaluation necessitates quadruples integrals on P, 0, <p and kr. This process is numerically 

expensive which makes the method less attractive. 

This inconvenience was discarded by Ghinet and Atalla [19] by the use of a direct 

semi-analytical evaluation of the radiation impedance of the structure. This contribution is 

outlined in the following. 

The radiation efficiency of a structure is defined as the ratio of the averaged sound 

power radiated by the structure and the sound power radiated by a piston having the same 

surface and same quadratic velocity as the structure. Let us consider the radiation 

efficiency of the finite baffled plate structure as: 
/Re(Z) 

O"=---; 
PoCoSp 

(1.45) 

where, p0 is the air density and c0 the sound speed in air; SP is the plate aria and Z the 

radiation impedance given by: 
L, L, L, L, 

Z = jp0w J J J Jwn(x,y)G(x,y,x',y')WJx',y')dxdydx'dy'; (1.46) 
0 0 0 0 

where, Lx and Ly are the sicle dimensions of the piston, Wn is the displacement field of the 

plate and G the Green fonction expressed as: 
w = e-j(k,xcos<p+k,ysin<p), 

n ' 
(1.47) 

e-jk,R 
G(x y x' y')= -- · (1.48) 

' ' ' 21rR ' 
where, R = ,j(x - x ')2 + (y - y ')2 and kP = k0 sin 0 is the propagating (forced) structural 

wavenumber. Several methods can be used to evaluate (1.46). An algorithm developed for 

baffled simply supported plates by Nelisse [22,23] is adopted here. Making the change of 
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variables o:=2x/Lx and f3=2y/LY it results R=(Lx/2).j(o:-o:')2 +(/3-/3')2 /r2 

with, r = Lx / LY. The radiation impedance (1.46) becomes: 
· LL22222 

Zmnpq = jp0w ___:_Jj__ J J J J Fn (o:, /3, o: ', f3 ')K(o:, /3, o: ', f3 ')do:df3do: 'd/3' 
167f O O O 0 

(1.49) 

where, 
·. _k Lx[ (/3-/3') . 1 e-JkoR -J-'-(a-a')cos'P+--Slll'f 

K(o:, /3, o: ', f3 ') = 
1 2 

and F,, = e 2 
r . 

+ (/3-/3) 
T2 

A second change of variables is used: 

and l
u = o: - o: ' lu' = f3 - /3' 
v=o:' v'=/3' 

(1.50) 

which in the context of the relation (1.49) gives as symbolical representation: 
2 2 2 2-u O 2 2 2 2 2-u' 0 2 J J do:do:'-+ J du J dv + J du J dv and J J df3d/3'-+ J du' J dv'+ J du'f dv'. (1.51) 
O o O O -2 -u O O O O -2 -u' 

Due to this change of variables, K and Fn are expressed in terms of u and u' as follows: 

and 

.koLxf?,u'2 

-J- u +-
e 2 r

2 

K(u,u')=~; 
k L 1 -u' l Fn ( u, u ') = e -j2;f- 'UCOS'f+-;:-sin'P . 

u' u2+-r2 

The relations (1.51) are explicitly rewritten as: Il1 dv]K(u, u ')l';(u,u ')du+ l[[ dv]K(u, u ')F.(u, u ')du= 

= 2 f [7 dv]K(u, u ')Fn (u, u ')du= 2 f (2 - u)K(u, u ')du 
0 0 0 

J['l dv'] K(u, u ')F.(u, u ')du'+ l[l dv']K(u, u ')F.(u, u ')du'= 

= 2 f [2

]' dv ']K(u, u ')F,, (u, u ')du'= 2f (2 - u ')K(u, u ')du' 
0 0 0 

where a third change of variables has been used: 

r=-U l [[ dv] K(u, u ')F; (u, u ')du in v=v-u 

and 

r=-u' 
v' = v'-u' 

in l [l dv']K(u, u ')Fju, u ')du' 

After these three changes of variables one can write the radiation impedance as: 
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L 12 2 2 

Zmnpq = jp0w-x_y J J (2 - u)(2- u ')K(u, u ')Fn (u, u ')dudu'. 
41r O 0 

(1. 57) 

Finally, in the relation (1.57), the integration limits are changed using the following 

relations u = u + l and v = v + l so as the radiation impedance written as follows is 

integrated using Gauss numerical integration scheme: 
L 12 1 1 

Zmnpq = jp0w ~/ J J (1- u)(l - u ')K(u + 1, u '+ l)Fn (u + 1, u '+ l)dudu'; 
-1 -1 

(1. 58) 

Compared to the approach presented in reference [18], only the radiating field is 

spatially windowed in the present approach [19]. The non-resonant transmission coefficient 

(1.17) is computed in that context using the following relation: 
4z2 

Tnr (w,0,cp) = o 2 O"(w,0,cp)cos0; (1.59) 
\iwm, + 2Z0 \ 

where, cp is the heading direction limited to non-resonant modes (according to (1.15)), 

O"(w,0,cp) represents the non-resonant radiation efficiency of the finite baffled window 

defined as: 

[ 
kL I l l ü(w, 0,<p) = /Re j ~1ry [ [ (l - u)(l - u ')K(u + 1, u '+ l)Fn(u + l, u '+ l)dudu' . (1.60) 

Since this correction only affects the low frequencies, it is postulated to remam 

applicable for singly curved panels even if its derivation is strictly limited to flat systems. 

As an example [19] the transmission loss of an aluminium plate (see Figure 7) of sicle 

dimensions Lx=l.4m; Lv=l.lm and thickness h=l.lmm was computed using the models of 

Villot et al. [18] and Ghinet and Atalla [19] and compared to the classical estimate (infinite 

size) and experimental results. The aluminium panel has the following properties: 

E=70GN/m2
; p=2700kg/m3; v=0.33; 77=1%. 

An excellent agreement is observed (see Figure 7) between the Ghinet and Atalla 

approach [19], the experimental results and Villot et al. [18] approach. Note that Figure 7 

is from reference Ghinet and Atalla [19]. 
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Transmission Loss for an Aluminium Plate 

103 

Frequency (Hz} 
Figure 7. Transmission Loss validation: (-o--) Experimental Data, (--) Villot et al. 

(18] model, ->1<- Ghinet and Atalla (19] approach, ---- Infinite plate (non-windowed) 

h. Total transmission loss by asymptotical approach (Leppington et al. 2002, [24]) 

The approach presented in reference [24] has similar aims as (18,19] e.g. the estimation 

of the transmission loss of general (complex) flat finite panel surrounded by an infinite 

plane baffle. Resonant and non-resonant transmission contributions were studied and 

asymptotically approximated. Theoretical and experimental results were successfully 

compared. The theoretical development has been focused on the specific case of a thin 

anisotropie panel (transversal shear neglected). Considering the bending stiffness 

parameters: B1, B2 and B0 used in the governing differential equation of the thin 

anisotropie panel: 

(1.61) 

with, w the transversal displacement, é the structural damping coefficient and m. the mass 

per unit area; the following coïncidence frequencies were computed: 
m c4 m c4 m c4 w; = _s_O_ ; w; = _s_O_ and w~ = Bs O ; 

B1 Bz o 
(1.62) 

and used to define the behavioral conditions for the asymptotical developments. 
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The theory is developed m the context w1 > w0 > W2 (that is B1 < B0 < B2 ). 

Asymptotic results for w > w1 , w2 < Wa < w1 and w < w2 were given. Considering that '1/; 
is the heading direction of the propagative wave in the structure k, and using the notations 

a= kx / k0 and /3 = kY / k0 (with kx and ky the components of the structural wavenumber) 

the following variables were defined: 

It is asserted that a point (µ, 'ljJ) lies on the resonance locus ( that is the curve) 

RL = k0 / k(w,'l/;)) ifµ= µRL('l/J) = k/ k0 • 

In the following the main equations, to compute the total transmission loss, developed 

rn reference [24] are recalled for completeness. The transmission loss is defined as 

TL= 10 log {l /Et} where the transmission coefficient ê1 is computed for the following 

frequency ranges cases: 

a} Above coincidence range w > w1 

~ 16 2 "I/2 K('l/;)d'l/; 
Et êF 1/2 

0 E{l-µ!i)+2êF(1-µ!L) 

where, E is the structural damping, êF = p0 / k0ms with Po the air density, k0 the 

acoustical wavenumber, and ms the panel's mass per unit area. Moreover, 

{ 2 . 2 }1/2 
K ( 'ljJ) = µRL + µRL 

lv7FI 
b) Frequencies below coincidence w < w2 : non-resonant power contribution 

• ,v~,rf/2Il P(µ,'l/J)P(l,'l/J) d dnf, 
Emt l 2 µ µ f.// 

7f O O -µ 

1 Bo { 1 } 
êrim ~-J P(l,'l/J) ln(2Msec'l/J)+î'E -l--tan'l/;cot00 d'lj; 

27f O 2 

1 "
12 

{ 1 } + 
2

7f J P(l,'l/J) ln(2Ncosec'l/J)+î'E -l- 2cot'l/;tan00 d'l/; 
Bo 

and, î'E = 0.5772 is the Euler constant, 00 = tan-1 (b /a)= tan-1 (N / M) with a the 

smaller of the two panel dimensions, M = k0a ; N = k0b. êint is the contribution from the 

"interior" region of wavenumber space and Erim is the contribution from modes in the 

vicinity of the unit circle, where µ is close to unity. Moreover, 

p ( ) _ l6ê;, 
µ, 'ljJ -1 4 4 12 µ / µRL -1 

c) Coincidence range w2 < w < w1 

Et ,V l 6ê;, ( E1 + E2 + E3 ) 
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where, 

é + é rv K ( 'l/Jo) ln!___!_ (1 - W 2 )
112 

+ 1)- (2)112 
{ f3oM + 1} 1 3 clµRL (v,0 )1 2E:F w1 E:F 1rM 3a0 N 

é = 7 !K ( 'l/J) - µRL ( 'l/J) µRL ( 'l/J) K ( 'l/J )) 1 d'lj; 
2 

,i,. µRL(V'o) 
0 c(l-µ!J+2cF(l-µ!Lf2 

The variables a0 , /30 , 1Pa are defined when w2 < w < w1 , and result from the assertion that 

the resonance locus intersects the unit circle at just one point denoted by 

( a0 , /30 ) = ( cos 'lj;0 , sin '1/;0 ) , where 'lj;0 satisfies the equation k0 / k( w, 'lj;0 ) = 1 . 

Comparisons between Leppington et al. [24] approach, experimental results and Ghinet 

and Atalla [19] are presented in section 5 of chapter 2. In spite of its accuracy and 

quickness, the Leppington model [24] is difficult to implement and extend to much more 

complicated panels ( e.g. thick composite panels with transversal shearing, multilayer with 

porous materials, etc.). Furthermore, modifications are required if w0 is not between w1 and 

w2• Moreover, as it will be demonstrated in Figure 12 (section 5 of chapter 2), the model 

proposed by Ghinet and Atalla [19] seems to better represent the reality. 

i. Radiation efficiency 

The resonant modes contribution to the transmission coefficient in a band is expressed 

in the SEA context by a radiation loss factor. As defined by relation (1.23) this parameter 

is directly proportional to the radiation efficiency. Resonant contributions may be 

important above the critical frequency in the case of fiat and curved panels. On the other 

hand resonant contributions are also important at frequencies below the ring frequency in 

the case of curved panels. In the same context of curved panels, particular configurations 

of radius, thickness, stiffness and mass could result in close ring and critical frequency 

values which reduce the length of the non-resonant transmission (mass-law) region. In such 

cases, the resonant transmission is dominant over a large frequency domain. In search for a 

general, fast and accurate approach to estimate the radiation efficiency, in low as well as in 

high frequencies, an exhaustive bibliographie research has been initiated. However, the 

following bibliographie section, presents only some important contributions on the 

radiation efficiency. 

The first contribution on the modeling of the radiation efficiency was reported in 1894 
by Lord Rayleigh [25]. The solution was developed for a single normal mode of a plate. 

This solution was then summed over all the modes with a significant contribution in the 
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frequency domain of interest. This method is accurate at low frequencies but is impractical 

in higher frequencies were the modes count becomes important. 

A simply supported plate surrounded by a rigid baffle is considered by Maidanik [7] to 

compute the radiation resistance. The inter-modal coupling was not accounted for and the 

model is dedicated to configurations of panel coupling with a light fluid. The influence of 

the fluid loading on the directivity of the acoustic field generated by an infinite plate 

subject to a harmonie point and line force was studied by Maidanik and Kerwin [26]. 

Using Rayleigh integral with far field radiation conditions, Wallace [27,28] determined 

the radiation efficiency of beams [27] and plates [28]. The inter-modal coupling was 

neglected. The beam was supported in an infinite baffle with both hinged and clamped 

conditions [27]. The panel was assumed to be simply supported in an infinite baffle [28]. 

The inter-modal coupling coefficients for a simply supported plate in an infinite rigid 

baffle have been estimated by Davies [29]. The case of a plate immerged in water was 

considered to show the effects of inter-modal coupling on the radiated power. 

A more complete calculation (free of restrictions) than given by Davies [29] of the 

inter-modal coupling coefficients, have been proposed by Pope and Leibowitz [30]. lt was 

also shown that for many cases the approach proposed in Ref. [30] reduces identically to 

Davies' asymptotical results. 

A numerical approach to compute the radiation impedance was proposed by Sandman 

[31]. A three-layered plate structure was employed to study the vibration characteristics of 

a composite panel under the influence of fluid loading. The effect of heavy in-water fluid 

loading was adapted in the analysis by the definition of normal and cross-coupling 

coefficients for the acoustic pressures which accompany the normal modes of vibration. 

Sato [20] developed integral expressions of the radiation efficiency accounting for 

diffraction effects. The panel was considered surrounded by a rigid baffle and was excited 

by an oblique incident plane wave. 

More recently, Leppington et al. [32] proposed an asymptotic approach to compute the 

radiation efficiency of simply supported elastic panels. Asymptotic estimates and 

discussions concerning the different regions of (acoustically fast, semi-acoustically fast, and 

slow) radiation were covered in detail [32]. The dispersion domain of the panel is divided in 

five regions of influence to which are added two refinement domains accounting for the 

stationary points of the original integral fonction. The mathematical modeling proposed by 

Leppington is distinguished by a continuous asymptotical representation. ln order to avoid 

numerical difficulties on the boundaries between the radiation regions, transitions bands 

(linear and curvilinear) are asymptotically defined. To conclude, the model proposed by 
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Leppington provides an accurate, robust, general and well validated approach to compute 

the radiation efficiency. 

A more realistic edge conditions case was later considered by Leppington et al. [33]. A 

free edges plate problem has also been considered [34]. The plate's edges were subject to a 

restoring couple proportional to its angular displacement [33]. Assuming that in practice 

panel edge conditions are nearer to clamped conditions, it was shown that a simple 

correction factor can be applied (to the radiation resistance) which turns out to be 

approximately 2 below coïncidence frequency and 1 above coïncidence frequency [33]. 

Moreover, it was shown that above the coïncidence conditions, when acoustic wavenumber 

exceeds plate wavenumber, the radiation resistance is area dependent. Below coïncidence 

the radiation resistance can be determined by solving appropriate semi-infinite or quarter-

infinite plate problems. 

A wave approach is used by Villot et al. [18] to model the radiation efficiency of simply 

supported panels. The approach is similar to [20,21] but is presented in a more general 

format. It gives similar results to the Leppington's [32] approach but is much more 

numerically expensive. 

In the same context Ghinet and Atalla [19] proposed a direct semi-analytical 

evaluation of the radiation impedance of the structure to compute the radiation efficiency 

of finite simply supported panels. The proposed approach [19] gives similar results to the 

models proposed by Leppington [32] and Villot et al. [18] and is faster than [18]. It must be 

also noted that at low frequencies the model of Leppington [32] fails for certain composite 

panels. As a general rule, the model fails if the panel does not have at least one resonant 

mode in the band. 

j. The transmission loss modeling of finite cylinders 

L.D. Pope and J.F. Wilby [8,9] have studied the problem of the sound transmission in 

a cylindrical cavity through the enclosure structure by a power flow approach. The cavity 

is assumed to have absorbing walls and is excited externally by a diffuse field. The 

proposed approach is dedicated to the transmission loss predictions at low frequencies 

where the number of acoustic and/or structural modes is insufficient to permit the use of 

statistical energy analysis. Moreover, high-frequency relations compatibles with usual SEA 

results but generalized to include other excitations (such as for example progressive wave 

field with decaying correlation) in addition to diffuse fields are given [8]. From a modes 

management and classification point of view, reference [8] is concerned with the 

transmission by resonant modes of the structure and the cavity and also by the structural 
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non-resonant modes. In reference [9] the influence of the cavity non-resonant modes 

(resonant above and below the band of interest) is added to the model. This amelioration 

allows predictions of the TL in the particular cases where the acoustic cavity modes fall 

outside a given frequency band. 

Airplane interior noise predictions model based on a power flow type of analysis has 

been presented by Pope et al. [10]. An ideal unpressurized and unstiffened cylinder was 

considered. In a similar manner as presented in refs. [8] and [9] the relations have 

applicability at all frequencies and may be applied in discrete modal representations. As an 

example, at low frequencies, the interior level is obtained by setting vV;n[nJ (the band 

limited time averaged power flowing into the enclosed volume corresponding to a mode n), 
equal to Waiss[nJ (the time-averaged power dissipated on the inner wall of the enclosure 

corresponding to a mode n), solving for an individual modal pressures, and adding the 

results over the number of modes. Such approach is necessary to account for the individual 

modal response and the transmission contributions. At high frequencies, the summation 

over acoustic modes can be limited to those in the band. At sufficiently high frequencies 

the acoustic modal density becomes so large that individual modal response approach will 

require an excessive amount of computer time. At these frequencies net in-flowing and 

dissipated powers are computed using high frequencies (SEA) assumptions. Note that 

diffuse and progressive wave fields are accommodated by this approach. Moreover the ideal 

cylinder-based theory was modified to allow for cylinder lap joint effect and the effects of 

the end caps. 

1.2.2. Modeling of structural elements 

a. Multilayer structures with linear viscoelastic damping 

Acoustic and vibrations energy control is performed by different ways. Multilayer 

poroelastic treatments [40,41] are generally used to ameliorate the transmission loss and 

the acoustic absorption of a structure. More complicated applications consist of constrained 

viscoelastic composite main structures with added poroelastic treatments. 

The concept of vibration energy dissipation by controlling the resonance response of 

structures with viscoelastic layers started back in the fifties with applied works on the 

efficiency of different damping configurations and testing methods [42,43-45]. Kerwin [46] 

summarized the previous works on damping by saying "Historically, damping has often 

been treated as a somewhat mysterious phenomenon, best approached by trial-and-error 

methods" and cited the methods for predicting and measuring the damping of Liénard [42] 
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and Oberst [43-45]. He was the first to present a theoretical modeling of damped thin 

structures with constrained viscoelastic layer. He stated that the energy dissipation 

mechanism in the constrained core is attributable to its shear motion. The core had 

complex shear modulus and its Young's modulus was considered small compared to that of 

the faces. The isotropie face plates are constrained only on one face by the core and 

therefore experience pure bending [46], Most of the later authors (DiTaranto [47], Mead 

and Markus [48]) extended Kerwin's [46] work using his same basic assumptions. Six-order 

equations of motion were developed in terms of axial displacements [47] and transverse 

displacements [48] both allowing for general beams boundary conditions. A fourth-order 

equation of motion was developed by Y an and Dowell [49] for beams and plates. The face 

plates' shear deformations effects, longitudinal and rotary inertia were included to obtain 

sixth order equations and then neglected so as to obtain a simplified fourth-order equation 

of motion. 
In 1982, Mead [50] reviewed previous theories [51,47,48] and stated that most authors 

made the same basic assumptions and concludes that all the theories must predict the 

same loss factors. These assumptions are as follows: (i) the core carried shear, but not 

direct stress, was linearly viscoelastic and had a complex shear modulus; (ii) the face-plates 

were elastic and isotropie and do not support shear deformation normal to the plate 

surfaces; (iii) the inertia forces of transversal flexural motion were dominant, with 

longitudinal and rotary inertia of faceplates and core negligible; (iv) all points on a normal 

to the plate moved with the same transverse displacement; (v) no slip occurred at the 

interfaces of the core and the face plates. This set of assumptions is termed in the 

literature as Mead and Markus [48] (MM) model. In reference [50] a particular attention is 

accorded to the simplified Yan and Dowell [49] modelas well as DiTaranto [47] and Mead 

and Markus [48] models to be validated and compared with a more accurate differential 

equation accounting for shearing and rotational inertia in the face plates as well as discrete 

displacement field of the layers. Mead [50] discussed also the conditions and the ranges of 

validity for the two models [47, 48] in comparison with the new accurate theory [50]. 

An analytical method considering flexural, longitudinal, rotational and shear 

deformations in all layers of sandwich beams with multiple constrained layer damping 

patches is proposed by Kung [52]. The method is verified by comparing results for a single 

patch with those reported in the literature by Lall et al. [53] and Rao [54]. Examples of 

experimental validation are also presented. 

In a recent paper by Shorter [55], general lamina te viscoelastic structures were modeled 

using spectral finite elements method [99]. A one-dimensional finite-element mesh was used 
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to describe the through-thickness deformation of the laminate. The wave approach 

dispersion equation was formulated as a linear algebraic eigenvalue problem. 

Valuable bibliographie reviews on the modeling of damped structures were presented 

by Sun (56] and Nakra [57]. 

One of the tremendously difficult tasks concerning the viscoelastic materials is the 

modeling of their dynamic properties [58]. Miles and Reinhall [58] reviewed the 

bibliography on the modeling techniques and discussed the conventional methods such as: 

direct frequency response and modal strain energy. It is suggested that these methods 

become inaccurate when the damping of the structure becomes high and a new iterative 

complex eigensensitivity-based characterisation method is presented (58]. The damped 

structures are modeled in this study using fini te element means [58]. 

Most papers treat isotropie structures [46-54] with damped layers or patches m 

symmetrical or asymmetrical sandwich configurations. The increasing requirements of 

accuracy have encouraged important ameliorations [50,52,55,58] in the modeling 

approaches. The industry development of new multilayer damped configurations (non-

sandwich) starts to impose a new orientation towards the use of general laminate models 

with unlimited number of layers [55]. Moreover, new iterative algorithms, used for the 

modeling of the viscoelastic materials' dynamic properties, require a tremendous amount of 

computational effort [58]. These methods update successively the complex eigenvalues and 

eigenvectors until the required accuracy is achieved [58]. It is worth painting out that 

accurate and fast numerical solutions are imperative for such applications. 

b. Sandwich and laminate composite structures 

The attention is oriented here towards contributions concerning analytical and sem1-

analytical or semi-numerical modeling approaches of sandwich and laminate composite 

structures. The candidate approaches must be appropriate (accurate, general and fast) for 

further implementations in SEA frameworks. In the following, some representative 

contributions are classified and discussed. 

A large amount of work has been devoted to the modeling of laminate and sandwich 

panels. The published models handle two classical types of constructions: laminates and 

sandwich. The first class refers to lay-ups of plies of similar ( or close) physical properties. 

In general the laminate is symmetrical and each layer is modeled using a thin plate (Love-

Kirchhoff) theory [62-64] or thin shell theory [65-70]. The laminate is represented by an 

equivalent set of variables. It is referred to in the following as a smeared thin laminate. 

The theories outlined above are limited to shells and plates so that all transverse shear 
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deformation effects, transverse stresses and strains as well as rotation inertia could be 

neglected. These transverse effects become important at high frequencies and/or when the 

considered panel is thick relatively to its side dimensions and/or to the curvature radius 

for cylinders and shells. 

Other authors consider generalizations in which each layer is modeled using thick plate 

(Reisner-Mindlin) theory and the laminate is planar [71,72] or curved [73]. Still, an 

equivalent set of variables is used for the whole laminate. In this latter case, the proper 

estimation of the equivalent shear correction coefficient is of paramount importance 

[74-76]. 
The majority of these formulations [62-72] assume the laminate to be symmetric. More 

advanced approaches accounting for through-thickness deformations are presented in 

references [77, 55 and 83]. 

Blaise and Lesueur [77] considered the problem of the mechanical and acoustical 

behaviours of infinite shells with any number of layers composed of orthotropic materials. 

Each layer has its own 3-D displacements field accounting for bending, membrane, shear, 

longitudinal, and rotational inertia effects. Compared to previous 2D models, this approach 

accounts for transverse deformation in the thickness. The authors have not considered the 

orthotropic orientations of the layers. This simplifying assumption allowed to ignore some 

terms ( elasticity moduli ci: ) in the constitutive relations between the stresses and strains. 

Laminate orthotropic plates modeling has been considered by Guyader and Lesueur 

[78]. Membrane, bending and transversal shearing behaviours are accounted for in each 

discrete layer. Orthotropic orientations of the layers have been neglected and the 

constitutive stresses-strains relations were therefore simplified. Sun and Whitney [79] 

displacement field is considered for each discrete layer and the proposed approach is indeed 

an extension to n layers of the original theory developed for a two layers plate. Equations 

of motion and natural boundary conditions were established using a Hamilton functional 

formulation. The equations where solved for a simply supported plate. 

The transmission loss (under oblique plane wave excitation) by finite, viscoelastic and 

orthotropic multilayered plates was considered in reference [80]. The behavioural 

development presented in Ref. [78] was used. The transmission loss was computed using an 

approach based on a combination of statistical and deterministic approaches. The modal 

density is computed by an integral formulation and was shown to give identical symbolical 

relations for simple configurations such as bidimensional structures. The transmission loss 

of reverberant sound through orthotropic, viscoelastic multilayered plates was presented in 

Ref. [81]. In order to compute the mean transmission loss over the wave incidence angles 
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an analytical method has been used rather than the classical double integral calculation 

(which is very cumbersome). The influence of layering, damping, and orthotropie were 

discussed. 

Modeling approaches proposed in references [55] and [83] are inspired by the numerical-

analytical method (NAM) proposed by Dong and Nelson [82]. 

P.J. Shorter [55] uses spectral fini te element to handle fiat laminates; that is lD finite 

element are used to model through-thickness deformation and exponential fonctions 

(propagating wave shape) are used to handle the in-plane displacements. The adopted 

approach considers a full three-dimensional displacement field within the laminate. Linear 

elements were used to interpolate the cross-sectional displacement fields. The characteristic 

equation for free-wave propagation was formulated as a linear algebraic eigenvalue problem 

in wave number domain. The wave types for a given laminate at a fixed frequency were 

found using standard algorithms to solve linear algebraic eigenproblems. Moreover the 

strain energy distribution through the section was computed for each wave type and then 

used to estimate the damping loss factor for each wave type. Good agreement with 

experimental and previous modeling approach by Kerwin [46] was obtained. 

Reference [83] uses a similar method and considers laminated cylindrical shells and 

pipes. It uses axi-symmetry to handle the circumferential direction, exponential fonctions 

to model the axial displacement and solid finite element for the radial displacement. The 

model is applied to the calculation of the dispersion curves of the first modes of laminated 

cylindrical shells and pipes (of arbitrary lay-ups and of any type of elastic materials). The 

body forces of the cylindrical shell were neglected. The eigenvalues were established in 

terms of the Rayleigh quotient. The phase velocity, phase slowness, and phase wave 

surfaces as well as the group velocity, group slowness, and group wave surfaces were 

introduced to visualize the effect of anisotropy on wave propagation. Parametric studies 

concerned (i) the propagation directions and modes of waves, (ii) the ratio of the inner 

radius to the thickness of the shell, and (iii) the lay-ups of the laminate shell. 

For sandwich constructions a tri-layer arrangement is classically used; the core is 

generally soft and thick compared to the skins. The core and the skins can be of a 

composite construction. The classical models are based on two main assumptions: (i) the 

skins are thin and work in bending; (ii) the core is relatively thick and handles shearing 

effects only. 

Following these assumptions and assuming the sandwich symmetric, two classes of 

models are used. The first smears the elastic constants of the panel through the thickness 

[64, 84-89]. The second uses a discrete layer representation [91]. 
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K. Heron [91] has recently proposed a wave approach applied in a SEA context to 

curved sandwich panels. His model uses a complete and mathematically coherent discrete 

layer theory for sandwich-type panels. The theory is developed for a singly curved 

sandwich made up of a bottom skin laminate, a shearing core, and a top skin laminate. 

This model is appropriate for the common case of thin skin laminated composite sandwich 

shells. For sandwich shells having thick or limp ( compared to the core) skins the model is 

approximate. Moreover, the model of Heron [91] does not accommodate the laminated 

thick composite shells (i.e., non sandwich) where the layers' physical properties (Young's 

modulus, transverse shear modulus, and mass density) are of similar or relatively close 

values. 
In the light of this literature review, spectral finite elements methods as presented in 

references [55] and [83] are considered to be of a great interest in the context of general 

laminate panels' modeling. The use of these approaches in a SEA context is strongly 

dependent on the use of intelligent meshing algorithms insuring an automatic and 

optimally discretized problem through a large frequency domain. On the other hand, 

discrete-layer modeling as presented by Heron [91] is of a great interest in the context of 

sandwich-type panels' modeling. This approach considers constant stresses and strains 

through each layer's thickness (transversal direction), which, in our opinion, is sufficiently 

accurate considering the actual order of magnitude of the thicknesses used preponderantly 

in industrial constructions such as aerospace, aeronautic and automotive. Such modeling 

type with more general behaviours' definition of each layer could represent a serious 

candidate-approach (accurate, general and fast) to model general laminate (including 

sandwich) panels in SEA context. 

1.2.3. Assessment of the literature review 

The themes presented in the literature rev1ew have been motivated by the early 

mentioned interests of the study. 

The SEA methodology adopted in the present work has been presented as well as some 

interesting ameliorations and extensions of the basic SEA's formalism. Sorne results of 

these ameliorations [10] have been used in the present work to validate the transmission 

loss results obtained by the classical SEA's formalism. 

The modeling of the non-resonant contributions was long considered as established and 

well known but recent works as those of Leppington et al. [24] show a topical interest to 

improve on such predictions. Spatial windowing techniques have been recently used by 
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Ghinet and Atalla [19] to ameliorate non-resonant predictions. This technique was 

originally developed to allow accurate low frequencies estimations of the transmission loss 

of fiat multilayer panels by transfer matrix method (TMM). It has been successfully 

applied recently in SEA context to ameliorate non-resonant transmission loss predictions of 

flat and curved multilayered panels. Similar good results are obtained by both 

asymptotical [24] and spatial windowing [19] approaches. 

The modeling of TL's resonant contributions is related to the estimation of the 

radiation efficiency. In search of general, accurate and quick approaches, three references 

give models of well validated accuracy [18,19,32]. Similar radiation efficiency results were 

obtained by these three approaches and were consequently classified according to their 

quickness; the fastest is the model proposed by Leppington [32]. 

Contributions on modeling techniques of laminate composite panels with viscoelastic 

layers have also been studied. The main issue is a general model that can handle both 

general (no symmetric thick) constrained and unconstrained configurations. The prediction 

method of the equivalent damping loss factor of laminate composite structures is classical. 

The equivalent damping loss factor of a panel is an SEA parameter and its accurate 

estimation is of great importance. Accurate modeling of the laminate is of paramount 

importance. 

Different approaches to model the laminate structure have been presented and 

discussed. Spectral finite elements [55,83] and discrete layers [91] modeling methods are 

considered to be of great interest. The use of spectral finite elements in a SEA context 

necessitates intelligent meshing algorithms allowing optimal discretization of the problem 

through a sparse frequency domain. The discrete layers modeling presented in reference 

[91] is dedicated to sandwich composite panels. 

1.3. Objectives of the thesis 

This work includes several aims, both technical and scientific. 

The main objective of this study is to provide general, accurate and quick solutions to 

topical vibro-acoustic modeling problems related to the use of laminate and sandwich 

composite structures. State of the art techniques are used when available. Ameliorations to 

existing techniques are to be proposed if accuracy and quickness needs are encountered. 

New techniques are to be developed to ameliorate or fill eventual needs in existing 

methods. 
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The specific objectives are: 

1. lmprove the modeling estimations of the non-resonant contributions of the 

transmission loss of flat and curved panels. These improvements must essentially 

ensure accurate estimates, by wave approaches, at low frequencies. Compare spatial 

windowing [19] and asymptotical [24] approaches and adopt the most appropriate 

in the context of the interest of the present work. 

2. Propose a technique to allow the computation of the resonant contributions using a 

wave approach at low frequencies where certain composite structures have no 

resonant modes; at these frequencies the Leppington's approach [32] fails. 

3. Propose a modeling approach for laminate and sandwich type flat panels. Develop a 

model dedicated to thick symmetrical lamina te ( "smeared") composite panels. 

Compare this model with simple thick isotropie panels and discuss the behaviours 

highlighted by accounting for transversal shearing and rotational inertia. 

4. Develop a model dedicated to thick sandwich composite panels with thin skins. 

Compare these two models (symmetrical smeared laminate and sandwich) and 

discuss the differences. Validate the sandwich composite modeling approach. 

5. Develop general expressions to compute the critical frequencies and the natural 

frequencies of sandwich panels. 

6. Propose a general discrete laminate model dedicated to sandwich and laminate flat 

panels and beams. The model must allow also for viscoelastic layers. Propose a 

technique to compute the equivalent damping loss factor of composite laminate 

panels in any configuration (symmetrical or asymmetrical, laminate or sandwich) 

with unlimited number of elastic or viscoelastic layers. Validate the discrete 

laminate model. 

7. Develop a model dedicated to thick symmetrical laminate composite curved panels. 

8. Develop a model dedicated to general thick laminate composite curved panels. lt 
must allow for symmetrical laminate and sandwich type panels modeling. 

9. Apply the models developed in objectives 7 and 8 to the problem of the diffuse field 

transmission into infinite sandwich and laminate composite cylinders. The 

equations of motion must be developed in a curvilinear coordinate system (to 

remain coherent with the above developed models). The excitation and radiated 

fields are to be expressed (classically) in a cylindrical coordinate system. The 

transmission problem must be expressed in these two reference coordinate systems 
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using transformation relations. Compare this modified approach to results 

presented in the literature. 

10. Give general relations to compute the ring and the critical frequencies and the 

mechanical impedance of the studied structures. Compare the discrete laminate 

model and the model of Heron [91] in the case of sandwich composite shell. Show 

and discuss the limitations of the Heron model (91]. Validate experimentally the 

discrete laminate theory in the case of finite sandwich curved panel. 

11. Apply the general discrete laminate modeling technique to compute the 

transmission loss of finite sandwich composite curved panels by SEA means. 

Compare the discrete laminate model to a spectral finite elements model. Validate 

experimentally the model. Show using a parameters study how the transmission 

loss of laminate and sandwich composite curved panels could be ameliorated. 

12. Discuss the necessity of accounting for specific structural wave types to compute 

classical diffuse field transmission loss in the SEA context. 

1.4. Document's structure 

The present document is structured into six chapters. In this first chapter the interests 

of the study were presented, followed by the literature review and the objectives of the 

present work. 

In chapter 2, the modeling of thick fiat sandwich composite panels is presented in the 

form of an article. The model is designed to complex fast numerical applications such as 

acoustic design and optimization, as well as inverse characterization methods to evaluate 

the panel's physical properties. It uses a discrete displacement field for each layer and 

allows for out of plane displacements and shearing rotations. The solutions of the 

dispersion relation are used to compute the group velocity, the modal density and the total 

transmission loss. Additionally, a symmetrical laminate composite modeling type is 

presented and used to validate and demonstrate the accuracy of the sandwich type 

modeling. Moreover, isotropie laminate panel solutions are symbolically developed and 

used to analyze the vibro-acoustic asymptotic behaviours. The sandwich composite panel 

modeling is finally compared to existing models in the literature, finite elements results 

and experimental data are presented to demonstrate its accuracy. The third, fourth and 

fifth specific objectives are fulfilled in this chapter. 

In chapter 3, the modeling of thick laminate structures with viscoelastic layers is 

presented in the form of an article. The principal aim is the fast and accurate modelling of 
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such structures for low as well as for high frequencies. The problem is solved analytically 

in a wave approach context. Each layer is described by a Reissner-Mindlin [78] 

displacement field and equilibrium relations account for membrane, transversal shearing, 

bending and full inertial terms. Each layer is considered laminate composite and accounts 

also for orthotropic plies orientations. The discrete description of each layer leads to 

accuracy over a wide frequency range. Particularly the mid-to-high frequencies are 

targeted. At these frequencies, the propagating wavelength behaviours and the physical 

through-thickness properties allow an out-of-phase movement of distinct stiff layers. The 

model is successfully validated with numerical classical and spectral finite elements and 

experimental results for different boundary conditions. Due to its accuracy and rapidity as 

well as to its simplicity to implement, the present approach offers an alternative to finite 

elements modeling in optimisation and inverse characterisation of viscoelastic damping 

applications. The sixth specific objective is fulfilled in this chapter. 

In chapter 4, the modeling of the diffuse field transmission into infinite sandwich and 

laminate composite cylinders is presented in the form of an article. The transverse shear 

and orthotropic angle of such a laminate are considered. In the first part, the fondamental 

relations of force equilibrium are expressed. Two mathematical approaches to model 

composite structures are presented. The first structural class is limited to symmetrical 

laminated composite shells. The physical properties of the laminae composing the panel are 

smeared out through the thickness and the panel is assumed to have a unique global 

displacement field for any lamina. The second structural class is applicable to general thick 

laminate composite shells. For any layer a unique displacement field and dynamic 

equilibrium system is defined. This approach is valid for both general laminate 

(symmetrical and unsymmetrical) and sandwich composite shells. In particular, expressions 

are given to compute the ring frequency, the critical frequencies and mechanical impedance 

of the studied structures. Using numerical examples, the two models are validated and 

compared in the case of the diffuse field transmission of an infinite composite cylinder 

(non-resonant interior). Moreover, the discrete laminate model and the Heron's model [91] 

are also compared in the case of a sandwich shell. The proposed laminate composite 

discrete layer theory is validated experimentally for the case of a finite sandwich curved 

panel. The eighth, ninth and the tenth specific objectives are fulfilled in this chapter. 

In chapter 5, the modeling of the transmission loss of curved laminates and sandwich 

composite panels by SEA means is presented in the form of an article. Both laminate 

composite and sandwich composite are modeled using a discrete thick laminate composite 

theory. The studied transmission problem has three primary resonant systems: two 
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reverberant rooms separated by the composite curved panel. The dispersion curves of the 

structure are derived and solved for the modal density and the radiation efficiency. These 

parameters allow for the calculation of the radiation loss factor and also the resonant 

contribution of the transmission loss. The standard flat panel theory [3] is used to compute 

the non-resonant transmission but it is adapted here to the particular vibration behaviours 

of the curved panels. In particular, a sub-coincident modes selection method is used to 

compute the non-resonant transmission contribution. Moreover, the classical wave 

approach non-resonant contribution is corrected using the spatial windowing method 

presented in reference [19]. Finally, a transmission loss experimental result of a curved 

sandwich composite panel is successfully compared with numerical estimations. In low 

frequencies where the model of Leppington [32] fails for certain composite panels due to the 

low mode count, the approach proposed in reference [19] is used specifically for these 

frequencies. Its usage is unpractical (although accurate) at mid-to-high frequencies because 

of its computational cost. The first, second, eleventh and twelfth specific objectives are 

fulfilled in this chapter. 

Finally, the sixth chapter concludes this work by an assessment of the scientific and 

technical contributions as well as future perspectives. 
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Chapter 2 

Modeling of thick fiat sandwich composite panels 

2.1. Introduction 

The modeling of sandwich composite panels has been for long the subject of simplifying 

assumptions. Most authors tempted to solve this problem in a similar manner to thin plate 

case e.g. to reduce the constitutive equations of motion so as to keep a unique 

displacement variable: the transversal displacement. Such attempts have always given 

simple relations, accurate at low frequencies. High frequencies behaviours such as out-of-

plane motions of skins were justly impossible to represent using such simplifying 

assumptions. Just recently, coherent modeling approaches have been presented. 

In this section, the article "Vibro-acoustic behaviours of flat sandwich composite 

panels", submitted to Transactions of the Canadian Society for Mechanical Engineering is 

presented. Two case-specific models are presented and compared: symmetrical laminate 

composite and sandwich composite flat panels. Such modeling approaches are accurate 

over the spread audible frequency domain for particular layouts. Moreover, they are the 

fastest ( for high accuracy requirements) compared to other published models. The 

principal physical behaviours are investigated and comparisons are presented between the 

two models. Excellent agreement is obtained with finite elements modeling. Furthermore, 

the spatial windowing approach developed by Ghinet and Atalla [19] is compared 

successfully with an asymptotical approach [24] and experimental results in the case of 

transmission loss predictions. 

2.2. Article on the modeling of thick sandwich composite plates 

- See following pages -
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VIBRO-ACOUSTIC BEHAVIORS OF FLAT SANDWICH 

COMPOSITE PANELS 

Sebastian Ghinet and Noureddine Atalla 
Department of Mechanical Engineering, Université de Sherbrooke, 2500 Boulevard Université 

Sherbrooke, QC, JlK 2Rl, Canada 

ABSTRACT 

The main objective of this paper is to present a theoretical approach to model the 

vibro-acoustic behaviours of flat sandwich composite panels. Two models are studied: 

symmetrical laminate composite and sandwich composite panel. The theories are developed 

in a wave approach context. It is shown that a discrete layers sandwich composite panel 

modeling type leads to a 12th order relation of dispersion while a laminate composite panel 

modeling type leads to a 6th order relation of dispersion. The two models give similar 

results at low frequencies but that the modeling of a sandwich panel using the laminate 

panel theory leads to large errors at high frequencies. The dispersion relations are first 

solved in the context of generalized polynomial complex eigenvalues problems. Next, the 

dispersion relations are used to derive the analytical expression of the critical frequencies 

and to calculate the natural frequencies of the panel. Using the dispersion relation's 

solutions, the study is then focused on the numerical computation of the group velocity, 

the modal density and the total transmission loss. 

1. INTRODUCTION 

Sandwich composite panels are widely used in the aerospace, aeronautical and 

automotive industries. Such panels are made up of thin composite face sheets and a 

shearing composite core. The core is generally made up of a softer material than the skins 

but the whole panel is characterized by an important strength and low total weight. The 

vibro-acoustic modeling of sandwich panels is investigated in a great number of papers. 

40 



Modeling of thick fiat sandwich composite panels 

The first expression of the modal density for isotropie sandwich panels is proposed by 

Wilkinson [l]. One year later, Erickson [2] studied the effect of the anisotropy of the core 

on the modal density. His approach accounts for the skin's bending and the panel's 

rotational inertia while the core is described by an equivalent shear modulus, computed as 

the geometric average of the shear modulus along x and y directions. The bending stiffness 

of the core is neglected. The theories suggested by these two authors ([1], [2]) are 

compared to experiments by Clarkson [3]. As a logical continuity, Renji et al. [4] propose a 

model for the modal density of orthotropic sandwich panels. The core is characterized by 

an equivalent transverse shearing (geometric average) and the rotational inertia terms are 

neglected. In a more recent study, Nilsson et al. [5] consider the problem of sandwich 

composite structures. A sixth order relation of dispersion is proposed for sandwich beams. 

The beam's rotational inertia and bending as well as the core's transversal shearing are 

considered. The principle of Hamilton is used to model the beam. The potential energy of 

the beam is defined as the sum of potential energies due to the pure bending of the panel, 

the pure bending of the skins and the transversal shearing of the core. The theories 

referred to above propose analytical solutions for the relation of dispersion. Authors [1-5] 

show that various simplifying assumptions are necessary to solve analytically the 

dispersion problem. It is concluded in a recent paper [6] that the general dispersion 

problem of fiat laminated composite panels does not have an analytical solution. A wave 

approach numerical method is proposed by Ghinet and Atalla [6] to salve the relation of 

dispersion of fiat laminated composite panels. The relation of dispersion is written in the 

form of a polynomial generalized complex eigenvalues problem. The Mindlin type 

displacements field is used for each layer which allow for bending and transversal shearing. 

The layers' physical properties are smeared through the thickness of the panel according to 

Berthelot's [7] description of laminate composite structures. Moreover, the rotational 

inertia is accounted for and shear correction factors are calculated explicitly following the 

approach described in Batoz and Dhatt [16]. The governing system of dynamic equilibrium 

equations is written according to a hybrid vector composed by the displacements-rotations 

field and the resulting forces and moments of the panel. The solutions are used [6] to 

calculate the group velocity, the modal density and the radiation efficiency. The non-

resonant transmission coefficient is calculated according to Lesueur [8] classical approach 

and is corrected by a spatial windowing of the radiating field method described in 

reference [9]. The modal density, the radiation efficiency and the non-resonant and 

resonant transmission coefficients are used in a SEA framework to estimate the total 

transmission loss of the laminate composite structures. This approach was successfully 
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employed for the acoustic design of curved sandwich composite panels with noise control 

treatments [10, 11]. In the context of predictive SEA, a wave approach for curved 

sandwich panels was proposed by K. Heron [12]. The dispersion relation of such panels is 

shown to have two propagating solutions at low frequencies and five propagating wave 

solutions at high frequencies. The problem's dimension is 47 by 47 and is writen according 

to a hybrid vector composed by the panel 's displacements field, the resultant forces and 

moments as well as the interlayer forces. In the context of the laminate composite 

cylinders modeling, two models were presented and compared in reference [13]: 

symmetrical laminate composite and discrete thick laminate composite. The latter was 

shown to handle accurately, as a particular case, sandwich composite shells [13, 14]. In the 

two presented models, membrane, bending, transversal shearing as well as rotational 

inertia effects and orthotropic angle-ply of the layers were considered. As an example [14], 

a curved sandwich composite panel has 21 equations and 21 unknown variables but the 

polynomial complex eigenvalues problem representing the dispersion relation is of the 42nd 

order. The symmetrical laminate composite and discrete thick laminate composite curved 

panel models could be used for fiat panels modeling by setting a large curvature radius. 

This paper describes the vibro-acoustic modeling of finite sandwich composite panels. 

The proposed model account for orthotropie and has a 12th order relation of dispersion. It 
is designed for complex fast numerical applications such as: acoustic design and 

optimization as well as inverse characterization methods to evaluate the panel's physical 

properties. The present model uses a discrete displacement field for each layer and allows 

for out of plane displacements and shearing rotations. This displacement field and the 

discrete layer nature of the theory are adapted to finely model the physical phenomena 

appearing at high frequencies where the difference of stiffness between the skins and the 

core allows for the separate bending motion of the skins. Each discrete layer is considered 

laminate but the physical properties are smeared through the thickness of each layer so 

that the problem's dimension remains unchanged. The solutions of the dispersion relation 

are used here to compute the group velocity, the modal density and the total transmission 

loss. Additionally, a symmetrical laminate composite modeling type is presented and used 

here to validate and demonstrate the accuracy of the sandwich type modeling. Moreover, 

isotropie laminate panel solutions are symbolically developed and used to analyze the 

vibro-acoustic asymptotic behaviours. The sandwich composite panel modeling is finally 

compared to existing models in the literature, finite elements results and experimental 

data to demonstrate its accuracy. 
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2. SYMMETRICAL LAMINATE COMPOSITE PANEL 

2.1. GEOMETRY 

The present study is dedicated to laminated composite flat panels modeling. In Figure 

1 is represented the geometrical configuration of the composite panel, of sicle sizes Lx and 

Ly and total thickness h. The layered constitution is considered symmetrical. The origin of 

the z axis is defined on a reference surface passing through the middle thickness of the 

panel. 

2.2. DISPLACEMENT FIELD AND GOVERNING EQUATIONS 

For any point belonging to the symmetrically laminated composite panel, the 

displacement field is defined by the Mindlin model: 

l
u(x, Y, z) = u0 (x, y)+ zr.px(x, y) 
v(x, Y, z) = v0 (x, y)+ zr.py(x, y) 
w(x,y,z) = Wa(x,y) 

(1) 

Laminas' properties are smeared through the panel's thickness. The bending moments 

(Mx, My, Mxv) and the transversal shear forces ( Qx, Qv) are defined in Appendix. The 

governing differential equations of the symmetrical laminate composite panel are written 

using the usual notations from Berthelot [7]: 

Mx = Du'Px,x + D12'Py,y + Dl6 (cpx,y + 'Py,J 

My = D12'Px,x + D22'Py,y + D26 ( 'Px,y + 'Py,x) 

Mxy = Dl6<.px,x + D26'Py,y + D66('Px,y + 'Py,x) (2) 
Qx = F45 ( w,Y + <.p y) + -Fs5 ( w,x + <px ) 

Qy = ~4 ( W,Y + <.p y) + ~5 ( W,x + <.p J 

z ~---L------------ h1 

, 
, , 

Figure 1. Dimensions of the panel. 

' h2 
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with m, the mass per unit area, Iz the rotational inertia computed using relation (A3) from 

Appendix, and where the bending stiffness D;J and shear stiffness F;J are defined as: 
N h3 h3 N 

D = Qk uk - lk . F ck (h h ) 
iJ U iJ 3 > ij = K,ij U ij uk - lk Ï 

k=l k=l 

(3) 

with K;J as the shear correcting factors and Q;~, C;~ the general elastic constants of the 

symmetrical laminate composite panel (Berthelot [7]) defined by the relations (A4) and 

(A5) of Appendix. The elastic constants of each lamina are represented according to the 

orthotropic angle f)k (k=l,2,3) shown in Figure 2 and defined as the angle between the 

reference co-ordinate system of each lamina k (L-0-T) and the global co-ordinate system of 

the panel (x-0-y). 

2.3. DISPERSION RELATIONS 

This section is dedicated to the theoretical study of the dispersion solutions and their 

asymptotical behaviours. The first part of the study is concerned with the laminated 

isotropie panels' theoretical development which is a simplification of the main theory. It 
allows the symbolical analysis of the dispersion relations and a fast development of the 

asymptotical tendencies. The second part of this section is concerned with the 

development of the general relation of dispersion for laminated composite panels. 

a. Dispersion relation of thick laminated isotropie panels 

The case of thick laminate isotropie flat panels is studied in this section. The system of 

governing differential equations (2) is recast using the following simplifications: 

D11=D22=D; D12=vD; D66=½(1-v)D; F44=F55=Gxh and the problem is solved analytically. It 

leads to the following dispersion relation: 
1 
2[k2 D(v -1) + 2(I,w2 

- Gh)] x 
(4) 

x[I,m,w4 -Ghm,w2 -k2 (GhI, +m,D)w2 +k4GhD]= 0 

In the dispersion relation ( 4) for laminate isotropie panels, the following notations are 

used: 
N 

and G. h = Gk (huk - hlk) 
k=l 

where huk and h1k are defined by relations (A2). The mass per unit area ms and the 

rotational inertia J, are computed using the relations ( A3), Ek and Gk are the Young 

modulus and respectively the Coulomb constant of any lamina k, while N is the total 

number of lamina composing the panel. 

44 



Modeling of thick fiat sandwich composite panels 

z 

Figure 2. Orthotropic direction of a lamina. 

It is observed that relation (4) is nota fonction of the heading direction because of the 

layers' isotropy. This 6th order dispersion relation has three conjugate solutions. The first 

product term in relation ( 4) leads to an evanescent wave solution expressed as follows: 

I w 2 -Gh 
k = ± -2 z • 

D(v -1) ' 
(5) 

while the second term leads to a group of four solutions: 

1 w[w(Ghlz (Ghl, -msD)
2 

+4(Gh)2 Dms l 
k = ± - ----=--------------------=- . 

2 GhD ' 
(6) 

where the propagating wave solutions are given by the following expression: 

l w[w(Ghlz + m,D) + (Ghl, - m,D)
2 + 4(Gh)2 Dms l 

k = ± - ----=--------------------=- . 
2 GhD 

(7) 

The second term of relation ( 4) is rewritten as: 

k4D-mw2 +(Izm, w2 -k2 msD)w2 -k2I w2 = O. 
' Gh Gh z 

(8) 

In relation (8), it is now easy to observe three tendencies: 

a first term: k4D- m,w2 corresponding to bending behaviours (thin panel); 

a second term: (I,m, w2 -k2 m,D)w2 corresponding to shear behaviour; 
Gh Gh 

a third term: -k2Izw2 corresponding to rotational inertia behaviour. 

The asymptotical development of relation (8) for w 0 and w oo leads to the 

dispersion relations associated to bending and shear, respectively: 

kbending = Jw~ for w - 0 

k 
4Izm, -w 

shear - I Gh + m D 
z s 

(9) 
for w - oo 
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Aluminium panel - Lx=2.45m; Ly=l.22m; h=lOcm 

Young modulus E (Pa) 7.2*1010 

Mass density p (kg/m3
) 

Poisson's ratio v 

Damping 1] 

2780 

0.33 

0.007 

Table 1. The physical properties of the aluminium panel. 

The dispersion curve (propagating wave solution) for the thick isotropie panel defined 

in Table 1 is represented in Figure 3. Also, the asymptotes (9) for bending and shear 

behaviours are plotted. It is observed in Figure 3 that the panel has pure bending 

behaviours at low frequencies and pure shearing behaviours at high frequencies. This 

remark stresses the fact that the laminate approach will fail for sandwich panels since at 

high frequencies the system's dynamics is instead controlled by bending effects in the 

skins. 

Dispersion curves - thick isotropie panel 
10'r,:::=========:;-~~....-----~~~--~~---.--., 

10' 

-&- Thick isotropie panel model 
..... ;,.... Shear effects 
- Bending effects 

10·''--~~~~....W..-~~~~-'-'--'-'---~~~'-'---~~~~.........w 
1d 1i 1~ 1d 1~ 

Frequency (hz) 

Figure 3. Dispersion curves for a thick aluminium plate. 

b. Dispersion relation for symmetrically laminated composite panels 

To account for orthotropie, the governing differential equations of the composite (2) 

are rewritten as: 

~5 ( <fJx,x + W,xx) + ~5 ( <fJx,y + <fJy,x + 2W,xy) + ~4 ( <fJy,y + W,YY) = m, W,tt 
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Dll<px,xx + 2D16'Px,:r:y + D66'Px,yy + Dl6<.py,xx + (D12 + D66) 'Py,:r:y + D26<.py,yy 

- F',;5 ( 'Px + W,x )- F45 ( 'Py + W,Y) = fz'Px,tt 

Dl6<;Jx,xx + ( Dl2 + D66) 'Px,:r:y + D26'Px,yy + D66'Py,xx + 2D26<.py,:r:y + D22<;Jy,yy 

- F'.i5 ( 'Px + w,x )- F'.i4 ( 'Py + w,Y) = fz'Py,tt 
(11) 

and expressed m terms of a displacement - rotation vector (e)t = ( w, r.px, r.pY) ; here the 

index t means the transpose of the vector. Assuming the problem's solution in the form 

(e) = {e}exp(jkxx + jkyy - jwt), the system is expressed as a generalized polynomial 

complex eigenvalue problem: 

k: [Ai]{e}- ikP [A]{e} -[Ao]{e} = 0; 

where i = P and [A0], [A1], [A2] are matrices of dimension 3 x 3 defined as: 

m.w 2 

[Ao] = 0 

0 

with: 

0 0 0 -Œ12 -Œ13 

-F',;5 + w2 Iz -F45 [A1]= Œ12 0 0 [Ail= 
-F:i5 -F:i4 + w2I, Œ13 0 0 

a 12 = F',;5 cos r.p + F45 sin r.p and a 13 = F'.i5 cos r.p + F'.i4 sin r.p 

/3n = F',;5 cos2 r.p + 2F45 cos <p sin r.p + F44 sin 2 r.p ; 

/322 = Du cos2 r.p + 2D16 cos r.p sin r.p + D66 sin2 r.p; 

/323 = D16 cos2 r.p + ( D12 + D66 ) cos r.p sin r.p + D26 sin 2 r.p ; 

/333 = D66 cos2 r.p + 2D26 cos r.p sin r.p + D22 sin 2 <p . 

/311 

0 

0 

(12) 

0 0 

/322 /323 

/323 /333 

(13) 

Assuming À= i · kv in (12); the system has 6 complex conjugate eigenvalues 

propagating or evanescent in two opposite directions. The relation (12) represents the 6th 

order dispersion relation of the laminate composite panels. 

2.4. MODAL DENSITY 

The modal density is defined as the number of resonant structural modes within a 

studied frequency band divided by the frequency bandwidth. The angular distribution of 

the modal density is classically expressed in terms of the ratio of the structural wave-

number to the group velocity: 
A k (r.p,w) 

n(r.p,w) = -2 2 J ( )j 
1r c

9 
r.p, w 

(14) 

The modal density is obtained numerically by integrating relation (14) over heading 

angles n (w) = l" n ( r.p, w) dr.p , while the structural wave number k ( r.p, w) and the group 

47 



Modeling of thick fiat sandwich composite panels 

velocity c
9 

( w, tp) = dw / dk are computed numerically from the solution of the dispersion 

relation (12). 

Modal density of thick laminated isotropie panels 

Using the dispersion relation (8) for thick isotropie panels and the definition of the 

group velocity, the following relation is obtained: 

2k2D-w2 (1 + m.D) 
k z Gh 

w m. ( 1 - 2 i~ w
2

) + k2 
( Jz + ~fr (15) 

The group velocity's bending and shear tendencies are expressed using the 

asymptotical relations (9) as follows: 

cg-bending = 2k Œ for w ---+ 0 

Cg-shear = IZGh + msD for 
4Izm, 

(16) 

w - (X) 

The group velocity curves (Eq. 15) of the thick isotropie panel described in Table 1 as 

well as the asymptotical tendencies for bending and shear behaviours (16) are represented 

in Figure 4. Its modal density and the asymptotical tendencies for bending and shear 

behaviours are represented in Figure 5. 

Group velocity - thick isotropie panel 
10

5 r;:::::========~~--rrr-~~~~--c-rr-~~~~~ 
--e- Thick isotropie panel model 
- Bending effects 
-+·· Shear effects 

104 105 101 102 103 

Frequency (hz) 

Figure 4. The group velocity of a thick aluminium plate. 
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Modal density - thick isotropie panel 

-e-- Thick isotropie panel mode! 
- Bending effects 
-f- Shear effects 

10-6'-----~~~~_w_--'-~-'-~~-'---~~~~w...1--~~~~.......w 
1~ 1i 1~ 11 1~ 

Frequency (hz) 

Figure 5. The modal density of a thick aluminum plate. 

3. SANDWICH COMPOSITE PANEL 

This section considers the special case of sandwich composite panels. The theory 

described herein has the overall dimension of 12 by 12 and is based on a discrete 

displacement field approach. It allows for a correct description of the vibro-acoustic 

behaviours over the whole frequency range. 

3.1. ASSUMPTIONS AND GEOMETRY 

The present model is based on the following assumptions: 

• the thickness of the core is higher than that of the skins; 

• the core contributes only by transversal shear stresses; 

• transversal shear stresses are neglected in the skins; 

• the core and the skins are assumed incompressible through the thickness; 

In Figure 6a are represented the geometrical characteristics of a sandwich composite 

panel of sicle sizes Lx and Ly and thickness h. For any point M belonging to the core, the 

Mindlin-type displacement field is defined as represented in Figure 6b. 
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3.2. DISPLACEMENTS FIELDS 

The displacements fields of the skins are defined so as to obey the sandwich panels' 

assumptions. The skins are thinner than the core and act by bending behaviours. Their 

displacement field is built using the Love-Kirchhoff's assumptions but is corrected to 

account for the rotational influence of the transversal shearing in the core. This correction 

appears in the form of the constants c1x, C:ix, and c1y, c3y as stated in the following relations: 
âw 8w 

½=~-z-+~ ~=~-z-+s ox ox 
âw 8w 

VI= Vol -z-+cly V3 = Vo3 -z-+c3y (17) av av 

The Mindlin model is used to describe the displacement field of the core. The rotation 

effects of the transversal shearing in the core as well as the bending of the panel are 

described by the rotations angles 'Px,'Py and the transversal displacement w as: 

h 

l
u2 (x,y,z) = u02 (x,y) +zcpx(x,y) 
v2 (x, y, z) = v02 (x, y)+ zcpy(x, y) 
w2 (x, y, z) = w(x, y) 

t h2 
h3 

0 
z 

M 
X _o_ 

u 

(18) 

(J)x 

X 
,~ 

Wo 

0 
Figure 6. Dimensions of the panel and the Mindlin-type displacements field of the core. 

Because of the assumed perfect bonding of the layers, the displacement field remains 

continuous throughout the interface between two consecutive layers. To enforce this 

continuity the following conditions are written: 
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{

u1 (x,y,7½ /2): u2 (x,y,7½ /2)_; u2 (x,y,-h2 /2) u3 (x,y,-7½ /2) (l9) 
v1 (x,y,7½ /2)- v2 (x,y,7½ /2), v2 (x,y,-7½ /2)- v3 (x,y,-7½ /2) 

In the case of flat panel dynamics, the bending and transversal shearing are decoupled 

from the membrane behaviours. Consequently, the membrane-type displacements of the 

layers' neutral plan are not considered. Moreover, the out-of-plane compression stresses 

through the panel's thickness are considered constant. Using these assumptions, the system 

of continuity equations (19) has the solutions c1x, ~x, and c1y, ~Y: 

Sx = ; ( ~: + 'Px} 

c1Y = ; [ ~; + <pY]; 

c = -~(f)w +in) 3x 2 8x rx 

c = - [ 8w + 'P l 3
Y 2 8y y 

(20) 

Using relations (17), (18) and (20), the displacements fields of each of the three layers 

are written as follows: 
8w '½ 

ul = -z 8x +2'1/Jx 
8w U = -z-+znl, 

2 8x '+'x 

8w '½ 
Vl = -z {)y +2'1/Jy 

8w 
V = -z-+znl, 

2 8y '+'y (21) 

W1 = W W2 = W 

where the following notations are used: 
8w 

'l/Jx = 8x + 'Pxi (22) 

3.3. DISPLACEMENTS - STRAINS RELATIONS 

Using expressions (21), the linear displacements-strains relations of each layer are 

written as follows: 
h2 

Exl = -ZWxx +-'l/Jxx , 2 , ê - - -~"'' x3 - ZWxx '+'xx , 2 , 

h2 
Eyl = -zw,YY + 2 'l/JY,Y Skins: ê = -zw - '½ 'ljJ y3 ,YY 2 Y,Y (23) 

- -2zw + ~("'' + ni, ) 1 xyl - ,xy 2 '+'x,y '+'y,x 'Y xy3 = -2zw,xy - ; ( 'l/Jx,y + 'l/Jy,x) 

with, lxzl = 0; lyzl = 0; and lxz3 = 0; lyz3 = 0; 

Core: ëY2 = -zw,YY + z'l/JY,Y (24) 

lxy2 = -2zw,xy + z ( 'l/Jx,y + 'l/Jy,x) 

where symbolically D,a/3 indicates the derivative about o: and (3 of the variable D. 
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3.4. INTERLA YER STRESSES CONTINUITY RELATIONS 

Relations of stresses' dynamic equilibrium are written for each layer separately in order 

to develop the continuity of stresses relations at the interface between the layers. These 

relations are next integrated through the layer's thickness and the dynamic equilibrium 

relations along x and y directions are obtained. For the top skin - core interface, the 

relations of continuity are written as follows: 

oN!I) + aNg) -T(I) - p w2 [hi (hi+~) aw - ki~ ni, l = 0 
ax 8y xz 1 2 8x 2 '1-'x 

aNg) + aNg) -T(I) - P1W2 [hi (hi+~) aw - ki~ 'ljJ l = 0 
ax 8y yz 2 8y 2 v 

(25) 

with: 
T(I) = T(2) = Q(2) ni, + 0(2) ni, 

xz xz 55 'flx 45 If/y 

T(I) = T(2) = 0(2)n/, + 0(2)n/, 
yz yz 45 '1-'x 44 '1-'y 

(26) 

Using the notations: 

A= hi~ Q(!), B = hi (hi +~)Q(l), 
•J 2 •J ' '} 2 •J ' 

(27) 

with the elastic constants of the skins Q;~!) = Q;~3l, defined by the relations (A4) and the 

elastic constants of transversal shearing of the core 0;~2
) defined by the relations (A5), the 

top skin to core relations of stresses' continuity are written as follows: 

-B11w,= + A11'l/Jx,xx - B12W,xyy + A12'l/Jy,xy - 2Bl6w,xxy + Al6 ( 'l/Jx,xy + 'l/Jy,xx )-

Bl6w,xxy + AI6'l/Jx,xy - B26w,YYY + ~6'1/Jy,yy - 2B66w,xyy + A,6 ( 'l/Jx,yy + 'l/Jy,xy )-

P w2 [hi (hi+~) w - hi~ ni, ]- 0<2t,, - o(2lni, = 0 
1 2 ,x 2 '1-'x 55 '1-'x 45 '1-'y 

-B16 w,= + A16 'l/Jx,xx - B 26 w,xyv + A26 'l/Jv,xv - 2B66 w,xxv + A,6 ( 'l/Jx,xv + 'l/Jv,xx )-

B12w,xxy + A12'l/Jx,xy - B22W,YYY + ~2'1/Jy,yy - 2B26w,xyy + ~6 ( 'l/Jx,yy + 'l/Jy,xy )- (28) 

w2 [hi (hi+~) w - hi~ ni,]- 0(2t,, - o(2lni, = 0 Pi 2 ,Y 2 '1-'y 45 '1-'x 44 '1-'y 

The development of the stresses' continuity relations between the core and the bottom 

skin is identical to the above presented and identical relations of continuity (28) are 

obtained. 
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3.5. DYNAMIC EQUILIBRIUM RELATIONS 

The panel's dynamic behaviours are governed by the dynamic equilibrium relations of 

the forces and moments along x, y and z directions. The sandwich-type panel assumptions 

are considered; the membrane forces Nx, NY and Nxy and the bending moments Mx, My and 

Mxy are computed through the thickness of the skins while the transversal shearing forces 

Qx and QY are expressed through the core's thickness. Considering the stresses' continuity 

relations along x, y, and z directions as well as the panel's incompressibility along the z 

direction and integrating through the panel thickness, the following equilibrium relations 

are written: 
Qx,x + QY,Y = ms W,tt 

Mx,x + Mxy,y -Qx = Ixu,tt 

MY,Y + M xy,y - Qv = IY v,tt 

(29) 

The transversal shearing forces Qx and QY are expressed from the last two relations of 

system (29). These forces are replaced in the first fondamental equation to express the 

following relation of motion: 

Mx,=+ 2Mxy,xy + MY,YY -(Ixu,tt),x -(Iyv,tt),Y + msw2w = 0 

with the rotational inertia terms computed as follows: 

IX u,tt = w2 [ (PiH1 + P2H3) w,x - (PiH2 + P2H3) 'l/Jx l 
IYv,tt = w2 [(PiH1 + P2H3)w,Y -(p1H2 + P2H3)'l/JY] 

and where the following notations are used: 

Hl = 3hi hi + 611; h2 + 4hi3 

6 
Developing the relation (30) gives: 

- Dll w,= - 4Dl6 w,=xy - 2 ( D12 + 2D66 ) w,xxyy - 4D26 w,xyyy - D22 w,YYYY + 
Oll'l/Jx,= + 3016'1/Jx,xxy + (012 + 2066)'1/Jx,xyy + 026'1/Jx,yyy + 
016 'lpY,= + ( 012 + 2066) 'lpy,xxy + 3026 'lpy,xyy + 022 'l/JY,YYY -

w2 (PiH1 + P2H3) ( w,= + w,YY) + w2 (PiH2 + P2H3) 'l/Jx,x + 
w2 (p1H2 + P2H3) 'l/JY,Y + msw2w = 0 

with, the stiffness coefficients expressed as follows: 

(30) 

(31) 

Dij = H1Q&1) et oij = H2Q;j1); i,j=l,2,6; i,j ~4,5. (32) 

The relation (31) and the stresses' continuity relations (28) compose the system of 

dynamic equilibrium equations of sandwich composite panels. This system is expressed in a 

matrix form using a displacements vector {e} = { w 'l/Jx 'l/Jy r and an assumed solution of 
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the form (e) = {e}exp(jkxx + jkyy- jwt), where kx and ky are the components of the 

structural wave number k defined as: 
kx = k cos <l> 

kY = k sin <l> 
(33) 

and <[> is the heading direction. In consequence, the system of dynamic equilibrium 

equations of the panel reads: 

w(D11 c4 +4D16 c3s+2(D12 +2D66 )c2s2 +4D26 cs3 +D22 s4)-k4 + 

'1/Jx (C11c
3 + 3C16 c2s + (C12 + 2C66 ) cs2 + C26s3) · jk3 + 

'1/_Jy ( C16c3 + ( C12 + 2C66 ) c2 s + 3C26 cs2 + C22 s3) · jk3 -

w (w2 (p1H1 + p2H 3 )) • k
2 

- '1/Jx (w2 (p1H 2 + p2H3 ) c) • jk -

'1/JY (w2 (PiH2 + p2H3)s)• jk - m,w2w = 0 

w(B11 c3 +3B16c
2s+(B12 +2B66 )cs2 +B26s3)-jk3-

'I/Jx (A11c
2 + 2A16 cs + ~ 6s2) · k2 

-

'1/Jy (A16C2 + (A12 + ~6) CS+ ~6s2). k2 -

W [p w2 hi ( hi + hi) c] . J'k _ .,, (c(2) _ p w2 hi hi )- .,, c(2) = Ü 
1 2 'f'x 55 1 2 'f'y 45 

w ( B16 c3 + (B12 + 2B66 ) c2 s + 3B26cs2 + B22s3) · jk3 
-

'1/Jx (A16 c2 + (A12 + ~ 6 )cs + ~ 6s2) · k2 
-

'1/JY (~6 c2 +2~6cs+~2s2)-k2 -

w [P w2 hi ( hi + hi) s] . J.k - .,, cc2J - .,, (c(2) - P w2 hi hi ) = o 
1 2 'f'x 45 'f'y 44 1 2 

where the following notations are used: c = cos <l>; s = sin <l>. 

The system (34) is expressed in the following matrix form: 

(k 4 [A]+ jk3 [B] + k2 [C] + jk[D] + [El){e} = [ü]{e} 
where [A], [B], [q, [D] and [.Ej are 3x3 real matrices defined as follows: 

an 0 0 0 b12 b13 

[A]= 0 0 O· , [B]= b21 0 0 [C]= 
0 0 0 b31 0 0 

0 d12 d13 ell 0 0 

[D]= d21 0 0 [E]= 0 e22 ~3 

d31 0 0 0 ~3 e33 
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0 
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(34a) 

(34b) 

(34c) 

(35) 

0 0 

~2 C23 

C23 C33 
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b12 = Ollc3 + 3016c2s + (012 + 2066)cs2 + o26s3 

b13 = 015c3 + ( 012 + 2066) c2 s + 3026cs2 + 022s3 

b21 = B11 c
3 + ( B12 + 2B66 ) cs2 + 3B16c2 s + B26 s3 

b31 = B16 c3 + 3B26 cs2 + (B12 + 2B66 ) c2s + B22 s3 

Ci1 = -w2 (PiH1 + P2Ha) 

c22 = -(A11c2 + 2A16cs + ~ 6s2) 

C23 = - ( À15C2 + ( À12 + ~6) CS + A26s2) 

C33 = -( ~6c2 + 2~6cs + ~2s2) 

<¾2 = -(p1H2 + P2H3)w2
c 

(¾3 = -(p1H2 + P2H3)w2s 

f½1 = -Pi hi ( hi + hi ) W2 C 
2 

d31 = -Pi hi ( hi + f½ ) w2 s 
2 

_ 0 (2) hi½ 2 
e22 - - 55 + P1 -w 2 

- o(2) E23-- 45 

_ 0 (2) hi½ 2 e33 - - 44 + Pi -w 
2 

Considering ,\ = ±jk, relation (35) can be expressed in the form: 

(>. 4 [A]- ,\3 [B]- ,\2 [O] + ,\ [D] + [E]) {e} = [ü] {e}. 

(36b) 

(36c) 

(36d) 

(36e) 

(37) 

The expression (37) is a complex polynomial eigenvalues problem of fourth order and 

can be transformed as follows: 

,\ 

[D] [-0] [-B] [A] e 

[J] 
[ü] 
[ü] 

[ü] 
[J] 
[ü] 

[ü] 
[ü] 
[J] 

[ü] >.e 
[-E] [ü] [ü] [ü] e 

[ü] [J] [ü] [ü] >.e 
[ü] [ü] [J] [ü] >. 2e 

(38) 

[ü] [ü] [ü] [J] ,\3
e 

to obtain a generalized complex eigenvalues problem. In relation (38), [~ is the identity 

matrix and [ü] is the zero matrix. This problem has 12 conjugated complex eigenvalues 
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corresponding to propagative and evanescent waves in two opposite directions. The 

equation (38) represents the dispersion relation of the sandwich composite panels. 

3.6. CRITICAL FREQUENCIES 

The critical frequency region of a sandwich composite panel is given by the particular 

solution of the dispersion equation (35) at coincidence, when the structural wave number k 

matches the acoustic wave number ~: 

lk4 [A] {e} + jk3 [B] {e} + k2 [C] {e} + jk[D] {e} + [E] {e} = [ü] {e} 
k0 =k=w/c0 

(39) 

For a given heading cp, the critical frequency is computed numerically from the system 

(39) using the recast matrices [C] = w2 [C1 ] + [C2 ] and [E] = w2 [E1 ] + [E2 ]. The problem is 

expressed in the following form: 

w; [~]+[c;] {e}+jw;[[~]+[D]]{e}+w; [c;]+[E1 ] {e}+[E2 ]{e}=O; (40) 
Ca Ca Ca Ca Ca 

which is a fourth order polynomial eigenvalues problem. Assuming ,\ = jwc, Eq. (40) can 

be expressed in the form: 

[ü] - [C;]+[E
1

] -l[~l+[D]I [A]+ [c,]] e [-E2 ] [ü] [ü] [ü] e 
Ca Ca Ca c4 c2 a a >.e [ü] [I] [ü] [ü] >.e 

À [I] [ü] [0] [ü] 
À 2e - À2e ; (41) 

[ü] [I] [0] [ü] 
[ü] [ü] [I] [ü] 

À 3e [ü] [ü] [ü] [I] À 3e 
[ü] [ü] [I] [ü] 

to obtain a generalized eigenvalue problem. This problem has 12 complex conjugate 

eigenvalues. The critical frequency corresponds to a solution which satisfies the condition 

,\(cp) = ±iwc, purely imaginary. The critical frequency of the sandwich composite panel is 

written as: 

(42) 

and the limits of the critical frequency region are defined by fc1 = fc ( cp = 0) 

and fc 2 = fc ( cp = 1r / 2) . For an isotropie panel, the dependency on heading disappears and 

the critical frequency region reduces to a single critical frequency. 

3.7. NATURAL FREQUENCIES 

The presented dispersion system can also be used to compute the natural frequencies of 

the panel using the proper selection of the wavenumber components. For instance, for a 
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simply supported panel, the wavenumber components are defined as kx=m7r/ Lx, ky=n7r/ Ly. 
The natural frequencies associated to each mode ( m, n) are obtained by solving the 

dispersion relation (35) in the following recast form: 

(k!n [A]+ Jk!n [B] + k!n [C2] + [E2l){e} + w!n (k!n [C1 ] + jkmn [D] + [E1 l){e} = Ü; (43) 
where, kmn=(k/+ k/) 112, and the matrices [ C1], [ C2], [E1], [E2] are defined by the relations: 

[C] = w2 [C1 ] + [02] and [E] = w2 [E1 ] + [E2]. 

4. NUMERICAL RESULTS 

In this section, dispersion curves and results of the group velocity, modal density and 

transmission loss applied to flat composite laminate and sandwich panels are presented. 

The two presented modeling approaches are compared: symmetrical laminate composite 

and sandwich composite panels. The properties of the materials used in this study are 

presented in Table 2. The panel's sicle dimensions are 1.37xl.65m2
• The core's thickness is 

0.0127m while the skins' thicknesses are 0.0012m. 

4.1. Dispersion curves 

The dispersion solutions of a typical flat sandwich composite panel are studied here. 

The propagative and evanescent solutions of the theory (38) presented in the third section 

are analyzed. Its 12 complex conjugated solutions correspond to propagative and 

evanescent waves in two opposite directions. Among these solutions, only eight are 

physically meaningful. The four absolute values of these solutions are represented in Figure 

7. Additionally, three propagating waves (9) asymptotes are represented. It is observed 

that the main dispersion solution (-•-) has three asymptotical behaviors corresponding 

to panel's bending, core's shearing and the separate bending of skins. A second solution 

(-•-), always evanescent, has constant values at low and middle frequencies; its 

imaginary part tends asymptotically to the real part of the main solution in very high 

frequencies. At low and middle frequencies the third solution is evanescent and its 

imaginary part is asymptotically equal to the real part of the main solution. At very high 

frequencies, a transition frequency in the dispersion solutions set can be observed; at this 

frequency the fourth and the third solutions became propagative. 

The solutions represented in Figure 7 are reported in Figure 8 and compared to the 

dispersion relation 's solutions of a symmetrical lamina te panel modeling type (-•-) 

developed in the section 2. It is observed in Figure 8 that symmetrical laminate theory has 

just six true solutions (compared to eight for sandwich type modeling). The main 
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solution has just two asymptotical behaviours: pure bending of the panel at low 

frequencies and core's shearing at middle and high frequencies. This modeling type is not 

able to capture the separate pure bending of the skins at very high frequencies. The second 

dispersion solution corresponding to the symmetrical laminate modeling type is not 

represented in Figure 8; it tends to values approaching infinity. The values of the third 

and fourth solutions as well as the transition frequencies are identical for both modeling 

types. 

Graphite/Epoxy Skins Rigid foam Core 
EL (Pa) 0.48xl011 0.1448xl09 

Er (Pa) 0.48xl011 0.1448xl09 

GLT (Pa) 0.18lxl011 0.5xl08 

GLz (Pa) 0.2757xl010 0.5xl08 

Grz (Pa) O. 2757xl010 0.5xl08 

pLT 0.3 0.45 
p (kg/m3

) 1550 110.44 

Table 2. The physical properties of the materials used in the sandwich composite panel. 

4 
Structural dispersion curves - Flat sandwich panel 

10 '1 ' ' ' ' ' ' ' _._ Sandwich w avenurrber (alw ays propagative) 
-o-- Sandwich 2nd w avenurrber ( alw ays evanescent) 
--r:- Sandwich 3th w avenurrber ( evanescent & propagative) 
-+- Sandwich 4th w avenurrber ( evanescent & propagative) 

1 o3 -t- Panel pure bending asyrrptote 
_____.,__ Skin pure bending asyrrptote 
- Core shear asyrrptote 

100 
Evanescent Propagative 

10-1 

101 103 

Frequency (Hz) 
105 

Figure 7. Propagative and evanescent wave solutions and asymptotes of a sandwich 

composite panel. 
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Sfndwich dispersion curves - Laminate vs Sandwich Modeling 
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Figure 8. Sandwich panel's dispersion curves: (-•-) symmetrical laminate approach 

and sandwich-type modeling. 

4.2. Group velocity and modal density 

The behaviours observed on the dispersion solutions are analyzed in the context of the 

group velocity and the modal density calculation for a sandwich composite panel. Using 

the main solution of the dispersion relations (38) and (12) in the expressions presented in 

section 2.4, the group velocity and the modal density are computed. The group velocity 

results for both sandwich composite and symmetrical laminate modeling types are 

represented in Figure 9. Additionally, the asymptotical behaviours (16) of (i) pure bending 

of the panel, (ii) core's shearing and (iii) pure bending of the skins are represented. It is 

observed in Figure 9 that symmetrical laminate and sandwich type modeling gives similar 

results at low and middle frequencies; at very high frequencies the symmetrical laminate 

composite modeling is not able to capture separate pure bending of the skins' behaviours 

and consequently the group velocity is underestimated. 

The modal density behaviours are represented in Figure 10. The asymptotes are 

computed using the relations (16) and the definitions in section 2.4. It is observed that at 

very high frequencies the symmetrical laminate composite modeling overestimates the 

modal density of a typical sandwich composite panel. 
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Groupe velocity - Sandwich composite panel 
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Figure 9. Group velocity and its asymptotical tendencies for a sandwich composite panel. 
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Figure 10. Modal density and its asymptotical tendencies for a sandwich composite 

panel. 
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5. VALIDATION RESULTS 

Comparisons of the sandwich composite panel theory with existing models are 

presented in this section. As a first example, the natural frequencies of a simply supported 

sandwich panel are computed with the theory presented in the third section and compared 

with finite elements results. The properties of the materials used for this example are 

presented in Table 3. The panel's sicle dimensions are 0.35x0.22m2
• The core's thickness is 

0.0001m while the skins' thicknesses are 0.00045m. The panel is modeled in Nastran as an 

arrangement of a solid elements core bounded by shell elements for the skins with offsets. 

These results are plotted in Figure 11. Excellent agreement is observed between the results 

obtained with the present sandwich theory and Nastran. Note that the use of a composite 

element (CQUAD4) will lead to results similar to the presented laminate model and thus 

will overestimate the modal density at high frequencies. 

Skins Core 

E (Pa) l.8xl011 6.65xl05 

G (Pa) 6.767xl010 2.5xl05 

p 0.33 0.33 

p (kg/m3
) 7720 2000 

Table 3. The physical properties of the materials used for the sandwich panel. 

The physical properties of the composite panel studied in Figure 12 are derived from 

the following parameters: D11=21.34(Nm); D12+2D66=27.78(Nm); D22=330.84(Nm); 

ms=4.87(kg/m2
); Lx=0.9m; Ly=l.4m; îJ=0.01. 
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Figure 11. Natural frequencies validation for a sandwich panel. 
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Finally, the dispersion relation's main solution (38) is used within a Transfer Matrix 

Method (TMM) context to compute the total transmission loss of flat sandwich composite 

panels. A geometrical windowing method of the radiating field is used. This correction 

method is detailed in reference [9] and examples of its validation are given in references [9] 

and [10]. This method is compared here to the model proposed by Leppington et al. [15]. 

The theory presented in reference [15] was coded and the result is plotted in Figure 12. 

Excellent agreement is observed over the entire frequency range. Details of the 

experimental procedure and the panel properties are given in Ref. [15]. 

6. CONCLUSIONS AND DISCUSSIONS 

A fast and accurate theory to model the vibro-acoustic behaviours of sandwich 

composite panels has been presented. The physical behaviour of the panel is represented 

using a discrete lamina description. The model is developed in the context of a wave 

approach. It is shown that the dispersion curves are accurately estimated. Two modeling 

approaches were compared: symmetrical laminate composite and sandwich composite. It 

was observed that symmetrical laminate theory has an incomplete set of solutions: just six 

true solutions compared to eight for sandwich type modeling. Moreover, the main solution 

of symmetrical laminate theory was observed to have just two asymptotical behaviours. 

This modeling type was shown not to capture the separate pure bending of the skins at 

very high frequencies. Using the dispersion relation's solutions, the group velocity, the 

modal density, the natural frequencies as well as the total transmission loss were 

calculated. The acoustic transmission problem was represented within Finite Transfer 

Matrix Method (FTMM) context and successfully compared to experiments and to an 

asymptotical approach applied to flat composite panels. 
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APPENDIX 

MAIN EQUATIONS OF THE SYMETRICAL LAMINATE PANEL MODEL 

The bending moments and the transversal shear forces are defined as follows: 
h/2 N h.,; 

Mx = J CJxzdz = I:: J CJ;zdz 
-h/2 k=I hlk 

h/2 N h.,; 

MY = J CJYzdz = I:: J CJ:zdz 
-h/2 k=I 

h/2 N h.,; 

M xy = J T xyzdz = I:: J T~zdz 
-h /2 k=l hlk 

h/2 N h.,; 

Qx = f Txzdz = I:: J r:dz 
-h/2 k=I hlk 

h/2 N h.,; 

QY = J TY2 dz = I:: J T:2 dz 
-h/2 k=I 

(Al) 

Using the notations represented in Figure 1, the integration limits used in the relations 

(Al) are computed as follows: 
h k-1 h k 

huk = - - L hj ; hlk = - - L hj; ( A2) 
2 j=O 2 j=l 

where h is the total thickness of the panel, h1 the thickness of the lamina j and for j=O, 

h1-ho=O. 

The mass per unit area and the rotational inertia are defined as follows: 

f., (h h ) I = f., ( h;k - hi!) . 
m. = 8 Pk uk - lk ; z 8 Pk 3 ' (A3) 

where, N is the total number of laminas and Pk is the mass density of lamina k. 

The general elastic constants of the symmetrical lamina te composite panel Qi~ , c; are 

defined as follows (Berthelot [7]): 

Q;1 = CL cos4 
{)k + Cr sin4 

{)k + 2(CLT + 2GLr)sin2 
{)k cos2 

{)k 

Q;2 =(CL+ Cr -4GLr)sin2 
{)k cos2 {)k + CLr(cos4 

{)k + sin4 
{)k) 

Q;6 = (CL - OLT - 2GLT) sin {)k cos3 
{)k + (OLT - Cr + 2GLT) sin3 

{)k cos {)k 

Qt2 = CL sin4 
{)k +cr cos4 

{)k +2(CLT +2GLr)sin2 
{)k cos2 

{)k 
(A4) 

Qt6 = (CL - OLT - 2GLT) sin3 
{)k cos {)k + (OLT - Cr + 2GLT) sin {)k cos3 

{)k 

Q;6 =(CL+ Cr -2(CLT + GLr))sin2 
{)k cos2 

{)k + GLr(cos4 
{)k + sin4 

{)k) 

with, et = [ EL ) c; = [ ET ) c;T = [ 1/LTET ) ; and the elastic constants 
l - 1/LTI/TL l - 1/LTI/TL l - 1/LTI/TL 

of transversal shearing of the core defined as follows (Berthelot [7]): 
C k Gk 2 _Q Gk • 2 _Q 

44 = TZ COS 'Uk + LZ Sin 'Uk 

c:5 = (G2z - c;z) sin {)k cos r)k 

C k Gk 2 -0 Gk • 2 -0 
55 = LZ COS 'Uk + TZ Sln 'Uk 
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2.3. Conclusion 

In this chapter, the modeling of classical composite panels has been studied. As a 

general rule, the great majority of the panels used in modern constructions could be 

classified as symmetrical laminate and sandwich type. More complicated configurations are 

also used but they are not considered here. Symmetrical laminate designation refers to 

symmetrical layouts of similar or close physical properties plies with orthotropic 

orientation. In that case, it was shown that membrane behaviours are decoupled and the 

problem could be represented in a scaled-down form. This modeling approach is accurate 

over the audible frequencies domain if applied to symmetrical laminate panels. Large 

errors have been observed at high frequencies when such a laminate approach was used to 

represent sandwich type configurations. A sandwich configuration represents a symmetrical 

layout of three layers. The skins are much stronger than the core. Due to this 

particularity, the membrane behaviours in the skins are coupled to transversal shearing in 

the core. Therefore, different behaviours act in different regions of the total thickness of 

the panel. A smearing method such as that used for symmetrical laminate is justly 

inappropriate. A second modeling approach dedicated to sandwich panels was developed. 

The layers were represented by discrete displacement fields and the dynamic equilibrium 

relations accounting for membrane behaviours have been considered. Bending, membrane 

and shearing behaviours have been considered in the skins compared to pure bending 

allowed by classical ( thin skins) sandwich modeling assumptions. 

The sandwich modeling approach has been successfully compared to classical finite 

elements modeling. Moreover the spatial windowing method was successfully compared to 

experimental and asymptotical modeling approach results. 
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Chapter 3 

Modeling of thick composite laminate structures with linear 

viscoelastic damping 

3.1. Introduction 

The modeling of the dynamic behaviours of laminate structures with viscoelastic layers is 

important. The great majority of the published approaches is case specific and consequently 

extensions are generally difficult. The technological progresses of the last decades and the 

increasing comfort requirements have encouraged the development of a great diversity of 

laminate configurations exploiting a great diversity of viscoelastic materials. 

The present modeling work is dedicated to applications, such as, optimization and 

identification of viscoelastic materials using inverse characterization. Both goals require 

accuracy and computational efficiency. Moreover, the present model is not case specific: 

symmetrical and asymmetrical layouts in sandwich or laminate configurations are accurately 

represented over the full frequency range. 

In this section, the article "Modeling of thick composite laminate structures with linear 

viscoelastic damping", to be submitted to Acta Acoustica, is reported. Several examples of 

modeling cases are presented in order to demonstrate the accuracy and the extent of their 

application-possibilities. Similar results are obtained using the discrete laminate modeling, 

classical finite elements and spectral finite elements methods. 

3.2. Article on the discrete layer modeling of general laminate plates and beams 

- See following pages -
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MODELING OF THICK COMPOSITE LAMINATE STRUCTURES WITH 

LINEAR VISCOELASTIC DAMPING 

Sebastian Ghinet and Noureddine Atalla 
Departrnent of Mechanical Engineering, Université de Sherbrooke, 2500 Boulevard Université 

Sherbrooke, QC, JlK 2Rl, Canada 

ABSTRACT 

The paper describes the modeling of thick composite laminate and sandwich plates and 

beams with linear viscoelastic treatments. Each layer is modeled as thick laminate with 

orthotropic orientation, rotational inertia and transversal shearing, membrane and bending 

deformations. First order shear deformation theory is used but each layer can numerically be 

refined throughout its thickness as a layout of many discrete plies. The equation of motion is 

developed following a wave approach based on discrete layer description. It handles 

symmetrical and asymmetrical layouts of an unlimited number of transversal incompressible 

layers. The dispersion relation is expressed as a complex polynomial generalized eigenvalues 

problem. The propagative wave solutions of such structures are accurately estimated. Using 

these solutions, the input mobility and the mechanical impedance are computed. The model is 

successfully compared to numerical finite elements and experimental results for different 

boundary conditions. Moreover, as an application, the structural loss factor of general 

laminate cantilever beams is computed. Structural loss factor results are successfully 

compared to spectral finite elements method results. 

1. INTRODUCTION 

Damped multilayer structures such as flat panels are largely used in automotive 

constructions. These damping configurations are classically classified into constrained and free 

layer damping treatments. The main structure is generally of isotropie or laminate composite 

constitution. Such configurations have a high damping efficiency when optimal transversal 

properties are chosen. Optimal layouts selection and their inverse characterisation may 

involve large computer resources. On the other hand, general layout-definition capabilities 

(non case specific approaches), accuracy and fast convergence towards the solution are key 

requirements for the adopted numerical approaches. 
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The concept of vibration energy dissipation by controlling the resonance response of 

structures with viscoelastic layers dates back to the fifties with applied works on different 

configurations' effectiveness and testing methods3'4-6
• Kerwin7 summarized the previous works 

on damping by saying "Historically, damping has often been treated as a somewhat 

mysterious phenomenon, best approached by trial-and-error methods" and cited the methods 

for predicting and measuring the damping of Liénard3 and Oberst4-6
. He was the first to 

present a theoretical modeling of damped thin structures with constrained viscoelastic layer. 

He stated that the energy dissipation mechanism in the constrained core is attributable to its 

shear motion. The core had a complex shear modulus and its Young's modulus was 

considered small compared to that of the faces. The isotropie face plates are constrained only 

on one face each by the core and therefore experience pure bending7
• Most of the later 

authors8•9 extended Kerwin's7 work using his same basic assumptions. Six-order equations of 

motion were developed in terms of axial displacements8 and transverse displacements9 both 

allowing for general boundary conditions. A fourth-order equation of motion was developed by 

Yan and Dowell10
. The face plates' shear deformations effects, longitudinal and rotary inertia 

were included to obtain a sixth order equation and then dropped so as to obtain a simplified 

fourth-order equation of motion. In 1982, Mead11 reviewed previous theories12
•
8

•
9 and stated 

that most authors made the same basic assumptions and concluded that all the theories must 

predict the same loss factors. These assumptions were as follows: (i) the core carried shear, 

but not direct stress, was linearly viscoelastic and had a complex shear modulus; (ii) the face-

plates were elastic and isotropie and suffered no shear deformation normal to the plate 

surfaces; (iii) the inertia forces of transversal flexural motion were dominant, with 

longitudinal and rotary inertia of faceplates and core being negligible; (iv) all points on a 

normal to the plate moved with the same transverse displacement; (v) no slip occurred at the 

interfaces of the core and the face plates. This set of assumptions is referred to in the 

literature by Mead and Markus9 (MM) model. In reference [11] a particular attention is given 

to the simplified Yan and Dowell10 model as well as DiTaranto8 and Mead and Markus9 

models; these two models are validated and compared to a more accurate differential equation 

accounting for shearing and rotational inertia in the face plates as well as the discrete 

displacement field of the layers. Mead11 discussed also the conditions and the ranges of 

validity for the two models8
'
9 compared to his theory11

. An analytical method considering 

flexural, longitudinal, rotational and shear deformations in all layers of sandwich beams with 

multiple constrained layer damping patches is proposed by Kung13
• The method is verified by 

comparing results for a single patch to those reported in the literature by Lall et al. 14 and 

Rao15• Examples of experimental validation are also presented. In a recent paper by Shorter16
, 
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general laminate viscoelastic structures were modeled using a spectral finite elements method, 

that is, lD finite element were used to model through-thickness deformation and exponential 

functions (propagating wave shape) are used to handle the in-plane displacements. The 

adopted approach considers a full three-dimensional displacement field within the laminate. 

Linear elements were used to interpolate the cross-sectional displacement fields. The 

characteristic equation for free-wave propagation was formulated as a linear algebraic 

eigenvalue problem in wave number. The wave types for a given laminate at a fixed frequency 

were found using standard algorithms to solve linear algebraic eigenproblems. Moreover the 

strain energy distribution through the section was computed for each wave type and then 

used to estimate the damping loss factor for each wave type. Good agreement with 

experimental and previous modeling approach by Kerwin [46] was obtained. 

Valuable bibliographie reviews on the modeling of damped structures were presented by 

Sun17 and Nakra18
. One of the tremendously difficult tasks concerning the viscoelastic 

materials is the characterization of their dynamic properties19
• The authors19 reviewed the 

modeling techniques and discussed the conventional methods such as direct frequency 

response and modal strain energy. It is suggested19 that these methods become inaccurate 

when the damping of the structure becomes high and a new iterative complex 

eigensensitivity-based characterisation method is presented. The damped structures are 

modeled in this study19 by finite element means. 

Most papers treat isotropie structures7
-
15 with damped layers or patches in symmetrical or 

asymmetrical sandwich configurations. The increasing requirements of accuracy have 

encouraged important ameliorations11
'
13

'
16

'
19 in the modeling approaches. The industry 

development of new multilayer damped configurations (non-sandwich) favors the use of 

general laminate models 16
• Moreover, the new iterative algorithms, used for the 

characterization of the viscoelastic materials' dynamic properties, require a tremendous 

amount of computational effort19
• These methods19 update successively the complex 

eigenvalues and eigenvectors until required accuracy is achieved. It is worth pointing out that 

accurate and fast numerical solutions are imperatives for such applications. 

The paper describes the modeling of thick general composite laminate plates and beams 

with linear viscoelastic damping. The principal aim is the fast and accurate modelling of such 

structures for low as well as for high frequencies. The problem is solved analytically in a wave 

approach context. Each layer is described by a Reissner-Mindlin displacement field leading to 

equilibrium relations accounting for membrane, transverse shearing, bending and full inertial 

terms. Each layer is considered laminate, composite and account also for orthotropic plies 

orientations. The discrete description of each layer allows for accurate handling of thin/thick 
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laminates and sandwich panels over the whole frequency range. In particular at high 

frequencies the combination of (i) propagating wavelength characteristics (short wavelengths) 

and (ii) the layout 's physical properties ( certain layers are much stiffer than adjoining ones) 

may result in an out-of-phase movement of stiff layers. 

The model is successfully validated with numerical finite elements and experimental 

results for different boundary conditions. Equivalent structural loss factor and the 

deformation energy of such structures are computed using the propagative bending-type wave 

solution of the dispersion relation. Excellent agreement is observed between the present 

approach and spectral finite elements estimations. Due to its accuracy, rapidity as well as of 

its ease implementation, the present approach offers an alternative to existing methods for 

viscoelastic optimisation of fiat panels and inverse characterisation applications. 

2. ANALYTICAL FORMULATION 

This study deals with layouts of an unlimited number of composite and viscoelastic layers. 

Figure 1 represents the global geometrical configuration of a composite panel (Figure l.a) and 

a composite beam (Figure 1. b) with the side dimensions Lx and Ly and the total thickness h. 
The layered construction is considered, in general, asymmetrical as represented in Figure 2. 

The origin of the coordinates system is defined on a reference surface passing through the 

middle thickness as represented in Figure 1. 

Figure 1. Global geometrical configuration. Flat laminated composite panel (a), and 

laminated composite beam (b) of Lx and Ly side dimensions and h total thickness. 

Membrane and bending displacements as well as shearing rotation are generally expected 

to act in each layer; the displacement field of any ith discrete layer of the panel is of Mindlin's 

type: 
ui(x, y, z) = u~ (x, y)+ zcp! (x, y) 

v\x, y, z) = v~(x, y)+ zcp!(x, y) 

w\x, y, z) = w~(x, y) 
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'----t---.....a...--',2 X -· 
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Figure 2. Discrete laminate asymmetrical layout. Each of the N layers has its own Reissner-

Mindlin displacement field so as to allow for membrane, bending and transversal shear 

behaviours and spread frequency range reliability. Each layer is edged by surfaces noted as: 0, 

1, ... , N-1, N. 

The resultant stress forces and moments of any layer are defined by the relations (A.l) 

and (A.2) presented in Appendix• A. There are three interlayer forces along x, y, and z 
directions between any two layers. Consequently, the total number of interlayer forces is 

3(N-1) where N is the number of layers. For any lh layer there are five equilibrium 

equations: 

Qi +Qi +Fi pi-1 i i 
x,x y,y z - z = msW,tt (2) 

Rotational inertia, in-plane, bending as well as transverse shearing effects are accounted 

for in each layer. Also, orthotropic ply's directions are used for any lamina composing a layer. 

The external surfaces of the structure are considered stress-free, therefore in the system (2) on 

the upside face of layer 1: F,0 = ~o = F,0 = 0 while on the downside face of layer N: 

FN = FN = FN = 0. The expressions of the transverse shear stress forces Qi, the in-plane 
X y Z 

stress forces Ni, the inertial terms I;, and the stress moments Mii of each layer are defined by 

the relations (A.4) to (A.7). 

It is worth mentioning that the elastic constants (A.10) have different expressions 

depending on which of plate or beam structure has to be modeled. 
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2.1. Dispersion relation 

For any layer, the dynamic equilibrium equations are rewritten, using equations (2) and 

relations (A.4) to (A.6) with appropriate algebraic manipulations, as presented in (A.12). The 

resulting dynamic equilibrium system, presented in that form, has 5N+3(N-1) variables 

regrouped in two vectors; a displacement-rotation vector {U}, and an interlayer forces vector 

{F}: 
{U} = {u1· v1· w1· ,n1· (()1. u2· v2· w2· ,n2· ,n2· ... uN. vN. wN. ,nN. inN }T , , ,rx,ry, , , ,..,....x,ry, , , ,rx ,ry 

{F} = {FI· pl, pl, F2, p2, p2, ... pN-1, pN-1, pN-l}T 
xlylzlxlylz) X 'Y )z 

(3) 

The associated 5N+3(N-1) equations account 5 equations of dynamic equilibrium for 

each of the N layers plus 3 equations of interlayer continuity of displacements for each of the 

N-1 interlayer surfaces. 

To solve for the dispersion relations, the system of dynamic equilibrium equations 1s 

expressed in terms of a hybrid displacement-force vector (e) defined as: 

(4) 

Assuming a harmonie solution (e) = {e}exp(jkxx + jkyy - jwt), the system is expressed in 

the form of a generalized polynomial complex eigenvalue problem: 

(5) 

where, kc = --Jk; + k: , j = H and [A0], [A1], [A2] are real square matrices (in the absence 

of damping) of dimension 5N+3(N-1) defined in (A.13). Relation (5) has 2(5N+3(N-1)) 

complex conjugate eigenvalues and represents the dispersion relations of the laminated 

composite structure. The eigenvalues are classified as follows22: (i) pure arithmetically real, 

and arranged in pairs of opposite sign corresponding to waves propagating in opposite 

directions; (ii) pure arithmetically imaginary, corresponding to exponentially decaying near 

fields which transport negligible mechanical energy and (iii) arithmetically complex, 

corresponding to evanescent waves propagating by pairs in opposite directions with 

exponentially decaying or increasing magnitudes. 

The matrices in relation (5) become complex when viscoelastic layers are composing the 

layout. For generality sake, each of the layer's elastic constants in (A.9) and (A.11) becomes 

complex as shown in the following relations: 

[Q!11 Y(w) = [Q!11 Y(l + jrf(w)); o:,/3 = 1,2,6 

[C!11 Y(w) = [C!11 Y(l + jr/(w)); o:,/3 = 4,5 
where r/(w) is the structural damping spectra of the ith layer. 

74 

(6a) 

(6b) 



Modeling of thick composite laminate structures with linear viscoelastic damping 

The solutions of the relation (5) are sorted according to their nature: propagating or 

evanescent and arranged following a decreasing magnitude. The pure arithmetically real 

solution with the highest amplitude corresponds in the case of thin isotropie structures to the 

bending wavenumber. This solution has three asymptotical behaviours for sandwich 

configurations: pure bending at low frequencies, core's transversal shearing at mid-frequencies 

and pure bending of skins at high frequencies. 

Accounting for damping affects the dispersion relation's solutions. For example, the 

imaginary part of the propagating solutions increases in some instances by a factor of 103 in 

magnitude compared to the free-of-damping modeling case. In the same context, the real 

and/or imaginary part values of the complex or purely imaginary solutions also increase with 

a comparable order of magnitude. In consequence, the classical aforementioned sorting rules 

become difficult to apply. Instead, a constant gradient method is used here to sort the 

damped dispersion relation's solutions. This method is based on the assumption that the 

frequency band gradient of the real part of propagative solutions remains unchanged when 

structural damping is accounted for. Moreover, the magnitude (real part) of the propagative 

solutions is slightly affected by damping. The gradient of each propagative solution is 

computed at each central frequency band in undamped and damped configurations and used 

to sort the solutions. 

In the following the first propagative solution (of highest amplitude) is retained and used 

to illustrate applications of the proposed model. This propagative solution corresponds to 

transversal displacements motion (bending for the thin structures' case) accompanied by in-

plane and transversal shearing internal deformations. 

2.2. Input mobility 

Examples of applications using the first propagating solution of the dispersion relation (5) 

are presented in the following. Input mobility and mechanical impedance are investigated for 

cantilever and free-free isotropie and sandwich beams. 

Using a transversal displacement solution type expressed as: 

W = A1 cos(kcx) + B1 sin(kcx) + A.i sinh(kcx) + B2 cosh(kcx); (7) 
with appropriate boundary conditions relations, the input mobility relation 1s developed 

sym bolically. 
The input mobility is defined as the ratio of the normal velocity to the excitation force at 

a given point in a vibrating system. Cantilever beam case (represented in figure 3a) gives the 

following relation for the input mobility: 
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H = w(x = L) = iw sinh(kcL) cos(kcL) - cosh(kcL) sin(kcL) . 
F(x = L) (1 + cosh(kcLJcos(kcLJ) k} {EI}eq ' 

(8) 

where {EI}eq is the equivalent bending stiffness given by: 

{El} = w2pS. eq k4 , 
C 

(9) 

with kc representing the first propagating wavenumber solution of the dispersion relation (5), 

and pS the mass per unit length. 

Using the same approach, the input mobility relation in the free-free beam case 

(represented in figure 36) is written as follows: 

H = w(x = L / 2) = iw 1 + cosh(kcL / 2) cos(kcL / 2) (lü) 
F(x = L/2) (cosh{kcL/2)sin(kcL/2) +sinh(kcL/2)cos(kcL/2))k} {EI}eq 

ZJ 0 r zî r 0 
1 .x • X 

'l. 

(x=O) (x=L) (x=O) (x=L/2) (x=L) 
Figure 3. Beam's boundary conditions: (a) cantilever and (b) free-free. 

2.3. Equivalent structural damping 

The modeling of composite and viscoelastic laminate panels by statistical energy analysis 

means uses global equivalent damping loss factors associated to each propagating wave 

solution. As an example, the first propagative solution of the dispersion relation (5) is used in 

the following to calculate the strain energy and the structural damping coefficient for a 

cantilever beam. Structural damping coefficients of each layer are considered as mentioned in 

section 2.1. The transversal displacement at any point of the beam due to a point driving 

force Fis written using the relation (7) with cantilever boundary conditions relations as: 
F( ( cos(kcx)-cosh(kcx)) (sin(kcL )+sinh(kcL) )+ 

+ ... + (sinh(kcx)-sin(kcx))(cos(kcLJ+cosh(kcLJ)j 
w(x,w) = ---------------------

2k; {EI}eq (1 +cos(kcLJcosh(kcLJ) 
(11) 

Beam's global pure bending assumptions have been used to develop the relation (11). The 

use of a discrete layer definition to compute kc using relation (5) and representing an 

equivalent stiffness coefficient { El} eq using relation (9) allow an accurate estimation of the 

through thickness and global beam's behaviours. The strain energy is computed using the 

classical definition relation as follows: 
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1 JL * Uiw) = -{El} wxxw dx; 2 eq O ' ,xx (12) 

where w,xx represents the double derivative of w by x while the star superscript indicates a 

complex conjugate. The equivalent stiffness coefficient (9) is expressed in the following so as 

to introduce the beam's equivalent structural damping coefficient: 

{ EI}eq (w) = 3!( { EI}eq) [1 + )7Jeq (w)]; 
Ud(w) = 3r(Ud)[l + j7Jeq(w)]; (13) 

which allows to write 8:(Ud) = 7Jeq3!(Ud) and to express the beam's equivalent structural loss 

factor associated to the first propagating wave solution as follows: 

(14) 

3. NUMERICAL RESULTS AND VALIDATION 

Examples of comparisons to experimental and finite elements results are presented and 

discussed in this section. Input mobility and mechanical impedance are computed for 

cantilever and free-free boundary conditions configurations. The physical properties of the 

materials used in the following studies are presented in Table 1. 

Table 1. Beams' configurations and the materials' properties used for the numerical 

validation. The materials of Case#2 as well the configuration of Case#5, are from reference 

[13]; the configuration and materials of Case#3 and 4 are from reference [21]. 

Case#l Aluminium Bearn: Lx=l 77.8mm; Ly=lümm; h=5mm. 

E (Pa) 7.lxl010 

G (Pa) 2.67x 1010 

p (kg/ma) 2700 

11 0.01 

G1=Ga (Pa) 67.67x 109 

P1= Pa (kg/ma) 7720 
0.25xl06 

2000 

Case#3 Sandwich Bearn: Lx=0.61456m; Ly=0.0254m; h1=h3=6.35mm; h2=0.lmm 
E1= Ea (Pa) 2.lxl011 G'=6895xe°'5791n(f)+l.135 (Pa); G"=6895xe°'6011n(l)+Ll44 (Pa) 
G1=Ga (Pa) 8.0769xl010 G2 (Pa) (0.601ln(f)+l.144)x6895 (Pa) 
p1= Pa (kg/ma) 7800 p2 (kg/ma) 1102.644 

0.01 G'/G" 
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E1= E3 (Pa) 2.1 X 1011 G '=6895 xe0·0261n(fJ+4.754 (Pa}; G"=6895 xe0•171n(fJ+2-705 (Pa} 
G1=G3 (Pa) 8.0769xl010 G2 (Pa) (0.17ln(f)+2.705)x6895(Pa) 
p1= Pa {kg/m3

) 7800 p2 (kg/m3
) 1000.62 

G'/G" 
Case#5 Sandwich Bearn 
Geometry 
Lx=0.177m; Ly=0.0254m; h1=0.787654mm; h2=0.05085mm; h3=1.473962mm. 
Physical properties 
Same materials as Case#2 

A. Isotropie thick beam 

The accuracy of accounting for bending and transversal shearing behaviours is verified for 

a one-layer isotropie beam case. Figure 4 represents comparisons between three modeling 

approaches for a thick undamped aluminium beam (Case#l). The input mobility is computed 

by the present approach, a symmetrical laminate approach23 and finite elements software 

(MSC/Nastran®) in cantilever boundary conditions. 

Solid finite elements are used to model the beam in MSC/Nastran®. The three approaches 

give similar results e.g. the first four resonant frequencies, the resonant amplitudes and peak 

vales are similar by the three approaches. It is concluded that bending and transversal shear 

behaviours are accurately estimated by the present model and by the simple symmetrical 

laminate approach. 

B. Undamped sandwich beams 

A sandwich beam (Case#2) in cantilever boundary conditions is considered. Figures 5 and 

6 present comparisons between the present approach and finite elements modeling 

(MSC/Nastran®) for sandwich beams. The Nastran model uses solid finite elements for the 

core and shell finite elements (with offset option) for the skins. Nodal clamped condition at 

x=0 end was applied to both the skins and the core. 
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-100 '---------'--------'--L--'---'---'--L-L--'---------'---'----'----' 
102 103 

Frequency (Hz) 
Figure 4. Input mobility (dB) of an aluminium beam. Numerical validation: (-) MSC 

Nastran; ( ... ) Discrete laminate modeling; ( ) Symmetrical laminate modeling. 

The case of undamped beam's input mobility is presented in Figure 5. A good agreement 

1s observed between the present approach and the finite elements modeling results. The 

influence of the structural damping is next studied in figure 6. The same (Case#2) sandwich 

beam is used here with a damped core (TJcore=l.5). Again good agreement is observed between 

the finite elements result and the present approach. 

C. Thick damped sandwich beams 

Damped sandwich with thick skins beams are investigated in the following. The driving 

point mechanical impedance is computed by the present approach and compared to 

experimental results from literature. The mechanical impedance is defined as the ratio of the 

excitation force to the velocity at a given point in the structure ( =1/H, given by inversing the 

ratio of relations 8 and 10 for cantilever and respectively free-free boundary conditions). 

As a first example, the constrained damping layer treatment beam Case#3 presented in 

Table 1, is considered here in free-free boundary conditions. The shear modulus of the 

viscoelastic core as well as the damping coefficient are defined using the expressions of G' and 

G" (see Table 1). These properties were taken from reference [21]. Experimental results from 
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Sun and Lu21, Fig. 4.3, Page 173 as well as Fig. 4.4, Page 174 were digitalized and represented 

in Figure 7 and Figure 8 respectively. 

Figure 7 presents the comparisons for Case #3 between experimental results21 and the 

present discrete laminate approach. Excellent agreement is observed. The resonance 

frequencies and the resonance amplitudes of the first four modes are accurately estimated. 

Next, a thicker damped sandwich beam is considered (see Case#4, Table 1) in free-free 

boundary conditions. The mechanical impedance estimated by the present approach is 

compared to experimental results21 as represented in Figure 8. Again an excellent agreement 

is observed. 

60 

1 
40 1 

/\ - / /\ 
1 lXI 20 1 

"C / / \ 1 - /, 
'¾ / \ 1 \ 

/, '\ :ë 0 I 
0 '\, /, "' li 
E i / ' 1 "' -:::, \f ,1 a. -20 .5 1 Il 

-40 

-60 
101 102 103 

Frequency (Hz) 

Figure 5. Input mobility (dB) of a sandwich beam. Numerical validation: (-) MSC 

Nastran; (- -) Discrete laminate modeling. 
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Figure 6. Input mobility ( dB) of a sandwich beam ( llcore = 1.5 ). Numerical validation: (- ) 

MSC Nastran; (- -) Discrete laminate modeling. 
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Figure 7. Driving point mechanical impedance of a sandwich beam (Sun and Lu21

, Fig. 4.3, 

Pag.173). Experimental validation: ( ) Discrete laminate; ( oo) Experimental. 

81 



Modeling of thick composite laminate structures with linear viscoelastic damping 

.... 
'c 

:9 102 -Cl) 
CJ 
C 

101 
Cl) 
C. 
E 

101 102 

Frequency (Hz) 
Figure 8. Driving point mechanical impedance of a sandwich beam (Sun and Lu21

, Fig. 4.4, 

Pag.174). Experimental validation:(-) Discrete laminate; (oo) Experimental. 

D. Asymmetrical undamped sandwich beam 

The case of an asymmetrical sandwich beam is considered in the following example. The 

properties of the cantilever beam are presented in Table 1 (Case#5). These properties are 

taken from Table 4 of reference [13]. The theory estimates of the first five undamped natural 

frequencies of the beam were also taken from Table 4 of the same reference. They are 

represented in Figure 9 and compared to the resonance frequencies of the input mobility 

estimated using the discrete laminate approach. An excellent agreement between these two 

theories can be observed. 
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f1 f2 f3 f4 f5 
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:c -20 
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:E - -40 :::, 
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0 200 400 600 800 1000 1200 1400 1600 1800 2000 
Frequency (Hz) 

Figure 9. Input mobility (dB) of a cantilever sandwich beam (-) and its natural 

frequencies ( • ). Numerical validation: Input mobility computed using the discrete laminate 

approach (-) and the theory results of undamped natural frequencies published by Kung et 

al. /13} ( • ). 

E. Constrained layer damping treatment 

This example consists in computing the flexural structural loss factor for a three-layer 

configuration (constrained layer damping treatment). This example has been presented by 

Kerwin7 and used later by Shorter16 to validate its spectral finite elements approach. 

The set-up is composed of a cantilever aluminium beam to which a polymer viscoelastic 

material, constrained by a thin aluminium layer, is attached. Kerwin7 has given curves for the 

frequency dependence of the real and imaginary parts of the shear modulus of the viscoelastic 

material at various temperatures. The material's properties at 25° C were digitalized (form 

Fig. 6 of reference [7]) and extrapolated values have been used in the present study. 

Material's properties at the same temperature were used by Shorter16 to compute the 

structural loss factor. 

Three cases with different thicknesses of the constraining layer were studied. These 

configurations are clearly represented in figure 10. Moreover, the computed values (14) of 

structural loss factors associated to the flexural wave-type of the laminate beam for the three 
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configurations are plotted and compared to digitalized results presented by Shorter (fig 3 of 

reference [16]). It is observed in figure 10 that the computed results are in excellent agreement 

with those presented in reference [16]. However, small discrepancies are observed between the 

present general discrete laminate and the spectral finite elements methods16
• These 

discrepancies may however be related to errors incurred by (i) the use of extrapolated 

properties and (ii) the use of values obtained from digitalized curves. 

"-.s 10-1 

CJ 
J!! 
(/) 
(/) 

..2 

w 
h1=0.000254 (m) 
h2=0.000254 (m) 
h3=0.003175 (m) 

X 
h1=0.0001524 (m) 
h2=0.000254 (m) 

h3=0.003175 (m) 

LAY-UP: 

Aluminium (h1) 

Polymer (h2) 

Aluminium (h3) 

y 
h1=0.000508 (m) 
h2=0.000254 (m) 
h

3
=0.003175 (m) 

10-3 '-------'-----'-------'-------'-------'--.....L.1-_LL_ __ ....l____,_____J,--1..~l-L.l---'-----'---'---'-_,__-'---l..-'-LJ 

1~ 1i 1~ 1~ 
Frequency (Hz) 

Figure 10. Damping loss factor of a beam with constrained layer damping treatment. Results 

are plotted for three thicknesses of the constraining layer, using (-) the present discrete 

laminate approach and ( •••) a spectral finite elements model (these results are digitalized 

from figure 3 of reference [16]). 

4. CONCLUSIONS 

The modeling of thick composite laminate plates and beams with linear viscoelastic 

damping layers was described. The present theoretical approach was developed so as to fulfill 

a present necessity for fast and accurate numerical models generally dedicated to optimisation 

and inverse characterisation applications. The problem was solved analytically in a wave 

approach context. Each layer is described by an own (discrete) Reissner-Mindlin displacement 
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field and equilibrium relations account for membrane, transversal shearing, bending and full 

inertial terms. Each layer is considered composite and also accounts for orthotropic plies 

orientations. 

It was demonstrated in complementary SEA computations of the modal density of flat 

sandwich panels that the discrete description of each layer provides large frequency range 

accuracy and is not case specific24
• The model was successfully compared to numerical finite 

elements and experimental results for cantilever and free-free boundary conditions. Moreover, 

the model was applied to the calculation of the structural loss factor associated to the 

bending wave-type. In that context, the present approach was successfully compared to a 

spectral finite elements model accounting for through-thickness deformations. 

On going application of the model concern inverse characterization of the mechanical 

properties of viscoelastic materials used in sandwich and/or free layer configurations. 

APPENDIX 

MAIN EQUATIONS OF THE GENERAL DISCRETE LAYER MODEL 

Al. Equilibrium equations 

The resultant stress forces and moments of any laminate layer are defined by: 
Ni /çk Ni h~ ~=J~~=EJ~~ ~=J~~=EJ~~ 

z k=l hj, z k=l hj, 

(A.l) 

l:!j= 1j::jdz~t1\:i1dz; 1:!j= 1j::jzdz~t.1\:ijzdz 
N ' z T hlk k M' z T h,. k 

z xy Txy xy xy Txy 

(A.2) 

where N is the number of plies in a layer. 

The integral limits h:k and h1~ in relations (A.l) and (A.2) are computed using the 

following relations: 
k 

hi = zi-1 + ""'hi 
11,k L_; J 

j=l 

k-l 

hi _ i-1 + "'"" hi 
lk - z L_; j 

j=O 
(A.3) 

where, h; is the thickness of the lamina j of the layer i ( h~ = 0 ) and ,!--1 is the position of the 

(i-1) surface face delimiting a layer. 

The transverse shear stress forces are defined by the following relations: 

and the in-plane stress forces: 

~5 

~4 

F i j li 55 W,Y + 'Py 
F45 w,x + 'Px 
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1 
N; 1 All A12 Ai6 ' l u )' Bll 
N; = A12 /4i2 /4i6 v:: + B12 
N~ Al6 /4i6 .\6 u,Y + v,x B16 

(A.5) 

as well as the stress moments : 

I
M; 1 Bu B12 B16 '! u,x )' Du D12 D16 

i ! 'Px,x ); M; = B12 B22 B26 v,Y + D12 D22 D26 'Py,y 

M~ Bl6 B26 B66 u,Y + v,x Dl6 D26 D66 'Px,y + 'Py,x 

(A.6) 

The inertial terms derived in the equilibrium equations (2) are expressed by the following 

relations: 

N' N' 1 ( 3 3 ) li N' 1 ( 2 2 ) li 
i = '\""' [p (h _ h )]i , p = """" p huk - hlk . Ji = """" p huk - hlk . m, LJ k uk lk , z LJ k 3 l z2 LJ k 2 ' 

k=I k=l k=I 
(A.7) 

where, m/ is the mass per unit area, t and I,2i are the rotational inertia and p~ is the mass 

density of the lamina k of the layer i. The rotational inertia I,i/ is zero for symmetrically 

laminated composite sandwich panels. The elastic constants derived in (A.4), (A.5) and (A.6) 

are defined by the following relations: 
N' 

A1/ = L [ Q:/3 ( huk - hlk) r 
N' 1 2 2 li B i = '\""' Qk huk - hlk 

a/3 LJ a/3 2 k=I 

D i = '\""' Qk huk - hlk N' 1 3 3 li 
a/3 LJ a/3 3 

k=l 

a, (3 = 1,2,6 

N' 
Faj3i = I:[c:J3(huk -hlk)r 

k=l 

H i = """" ck huk - hlk N' 1 2 2 li 
a/3 LJ a/3 2 k=I 

a, (3 = 4; 5 (A.8) 

In Eq. (A.8), [Q!/Jr are the elastic constants of the kth lamina of layer i and are defined by 

the following relations, Berthelot [17l: 
[Q:J = [C2c4 +c;s4 +2(C2r +2Gfr)s2c2Y 
[Q:2r = [(Cf +c; -4Gfr)s2c2 +cfr(c4 +s4 )Y 
[Qk li [(ck ck 20k ) 3 + (Ck 0 k + 20k ) 3 li 16 = L - LT - LT SC LT - T LT S C 

[Q;2 l; = [Cfs4 +c;c4 +2(Cfr +2G2r)s2c2Y 
[Qk li [(ck ck 20k ) a (Ck ck 20k ) a li 26 = L - LT - LT S C + LT - T + LT SC 

[Q;6r = [(Cf + c; -2(C2r + Gfr ))s2c2 + Gfr(c4 + s4 )Y 
with, c = cos 0k; S = sin 0k; 

Flat panel: 

Bearn: 
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and [c;,B r are the transverse shear elastic constants of the kth lamina of the layer i and are 

defined by, Berthelot [17l: 
[c:4y = [G;zc2 + G2zs2Y 
[c:5li = [(G2z -c;z)scY 
[ck li -[Gk c2 + Gk s2li 55 - LZ TZ 

(A.Il) 

The dynamic equilibrium equations of the structure are rewritten, after appropriate 

algebraic manipulations as: 

[A1u,"" +2A16u,xy +~6u,YY +Arnv,= +(A12 +~6)v,xy +A26v,YY + 
Bn'Px,xx + 2Brn'Px,xy + B66'Px,w + Bl6cpy,xx + (B12 + B66)'Py,xy + B26'Py,yyy + 
pi - pi-I + (m u + I ,n )i w2 = O· x x s z2Yx , 

[ A16 u,xx + ( A12 + ~6) u,xy + ~6 u,YY + ~6 v,xx + 2~6 v,xy + ~2 v,w + 

B16'Px,xx + (B12 + B66) 'Px,xy + B26'Px,yy + B66'Py,xx + 2B26'Py,xy + B22'Py,yy f + 

[F;;5w,xx +2F45w,xy +~4w,YY +.f;;5'Px,x +~5'Px,y +~5'Py,x +~4'Py,yr + 
Fi - pi-1 + (m w); w2 = O· 

z z s ' 

[ En u,xx + 2B16 u,xy + B66 u,YY + B16 v,xx + ( B12 + B66 ) v,xy + B26 v,YY + 
Dn'Px,x,; + 2D16'Px,xy + D66'Px,yy + D16'Py,xx + (D12 + D66) 'Py,xy + D26'Py,yy -

F;;5w,x -~5w,Y -.f;;5'Px -~5'Pyr +ziFxi -zi-lF;,i-1 +(Ize.px +Iz2ur w2 = D; 

[ B16 u,= + ( B12 + B66) u,xv + B26 u.vv + B66 v,= + 2B26 v,xv + B22 v,vv + 
Dl6cpx,xx + ( D12 + D66) 'Px,xy + D26cpx,yy + D66cpy,xx + 2D26'Py,xy + D22cpy,yy -

F45W,x - F44W,Y - F45<px - fi4cp) + zipyi - zi-lF;;i-1 + (lz'Py + I,2vr w2 = 0 

A.2 Dispersion equation matrices 

(A.12) 

The matrices [A0], [A1], [A2l used in equation (5) are real square matrices of dimension 

5N+3(N-1) defined as follows: 

[A1]1 0 

0 [A1l2 
[Al [Fl 

[Ao] = [ü] ' [Ail= 0 0 
sym 

0 0 

0 0 

0 

0 

0 

0 

0 

87 

0 

0 

[~li o o 
0 [~]2 0 

0 

0 

0 [~]= 0 0 

0 

0 

0 

0 

0 O ; (A.13) 
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where: 

[Aa]1 0 0 0 0 0 [FoJ1 0 

0 [Aa]2 0 0 0 0 -[Fa]1 [Fa]2 
0 0 [AaJ3 0 0 0 0 -[Paf 

[A]= 
0 0 0 0 0 

;[F]= 

0 0 0 0 [Aat-l 0 0 0 

0 0 0 0 0 [Aot 0 0 

all 0 0 al4 0 i 1 0 0 0 

0 a22 0 0 a25 0 1 0 0 

and, [Aar= 0 0 a33 0 0 [Far= 0 0 1; [AJ = 0 

al4 0 0 a44 a45 z; 0 0 0 

0 a25 0 a45 a55 0 z; 0 0 

/311 /312 0 /314 /315 i 

/312 /322 0 /324 /325 
r~r = 0 0 /333 0 0 

/314 /324 0 /344 /345 
/315 /325 0 /345 /355 

with coefficients a~6 o~6 and /3~6 defined as follows: 

and 

034; = - F'r,;5 cos cp + - F:i;5 sin cp 

0 35; = - F:i;4 sin cp + - F:i~ cos cp 

/31/ = A;1 cos2 cp + 2A;6 cos cp sin cp + 4:6 sin2 cp 

/312; = A;6 cos2 cp + ( A;2 + 4:6 ) cos cp sin cp + /4;6 sin 2 cp 

/314; = B;1 cos2 cp + 2B;6 cos cp sin cp + B~6 sin2 cp 

/315; = B;6 cos2 cp + ( B;2 + B~6 ) cos cp sin cp + B;6 sin 2 cp 

/322 ; = 4:6 cos2 cp + 2/4;6 cos cp sin cp + /4;2 sin 2 cp 

/324; = B;6 cos2 cp + ( B;2 + B~6 ) cos cp sin cp + B;6 sin 2 cp 

/325; = B~6 cos2 cp + 2B;6 cos cp sin cp + B;2 sin 2 cp 

/333; = F'r,~ cos2 cp + 2F:i;5 cos cp sin cp + F:i~ sin2 cp 
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0 -[Fat-2 [Fat-l 

0 0 -[Fat-l 
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0 0 0 0 

0 0 034 035 
0 -034 0 0 

0 -035 0 0 
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{34/ = n;l cos2 'P + 2n;6 cos 'P sin 'P + D~6 sin2 'P 

/34/ = D;6 cos2 'P + (D;2 + D~6 ) cos l.fJ sin 'P + D;6 sin2 'P 

/355 i = D;6 cos2 'P + 2D~6 cos 'P sin 'P + D;2 sin 2 'P 
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3.3. Conclusion 

In this chapter, the modeling by discrete layer approach of general lamina te structures 

with viscoelastic damping treatments has been presented.in the form of an article. Moreover, 

the input mobility, the mechanical impedance, the deformation energy and the structural loss 

factor of laminate beams in several boundary conditions have been computed. These study-

cases have been used to validate and illustrate the application of the present model. The 

excellent comparison results encourage the use of such a model for optimization and inverse 

characterization applications. 
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Chapter 4 

Modeling of the diffuse field transmission into infinite 

sandwich and laminate composite cylinders 

4. 1. Introduction 

The modeling of large scale laminates and sandwich composite cylinders, such as the 

main structures of aerospace and aeronautical vehicles, is considered in this section. The 

article "Diffuse field transmission into infinite sandwich composite and laminate composite 

cylinders" in press to Journal of Sound and Vibrations, is presented. The mathematical 

development of symmetrical laminate composite modeling approach is detailed. An 

alternate approach based on discrete layer representation is briefly presented. These two 

models are compared for laminate and sandwich composite configurations. Discrete 

laminate approach is compared successfully to experiments and models presented in the 

literature. It is concluded on the general character of the discrete layer approach which is 

accurate for symmetrical, asymmetrical laminate and sandwich composite panels modeling. 

Moreover, relations are given to allow the representation of the diffuse field transmission 

problem of infinite cylinders using two different co-ordinates systems: curvilinear for the 

structure's behaviours and cylindrical for the acoustic excitation and reception fields. 

4.2. Article on the diffuse field transmission into infinite cylinders 

- See following pages -
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Diffuse field transmission into infinite sandwich composite and 

laminate composite cylinders 

Sebastian Ghinet1, Noureddine Atalla1, Haisam Osman2 

1 Department of Mechanical Engineering, Université de Sherbrooke, 2500 Boulevard Université 

Sherbrooke, QC, JlK 2Rl, Canada 
2 The Boeing Company, 5301 Bolsa Avenue, Huntington Beach, CA 92647, USA 

Abstract 

This paper is concerned with the modeling of diffuse field transmission into composite 

laminate and sandwich composite infinite cylinders. Two models are presented and 

compared: Symmetrical Laminate composite and discrete thick laminate composite. The 

latter is shown to handle accurately, as a particular case, the first model, and the 

important case of sandwich composite shells. In both models, membrane, bending, 

transverse shearing as well as rotational inertia effects and orthotropic ply angle of the 

layers are considered. Starting from the dynamic equilibrium relations and stress-strain-

displacement relations, a dispersion system is given in a wave approach context. Next, 

expressions for the matrix systems governing the structural impedance, critical frequencies 

and ring frequency are given. The developed equations are applied to the calculation of the 

diffuse field transmission of an infinite cylinder. Predictions with the presented models are 

compared to results presented in the literature for both laminate composite and sandwich 

composite configurations. They confirm the accuracy of both models and the general 

nature of the presented discrete thick laminate composite model. 
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1. Introduction 

The laminate composite shells are a special class of modern structures, largely used in 

the aeronautics and aerospace industries. In addition to their inherent complexity related 

to the composite character of their nature, these structures are characterized by a 

significant total thickness and a large three-dimensional scale. In this study, we consider 

the case of acoustic transmission into a sandwich and/or laminated composite cylinder of 

infinite length, excited by a diffuse field. This class of problem has been presented, to a 

certain extent in several previous publications. In the context of the acoustic transmission 

through aeronautical structures, Koval [1] proposed an expression for the transmission 

coefficient of an orthotropic infinite shell using the displacement field of Nelson et al. [2]. 

The effects of membrane and bending were considered but transverse shearing and 

rotational inertia were neglected. The influence of orthotropic behaviour on the acoustic 

transmission was parametrically studied for the shell 's elastic properties along 

circumferential and axial directions. The structure was excited by a plane wave in oblique 

incidence. The suggested solution was used for the study of the acoustic transmission in 

flight. The interior medium of the shell was considered non-resonant. Koval [3] later 

proposed an improved model for the acoustic transmission modeling of laminated 

composite infinite cylindrical shells excited by an oblique plane wave. Transverse shearing 

and rotational inertia were still neglected. The equilibrium dynamic relations of Bert et al. 

[4] employing a Kirchhoff type displacement field were used. The orthotropic ply angle of 

the layers was considered. Blaise et al. [5] investigated the same problems. They reported 

in particular some numerical errors in the work of Koval [1]. ln their study, Blaise et al. [5] 

used a Donnell-Mushtari's displacements field for orthotropic cylinders. Transverse 

shearing and rotational inertia were neglected. Moreover, they presented an extension of 

the excitation field to a diffuse field by associating two angles of incidence to the plane 

wave of excitation. However, the mathematical model validation and associated parameters 

study were entirely based on calculations of the oblique plane wave transmission loss. Only 

one result of the sound reduction index in diffuse field was presented; this result will be 

used in this paper for the validation of the presented models. Later, Blaise et al. [6] 

proposed a model for the acoustic transmission of oblique incidence of multi-layered 

cylindrical shells. The orthotropic ply-angle was not considered. Finally, the same authors 

presented a more general model for the acoustic transmission through a 3-D orthotropic 

multi-layered infinite cylindrical shell [7]. Again, the layers were supposed to have 

orthotropic directions along the global co-ordinates of the shell. ln a recent paper, Heron 
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[9] proposed a wave approach for curved sandwich panels. His model uses a complete and 

mathematically coherent discrete layer theory for sandwich-type panels. The theory is 

developed for a singly curved sandwich made up of a bottom skin laminate, a shearing 

core, and a top skin laminate. This model is appropriate for the common case of thin skin 

laminated composite sandwich shells. For sandwich shells having thick or limp ( compared 

to the core) skins the model is approximate. Moreover, the model of Heron [9] does not 

accommodate the laminated thick composite shells (i.e., non sandwich) where the layers' 

physical properties (Young's modulus, Transverse shear modulus, and mass density) are of 

similar or relatively close values. 

X 

y 
------------

a) b) 
oc 

Fig. 1. a) The laminated composite shell co-ordinates; b) The excitation field notations and 

cylindrical co-ordinates system. 

This paper describes an alternative, simple but accurate, modeling of the transmission 

loss through infinite composite cylinders. Bath laminate composite and sandwich composite 

will be modeled. The transverse shear and orthotropic angle of such a laminate are 

considered. In the first part, the fondamental relations of force equilibrium are expressed in 

the curvilinear co-ordinates system represented in Fig. la. Two mathematical approaches 

to model composite structures are presented. The first structural class is limited to 

symmetrical laminated composite shells. The physical properties of the laminas' composing 

the panel are smeared out through the thickness and the panel is assumed to have a 

unique global displacement field for any lamina. The second structural class is applicable 

to general thick laminate composite shells. For any layer an own displacement field and 

dynamic equilibrium system is defined. This approach is valid for both general laminate 

(symmetrical and unsymmetrical) and sandwich composite shells. In particular, expressions 

are given to compute the ring frequency, the critical frequencies and mechanical impedance 
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of the studied structures. Using numerical examples, the two models are validated and 

compared in the case of the diffuse field transmission of an infinite composite cylinder 

(non-resonant interior). Moreover, the discrete laminate model and the Heron's model [9] 

are also compared in the case of a sandwich shell. The proposed laminate composite 

discrete layer theory is validated experimentally for the case of a finite sandwich curved 

panel. 

2. Mathematical models 

2.1. Geometry and coordinates system 

The presented models are based on the Flüge description of the strain-displacements 

field in a curved layer, as given by Leissa [10]. Fig. la represents the laminated composite 

shell geometrical configuration, where R is the curvature radius and h is the total 

thickness. The equations of motion are expressed in the curvilinear co-ordinate system 

shown in Fig. la. The excitation and radiated fields are expressed in the cylindrical co-

ordinate system represented in Fig. 1 b. The transmission loss is expressed in these two 

reference co-ordinates systems using the associated transformation relations (see relations 

38 - section 6). This approach of using two different reference co-ordinates is of interest 

since it allows taking advantage of the simplicity of mathematical development in 

curvilinear coordinates as well as to correctly model the influence of the acoustic fields by 

a formulation in cylindrical coordinates. Mathematically, the curvature radius is defined as 

the co-ordinate of the neutral surface of the cylinder. 

2.2. Symmetric laminate composite curved shells 

For a point M belonging to the symmetrically laminated composite shell, the 

displacement field is defined by the Mindlin model where both bending and transverse 

shear effects are considered: 
u(x,y,z) = u0 (x,y) + zcpx(x,y) 

v(x,y,z) = v0 (x,y)+zcpy(x,y) 

w(x,y,z) = Wo(x,y) 

(1) 

The displacement field variables in relations (1) are shown in Fig. 2. Geometrically, the 

shell is considered to be of infinite extent in the axial (x) direction and thus the origin for 

both x and y is arbitrary. Nevertheless, the origin for the z axis is defined on a reference 

surface passing through the middle thickness of the shell. 
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z 

Wo 

Fig. 2. The laminated composite shell displacements field. 

For any lamina of the shell, Flüge's theory (Leissa [10]) is used to describe the strain-

displacement relations: 

EY = ( v,Y + + Z'Py,y J 1 + / R 

1 
'YX!I = (v,x + Z'Py,x) + (u,Y + Z'Px,y)-l-+_z_/ R-

'Yxz = W,x + 'Px 
1 

'Yyz = w,Y + 'Py - (v + Z'Py) R + z 

(2) 

The resultant stress forces and moments of the laminate are defined in Appendix A 

(A.1 and A.2). 

The differential equations of dynamic equilibrium are derived from stress forces and 

moments equilibrium relations in the x, y and z directions (Leissa [10], Berthelot [11]). The 

layers are not considered as discrete elements, but their effects are smeared-out through 

the thickness. This results in five equilibrium equations for the shell. In the following 

equations, all inertial terms, membrane, bending as well as transverse shear effects are 

considered: 

Nx,x + Nyx,y = ( ms + ~) u,tt + ( + 1,2) 'Px,tt 

NY,Y + N X!J,x + = ( ms + ~) v,tt + ( + 1,2) 'Py,tt 

__ Y - --21_ W N ( 1 ) Qx,x + QY,Y R - m, + R ,tt 
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Mx,x + Myx,y - Qx = J, ( t.p x,tt + ) + J,2 U,tt 

Mxy,x + MY,Y - Qy = I, ( I.Py,tt + ~) + I,2v,tt 
(3) 

The transverse shear stress forces Qx and Qv, the in-plane stress forces Nx, Ny, Nxy, Nvx 

and the stress moments Mx, My, Mxy, Myx are defined in Appendix A (A.4-A.6). The 

inertial terms derived in the equilibrium equations (3) are expressed in Appendix A (A.7). 

Note that the rotational inertia I:12 is zero for symmetrically laminated composite panels. 

The dynamic equilibrium equations of the shell can be rewritten, using Eqs. (3) and 

(A.4-A.6) with appropriate algebraic manipulations, as presented in Appendix A (A.12). 

Relations (A.12) are then expressed in terms of an in-plane and bending displacement -

rotation vector (e) defined as: 

(e) = ( U V W t.px t.py r (4) 

where the superscript "T" denotes the transpose of a vector. 

The differential system of equations (A.12) is then allowed to have harmonie solutions 

of the form: 

(5) 

where kx and ky are the structural wave number components in the x and y directions 

defined as: 
kx = kc COS t.p 

kv = kc sin t.p 

with cp the heading direction of the structural wave number kc. 

(6) 

Using the solution form (5), the system equations of motion (A.12) is expressed in the 

form of a generalized polynomial complex eigenvalue problem: 

k; [~]{e}- jkc [A1 j{e}-[/4i]{e} = 0 (7) 
where, j = H and [A0], [A1], [A2] are real matrices of dimension 5x5 defined m 

Appendix A (A.13). Assuming À= jkc, problem (7) can be expressed in the form: 

À2 [~]{e} + .:\[A1]{e} + [/4i]{e} = 0. (8) 
Equation (8) is a 2nd order complex polynomial eigenvalue problem. It is preferable to 

transform it into a first order system: 

Al 
ÀA 

2 

~1e1_-Ao 
O Àe O 

(9) 

so as to obtain a generalized eigenvalue problem. Relation (9) has 10 complex conjugate 

eigenvalues (5 conjugate pairs) and represents the dispersion relations of the laminated 

composite shell. The problem is expressed in terms of À and its solutions represent the 
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structural wave numbers: propagating or evanescent, in two opposite directions. The 

propagating wave solution must satisfy À = ±jkc (purely imaginary) while the evanescent 

wave solution corresponds to the mathematically real eigenvalue of the problem (with an 

infinitely small imaginary component). 

2. 3. Discrete thick laminate composite curved shells 

The second model is more general. It is based on a discrete theory and allows for both 

thick laminate composites and sandwich shells. The displacement field of any discrete layer 

"i" of the panel is still of Mindlin's type: 

u\x, y, z) = u~(x, y)+ z<p: (x, y) 

vi(x,y,z) = v~(x,y)+zip;(x,y) 

wi(x,y,z) = w~(x,y) 

(10) 

The layered constitution is considered asymmetrical as represented in Fig. 3a. The 

origin for the z axis is defined on a reference surface passing through the middle thickness 

of the shell. Rotational inertia, in-plane, bending as well as transverse shearing effects are 

accounted for in each layer. Also, orthotropic ply angle is used for any layer. 

For any layer of the shell, Flüge's theory [10] is used to describe the 

strain-displacement relations (2). The resultant stress forces and moments of any layer are 

defined in Appendix A (A.1 and A.2). Considering that any layer "i" is made up from "N" 
laminas, the theory developed in section 2.1 applies here for any layer. 

There are three interlayer forces between any two layers, as represented in Fig. 36. The 

total number of interlayer forces is 3(N-1) where Nis the number of layers. For any layer 

"i" there are five equilibrium equations: 

N~,x +N;x,v +F:i -F;-1 =[(ms+~ )u,tt +(~ +Iz2 )'Px,ttr 

i i y i i-1 Jz2 Jz Q
i [( J ( J li NY,Y + N xy,x + R + - = ms + R v,tt + R + Iz2 'Py,tt 

Qi + Qi _ N; + pi _ pi-1 = [(m + Iz2 ) W li 
x,x Y,Y R z z s R ,tt 

Mi +Mi Qi + iFi i-Ipi-1 [I ( + u,ttJ+I ]' x,x yx,y - x z x - z x = z 'Px,tt Jl z2u,tt 

M'xv,x + M;,Y - Q; + zi Fyi - zi-l ~i-l = [ Iz ( 'Py,tt + J + Iz2 v,tt r (11) 
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Fig. 3. The discrete laminated composite shell thickness constitution (a) and interlayer forces (b). 

The external and interna! surfaces of the shell are considered stress-free so that 

F;,0 = F;;0 = F,0 = 0 and F: = F;;N = F,N = 0 . The expressions of the transverse shear 

stress forces, the in-plane stress forces the inertial terms and the stress moments are 

presented in Appendix A (A.4-A.7). For any layer, the dynamic equilibrium equations can 

be rewritten, using equations (11) and (A.4-A.6) with appropriate algebraic 

manipulations, as presented in Appendix B (B.2). 

There are three relations of interlayer continuity of displacements for each of the N-1 
interlayer surfaces as follow: 

ui(x,y,z;) = u~(x,y)+z;cp;(x,y) = u~+1(x,y)+z;cp!+1(x,y) = ui+1(x,y,z;) 
i ( ) i ( ) + i ( ) i+l ( ) i+l ( ) i+l ( ) V x, y, Z; = v0 x, y Z;'Py x, y = v0 x, y + Z;'Py x, y = V x, y, Z; (12) 

w;(x,y,z;) = w~(x,y) = w~+1(x,y) = wi+I(x,y,zJ 

The problem has 5N+3(N-1) variables regrouped in two vectors; an in-plane and bending 

displacement - rotation vector {u} and an interlayer forces vector {F}: 
{U} = {ul· VI. w1· in1. tn1. u2· v2· w2· in2· in2· ... UN. VN. WN. inN. tnN }T , , , Yx, ly, , , , rx, ry, , , , rx , ry 

{F} = {FI· pl. pl. p2. p2, p2, ... pN-I, pN-1, pN-l}T 
xlylzlxly)z1 x ly lz 

(13) 

The associated 5N+3(N-1) equations are composed of 5 equations of dynamic equilibrium 

for each of the N layers plus 3 equations of interlayer continuity of displacements for each 

of the N-1 interlayer surfaces. As an example, the problem of a 3 layers (laminate 

composite or sandwich composite) panel has 21 variables and 21 equations. 

To solve for the dispersion relations, the system of equations (B.2) is expressed in terms of 

a hybrid vector {e} defined as: 

(14) 

Assuming a harmonie solution (5), the system 1s expressed in the form of a generalized 

polynomial complex eigenvalue problem: 

(15) 
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where, j = R and [A0], [Ai], [A2] are real square matrices (in the absence of damping) of 

dimension 5N+3(N-1) defined in Appendix B (B.3). Relation (15) has 2(5N+3(N-1)) 
complex conjugate eigenvalues and represents the dispersion relations of the laminated 

composite shells. As an example, a sandwich composite shell has a dispersion relation of 

42nd order. 

The transverse shearing is known to become influent in middle frequencies when the 

panel is thick. Its influence is not negligible as could be the rotational inertia's in some 

cases. The rotational inertia becomes influent for thick panels and must be considered 

especially when high frequency accuracy is an aim. And yet, the rotational inertia is 

physically and numerically important here in assuming the equilibrium in the discrete 

layered relations of motion. Ignoring rotational inertia could result, in most sandwich 

structures cases, in large numerical errors due to mathematical singularities. 

3. Ring frequency 

The following applies to both models. However, the presentation will be limited to the 

symmetrical laminate for its simplicity. At the ring frequency, the shell displacement is 

characterized by a breathing mode shape. It follows that, the derivatives of the in-plane 

and bending displacement - rotation vector { e} along x and y directions are equal to zero. 

Equation (7) simplifies to: 

(16) 
which represents a generalized eigenvalues problem with [A01] and [A02], real matrices of 

dimension 5 x 5 defined as follows: 
0 0 0 0 0 

0 J:i4 H44 0 F:i5 J:i4 H44 --+- ----R2 R3 R R R2 

[Ao1] = 0 0 _ ~2 + B22 
R2 R3 0 0 (17) 

0 F45 0 -R - H55 
-~5 

R 55 R 

0 J:i4 _ H44 0 -~5 -F - H44 
R R2 44 R 
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-m 0 0 Iz 0 
8 R 

0 
I 

-m, 0 0 _ _!._ 

R 
[A02 ]= 0 0 -m, 0 0 (18) 

-~ 0 0 -Iz 0 
R 

0 Iz 0 0 -I 
R z 

The numerical solution of equation (16) leads to the ring frequency wr = 21rf,. of the 

shell. Symbolically, the solution of the generalised eigenvalues problem (16) leads to: 

Wr = (.Âi2 - B22 )-/ · R R m, 
(19) 

We observe that the ring frequency is independent of the rotational inertia and the 

bending stiffness. It is also independent of the membrane effects in the axial direction of 

the shell. As in the case of isotropie shells, the ring frequency of the laminate composite 

cylindrical shells depends just on the curvature radius, the mass per unit area and the 

membrane stiffness in the circumferential direction. A similar procedure to equation (16) is 

used for the discrete thick laminate theory. 

4. Critical frequencies 

By analogy with plates, the critical frequencies of the curved shell are given by the 

particular solution of the dispersion equation (7) at coincidence; that is when the 

structural wavenumber matches the acoustic wavenumber: 
k; [.Âi]{e}- jkc [A1j{e}-[/4i]{e} = 0 
k0 = kc = W / c0 

(20) 

In the classical case of thin isotropie panel, the critical frequency is given by: 

fc=;:~; (21) 

where D is the bending stiffness, m, is the mass per unit area and Co is the speed of sound 

in air. 

In the case of a laminated composite panel ( R - oo ) , the critical frequency 1s 

computed numerically from (20) using [Av]= [Av1]- w2 [/4i2 ]: 

w; [~]+[Av2 ] {e}-jwc [A1]{e}-[/4i1 ]{e}=O; (22) 
Co Ca 
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which is a 2nd order polynomial eigenvalues problem with [A01], [A02], [A1] and [A2] defined 

by the relations (17), (18) and (A.13). Assuming ,\ = jwc, Eq. (22) can be expressed in 

the form: 

(23) 

Or equivalently: 

,\ [ :
1
] [ j] + [ Ao2] j e ) = - [ Âo1] [ 0] l e ) · 

c o o À e [O] [J] ,\ e ' [J] [O] C C 

(24) 

to obtain a generalised eigenvalue problem, where [~ is the identity matrix and [ü] a null 

matrix of dimension 5x5. This problem has 10 complex conjugate eigenvalues. The critical 

frequency corresponds to a solution which satisfies the condition\ ('P) = ±jwc, purely 

imaginary. The critical frequency of the laminated composite panel can be written as: 

le ( 'P) = -=f jÀ;;'P) . (25) 

It is known (Lesueur [16]) that an isotropie panel has a critical frequency while for an 

orthotropic panel; a critical frequency region is defined. In the same manner, the limits of 

the critical frequency region for the laminated composite panels are defined by 

lei = le ( cp = 0) and le2 = le ( cp = 7f / 2) . A similar proced ure is used for the discrete thick 

laminate theory. 

5. Structural impedance 

The acoustic structural impedance of the laminate composite shell is computed 

numerically when the structure vibration is forced by a plane wave at oblique incidence. 

The acoustic wave number trace is imposed to propagate in the structure and the relation 

(9) is rewritten in the form of a linear equations system as follow: 

(26) 

where, { b }=(0, 0, p, 0, 0)\ p is the amplitude of the acoustical pressure of excitation and kc 

is the trace of the acoustic wave number. The associated displacement vector { e} is the 

numerical solution of the linear system (26). The acoustic structural impedance of the shell 

is then expressed as the ratio of the acoustic wave pressure p=b(3) and the normal velocity 

w of the shell as: 

z k - b(3) 
,( c,'P)- jwe(3) · (27) 
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The matrices [A0], [A1] and [A2], in Eq. (26), are complex. The stiffness coefficients 

(A.Sb) considered in these matrices has an imaginary part governed by the structural 

damping coefficients of the constituent layers. Once again, a similar approach is used for 

the discrete thick laminate theory. 

6. Diffuse field transmission loss 

As an application of the above formulations, this section considers the acoustic 

transmission in a diffuse field through laminate composite and sandwich composite infinite 

cylinders. The interior acoustic medium of the shell is considered non resonant, therefore 

only one transmitted wave is accounted for in the development of the expression of the 

transmission coefficient (Lesueur [16], Blaise et al. [6]). The incident plane wave on the 

structure is defined by two angles, as represented in Fig. 1 b. 

The external and internal acoustic mediums of the shell are considered identical and 

are defined by the density of the fluid p01 = p02 and the speed of sound c01 = c02 . The 

development of the acoustic transmission coefficient expression is carried in the cylindrical 

co-ordinates system suggested in Fig. 1 b. All waves are assumed to have the same 

dependence in the axial direction of the shell. The cylinder is considered to be of infinite 

length. 

The incident plane wave is represented by: 
Pi = P; exp(i(wt -k1zZ - k;xX - k;yY)) = 

= P; exp(i(wt - k;zZ - k1xR cos <P - k1yR sin <P))' 

where, kix, ki_y and kiz are the acoustic wave number components defined as: 
k;x = k; cos 0 
k;Y = k; sin 0 sin lf/ 

k;z = k1 sin 0 cos lf/ 

(28) 

(29) 

and k; = k2 = w / c0 are the acoustic wave numbers of the excitation and reception media. 

Using Eq. (29), it is seen that: 
k;xR cos <P + k;yR sin <P = k1 R cos 0 cos <P + k; R sin 0 sin lf/ sin <P = 

where the notations 

= 1 R cos /3 cos <P + cos /3 -- sm lf/ sin <P = k cos 0 [ sin 0 . l 
cos /3 cos 0 (30) 

= kw,R [cos /3 cos <P + sin /3 sin <P] = 

= kw,R cos(/3 + <P). 

kw = kl cos 0 
cos /3 

and tg /3 = tg0 sin lf/ 
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are used. 

It results in the incident pressure expression: 

Pi = P; exp(i(wt - JszZ - kwRcos(/3 + <P))). (31) 

Expanding the relation (31) in cylindrical harmonies [12] gives: 
P; = P; exp(i(wt - k1zZ))exp(-ikwRcos(/3 + <P)) = 

00 (32) 
= P; exp(i(wt - JszZ)):Z: €n (-it Jn (kwR) cos(n(/3 + <P)) 

where, én is the Neumann factor given by 

é _ J1 for 
n 12 for 

n=O 

n=O 
n = 1 

and Jn is the Bessel fonction of the first kind and nth or der. 

(33) 

The incident wave on the structure p; gives a reflected wave Pref in the excitation 

medium and a transmitted wave Pt in the interior medium of the shell. These two waves 

are written in the form (Blaise et al. [6]): 
00 

Pre/ = exp(i(wt - JszZ)):Z: Ancn (-it H~ (kwR) cos(n(/3 + <P)) 
n=O 

00 

Pt = exp(i(wt - /szZ)):Z: Bncn (-it H~(kwR) cos(n(/3 + <P)) 
n=O 

(34) 

(35) 

where, k1z = k2z , An is the reflected wave amplitude, Bn is the transmitted wave 

amplitude, H~ and H~ are the Hankel fonctions of the 1st and 2nd kind and nth order. 

The modal transmission coefficient of the shell is proven to be given by Blaise et al. [6]: 
00 2cn Re { z:} Re { Z!} 

T(w,0, IJf) = :z=--- 2 j (36) 
n=O R. kl cos 0 1zR + zt + zs 1 n n n 

z: = -iw Po H;(kwR) ; Z! = iw Po H~ (kwR) ; (37) 
k1 COS 0 H} (kwR) k2 COS 0 Hn (kwR) 

where, z: is the modal impedance of the reflected wave, Z! is the modal impedance of 

the transmitted wave and z: = Z, (kc, r.p) is the structural modal impedance of the shell 

given by Eq. (27) for the laminate composite shell or the equivalent relation for the 

discrete thick laminate theory. 

Next, the forced wave number is expressed in the cylindrical co-ordinate system of the 

acoustic field. Two expressions which connect the curvilinear and the cylindrical co-

ordinates systems are obtained: 

r.p = arcsin [ k~R l and kc = (~r + k;z . (38) 

The diffuse field sound reduction index of the shell is thus expressed as: 

TL(w) = -10 log10 (Td(w)) + 10 log10 (1r); with 
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2n BmllX J J T (w, 0, tJr) d0dtJr 
0 0 . T (W) - rmn • 

d - 1r( COS2 0min - COS2 0max) ' 
(39) 

where, 0min = 0 and 0max = 7r / 2 are the limit incidence angles of the plane waves 

composing the diffuse field. 

In equation (39) the shell is assumed to be completely submerged in the diffuse field. 

The term 10 log10 ( 7f) indicates that the excited surface is not just a plan projection of the 

shell surface ( assumption used in the development of TL( w) = -10 log10 ( T d ( w)) ) . 
The maximum order n of the circumferential modes to consider in the summation of 

the relation (36) must be slightly higher than: 

nmax = .::'._ - sin2 0 cos2 l]r ; 
Ca 

(40) 

This condition arises from the physical argument that the acoustic transmission 

considered here is a forced solution problem and thus the propagating wave number in the 

structure cannot be higher than the acoustic excitation wave number. 

7. Numerical results and validation 

The presented laminated composite model (section 2.2) and discrete thick laminate 

model (section 2.3) have been compared to Blaise et al. models for the different oblique 

incidence transmission loss configurations presented in their papers {5], [6], [8]. The results 

have been found identical and are not repeated here for the sake of conciseness. Instead we 

will limit the presentation to the validation of (i) the solution to the dispersion equations 

(= to the propagating wavenumbers in particular) and (ii) diffuse field transmission loss 

for both laminate composite and composite sandwich configurations. Table 1 gives the 

properties of the materials used for the different validation cases. 

Table 1. Materials' properties for diffuse field transmission loss validations. 

Material # 1 Material # 2 Material # 3 Material # 4 Material # 5 Material # 6 

EL (Pa) 2. lxl011 1. 25xl011 0.48xl011 0.1448xl09 0.665x106 180xl09 

Er (Pa) 2. lxl011 1010 0.48xl011 0.1448xl09 0.665x106 180xl09 

GLT (Pa) 8.0769xl010 5.9xl09 0.181x1011 0.5xl08 0.25xl06 6.767x1010 

GLZ (Pa) 8.0769xl010 3xl09 0.2757x1010 0.5xl08 0.25xl06 6. 767xl010 

Grz (Pa) 8.0769xl010 5.9xl09 0.2757xl010 0.5x108 0.25xl06 6.767xl010 

VLT 0.3 0.4 0.3 0.45 0.33 0.33 

p (kg/m3
) 7800 1600 1550 110.44 2000 7720 
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Fig. 4. Laminated composite shell's dispersion curves <I> = 0°: (- -) Discrete laminate model, 

(-) Symmetrical laminate model. 
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Fig. 5. Laminated composite shell's dispersion curves cI> = 45°: (- -) Discrete laminate model, 

(-) Symmetrical lamina te model. 

1.1. Dispersion curves validation 

The propagative solutions of the dispersion relations (9) and (15) are presented in Figs. 

4-6 for a symmetrical laminated composite made up of seven layers (ü/45/-45/90/-
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45/ 45/0) of Material # 2 (see Table 1). The heading directions of the propagative 

solutions, in Figs. 4-6, are 0, 45 and 90 degrees, respectively. The layers' thicknesses are: 

hi=l..7 = 0.00225m. In these figures the symmetrical laminate composite model (section 2.2) 

is compared to the discrete thick laminate composite model (section 2.3). The results 

obtained with these two models for laminated composite cylinders are identical. At any 

heading direction the panel has two propagative solutions below the ring frequency. At the 

ring frequency a third solution becomes propagative. In the dispersion field context the 

ring frequency is mathematically perceived as a eut-off frequency. Two others eut-off 

frequencies appear at high frequencies where two additional solutions become propagative. 

Next, we consider a composite sandwich and compare the presented general discrete 

thick laminate composite model (section 2.3) to the sandwich model presented by Heron 

[9]. It is worth recalling here that Heron's model [9] is also based on a discrete approach 

using the classical assumptions for a laminate sandwich (e.g. thin laminate skins, a shear 

bearing core). It leads to a 47 order dispersion system. On the other band, the presented 

discrete thick laminate model assumes all layers (skins and core) to be laminate and thick 

and lead to a 42 order dispersion system. The skins of the studied cylinder are made up 

from Material # 3 and the core from Material # 4. The layers' thicknesses are: 

h1=h2=0.0012m and h3=0.0127m. The propagating wavenumbers are presented in Figs. 

7-9 for a heading direction of 0, 45 and 90 degrees, respectively. 
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Fig. 6. Laminated composite shell's dispersion curves <t> = 90°: (- -) Discrete laminate .model, 

(-) Symmetrical laminate model. 
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Fig. 7. 
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Laminated composite sandwich shell's dispersion curves <I> = 0°: (- -) Discrete laminate 

model, ( ) Sandwich laminate model Heron [9]. 
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Frequency (Hz) 
Fig. 8. Laminated composite sandwich shell's dispersion curves <I> = 45°: (- -) Discrete laminate 

model, ( ) Sandwich laminate model Heron [9]. 

It is observed that for this thin skin sandwich, the two models lead to identical solutions. 

In consequence, the presented discrete laminate models can handle accurately both 

laminate composites and sandwich composite shells. 
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102 103 

Frequency {Hz) 
Fig. 9. Laminated composite sandwich shell's dispersion curves q, = 90°: (- -) Discrete laminate 

model, (---) Sandwich laminate model Heron [9]. 

102 103 

Frequency {Hz) 
Fig. 10. Limp skins sandwich composite shell's dispersion curves q, = 45°: (-) Discrete laminate 

model, (- -) Sandwich laminate model Heron [9]. 

Note that in the proposed discrete laminate model, full composite behaviours are 

considered in each layer in order to handle various real-life configurations. ln several 

sandwich/laminate structures, distinct layers are not always governed by pure bending 

behaviours (e.g. skin in sandwich theory) or shear (e.g. core in sandwich theory). A typical 
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example is a tri-layers structure made up from a core with two viscoelastic skins 

(symmetric free layer damping treatment). Here, the core works in bending while the skins 

are working in traction/ compression. Olassical assumptions of the sandwich theory will 

not, justly enough, correctly model this configuration. Another example concerns a tri-

layers structure with limp skins. The following case is considered numerically. The 

structure has 1mm skins made up from Material #5 and 3mm core of Material #6. The 

dispersion curves computed using the present discrete laminate theory and the sandwich 

shell theory are given in Fig. 10. It is clearly observed that classical sandwich assumptions 

completely miss the physics of the problem. 

Another example showing the generality and versatility of the proposed general 

discrete layer approach compared to the classical sandwich theory is the case of a sandwich 

structure made up from a shear core and two thick skins. The studied structure is made up 

from 2.5cm thick skins of Material #3 and a lem thick core of Material #4. The dispersion 

curves obtained using the proposed discrete theory and the sandwich shell theories are 

given in Fig. 11. To better visualize the asymptotical tendencies in mid to high frequencies, 

the skins dispersion curves are also represented using thick and thin plate theories. It is 

clearly seen that at mid and high frequencies the sandwich theory is not able to correctly 

capture the shear effects in the skins. 
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Fig. 11. Thick skins sandwich composite shell's dispersion curves <1> = 45°: (- -) Discrete 

laminate mode!, (-) Sandwich laminate model Heron [9], (000 ) Skin alone (Thick plate theory) 

Skin alone (Thin plate theory). 
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7.2. Diffuse field transmission loss validations 

First, we consider a cylinder (Material # 1) having a thickness h=3mm. The curvature 

radius of the cylinder is 2m and the structural loss factor of all layers is 0.001. The layers 

continuity conditions and the numerical implementation of the relations (19) and (25) for 

the laminated shell are verified by comparing the diffuse field transmission loss of the 

single layer shell to the same shell artificially subdivided into three identical layers 

(h1=h2=h3=lmm). The results are given in Fig. 12. A total agreement is found between 

the two configurations. Moreover, in order to validate the relations of the critical 

frequencies and the ring frequency, the minima of the transmission loss estimations are 

compared to the values of the ring and critical frequencies calculated by relations (19) and 

(25). These computed values are added in Fig. 12. It can be observed that they are 

accurately estimated. The same validation is considered in Fig. 13 for an orthotropic 

cylinder made up from Material #2 (Graphite epoxy). Two configurations are considered: 

single layer with a total thickness h=lümm and a five layers shell of the same material and 

thickness (h1= ... =h5=2mm). Once again, the estimations of the ring frequency and critical 

frequencies are excellent. 

40 
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10~ ___ ___.,_~_.....,......_._,__._.~--~---'--I __ ........ .......... _. 
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Frequency (Hz) 

Fig. 12. Interlayer continuity conditions validation. Ring frequency and critical frequencies 

relations validation for laminated isotropie shell (Material # 1); (-) one layer and (-) three 

layers simulations 
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Fig. 13. Interlayer continuity conditions validation. Ring frequency and critical frequencies 

relations validation for laminated composite shell (Material # 2); (-) one layer and (-) five 

layers simulations. 

The diffuse field transmission loss of a symmetrical laminate composite cylinder is 

presented in Fig. 14. The curvature radius of the cylinders considered is 2m. The cylinder 

is made up of seven layers (0/45/-45/90/-45/45/0) of Material # 2 (see Table 1) and the 

thicknesses of the layers are hi=1..7=0.00125. The structural loss factor of all layers is 0.01. 

In this figure the symmetrical laminate composite model (section 2.2) is compared to the 

discrete thick laminate composite model (section 2.3). Once again, the results obtained 

with these two models for laminated composite cylinders are identical. The ring and 

critical frequencies of the laminated composite cylinder are numerically estimated and 

shown in Fig. 14: fr=422.24Hz; fc1=981.96Hz; fc2=2083.5244Hz. 

Next, the discrete laminate composite model (section 2.3) is compared in Fig. 15 with 

the Heron' model [9] for the sandwich composite cylinder studied in the previous section. 

Once again it is observed that these two models lead to identical solutions. The computed 

values of the ring frequency and the critical frequency are shown in Fig. 15; fr=401.8Hz; 

fc=1134.1Hz. An excellent agreement is observed between the ring and critical frequencies 

locus in the transmission loss results and the direct computed values. 
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Fig. 14. Laminated composite cylinder modeling; (- -) Symmetrical Laminate and (-) Discrete 

Laminate simulations. 
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Fig. 15. Laminated composite sandwich cylinders modeling; (-*-)Discrete Laminate and 

Sandwich Laminate (Heron [9]) simulations 

8. Experimental validation 

Finally an experimental validation of the proposed formulation is proposed. It consists 

of the transmission loss of a curved finite sandwich composite panel. The panel has side 

dimensions l.37xl.65m2, a 2m radius, 0.0014732m thick skins made up of Material#3 and 
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Fig. 16. Finite curved sandwich composite panel - experimental validation: Experimental; 

(-•-) Numerical simulation 

0.0127m thick core made up of Material#4. The tests are done at the reverberant-anechoic 

facility of GAUS (Groupe d'Acoustique de l'Universite de Sherbrooke). Great care was 

taken to install the panel to eliminate leaks and minimise the damping effects of the 

mounting. The results are given in Fig. 16. The numerical result is obtained using a 

statistical energy analysis scheme using a wavenumber approach based on the proposed 

discrete laminate theory. Details of the calculations of the necessary parameters (modal 

density, radiation efficiency, non-resonant transmission and resonant transmission) for the 

SEA calculations can be found in reference [15]. The damping loss factor was taken 

constant by band with values from 1% to 2.5%. Still, excellent agreement is observed 

between numerical simulation and experiment. In particular the model is able to correctly 

capture the ring and critical frequency regions. Better agreement can be found using an 

experimentally measured damping loss factor. 

9. Conclusions 

The paper discusses the modelling of the diffuse field transmission loss through infinite 

laminated composite cylindrical cylinders. Two models were presented and compared; the 

first is limited to symmetrically laminate composite shells and the second is more general 

and is based on a discrete layer theory. For each model, membrane, bending, transverse 
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shearing as well as rotational inertia effects and orthotropic ply angle of the layers are 

considered. Moreover in the symmetrically laminate composite model, the accurate 

estimation of the shear correction coefficients is crucial. Expressions for the numerical 

calculation of the structural impedance, the critical frequencies and the ring frequency 

were also given in both cases. The two models were compared for symmetrical laminate 

composite cylinders and found similar. Moreover, for sandwich configurations, the discrete 

layer model was compared successfully to Heron' sandwich composite model [9]. Finally, 

the discrete laminate composite model was successfully compared with experimental results 

in the case of a finite sandwich curved panel. 

In conclusion, it is suggested that the presented discrete model is an appropriate 

general model. It allows for both symmetrical and asymmetrical laminated composite 

and/or sandwich-type composite panels with thin or thick laminate skins. Moreover, its 

computational cost is acceptable ( 42 eigenvalue system compared to 10 for the thick 

laminate or 47 for the Heron's sandwich model). 

Appendix A. Main equations of the laminate composite model 

A.1 Equilibrium equations 

The resultant stress forces and moments of the laminate are defined as in Leissa [10]: 

Qx = Ï T xz (1 + !..) dz = t 1 T;z (1 + !..) dz 
-h/2 R k=l h,, R 
h/2 N h,., 

QY = J Tyzdz = I: J T:zdz 
-h/2 k=l h,, 

(A.1) 

Nx = Ï Œx (1 + !..) dz = t 1 Œ; (1 + !..) dz 
-h/2 R k=l h~ R 
h/2 N h,., 

NY = J Œydz = I: J Œ:dz 
-h/2 k=l h~ 

N xy = Ï T xy (1 + !..) dz = t 1 T: (1 + !..) dz 
-h/2 R k=l hlk R 
h/2 N h,,, 

Nyx = J Tyxdz = I: J T:xdz 
-h/2 k=l h~ 
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Mx = 'J O"xZ (1 + __:_) dz = t 1 O";z (1 + __:_) dz 
-h/2 R k=l h,, R 
h /2 N huk 

MY = J O"Yzdz = L J O":zdz 
-h/2 k=l ""' 

Mxy = Ï T xyz (1 + __:_) dz = t J T~Z (1 + __:_) dz 
-h/2 R k=I ""' R 

(A.2) 

h/2 N huk 

Myx = J Tyxzdz = L J T:xzdz 
-h/2 k=I h1k 

Using the notations presented in Figs. la and 2, the integral limits hv1,; and h1k in the 

relations (A.l) and (A.2) are computed using the following relations: 
h k-1 h k 

huk = - - L\ hlk = - - Lhi (A.3) 
2 j=O 2 j=l 

where, h is the total thickness of the shell and h1 is the thickness of lamina j (for j=O, 

h1-~=0). 
The transverse shear stress forces used in equilibrium equations (3) are defined as follow: 

Qx = ~5(w,Y + 'Py - ~) + ~5(w,x +'Px)+ H55 (;; + ~) 

QY = F44(w,Y + 'Py - ~) + ~5(w,x + 'PJ + H44 (;2 - - i) 
and the in-plane stress forces: 

Nx = Allux + À12 (vy + w) + A16(uy + vJ + Bll (u,x + 'Pxx) ' ' R ' ' R ' 

+' · · + B12'Py,y + Bl6 ( + 'Px,y + 'Py,x) + Du 'P~x + D16 'P;x 

N xy = À16 u,x + /4m ( v,Y + ; ) + /4,6 ( u,Y + v,x) + B16 ( + 'P x,x) 

+ · · • + B26'Py,y + B66 ( + 'Px,y + 'Py,x) + D16 'P~x + D66 'P;x 

Ny = A12U,x + Â.i2 ( v,Y + ;) + A.i6(u,Y + v,J + B12'Px,x 

+ ·". + B22 ( 'Py,y - - ; ) + B26 ( 'Px,y + 'Py,x - )- D22 'P;y - D26 'P~y 

Nyx = Al6 u,x + A.i6 ( v,Y + ;) + /4,6 ( u,Y + v,x) + B16'Px,x 

+ ... + B26 ( 'Py,y - - ; ) + B66 ( 'Px,y + 'Py,x - )- D26 'P;y - D66 'P~y 

as well as the stress moments : 
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Mx = Bnux + B12 (vy + w) + B16(uy + vx) +Du(~+ <pxx) ' ' R ' ' R ' 

+ '· · + Dl2<py,y + D16 ( + <px,y + <py,x) 

My = B12Ux + B22 (vy + w) + B26(uy + vx) + D12<pxx , , R , , , 

+ · '• + D22 ( <py,y - - ; ) + D26 ( <px,y + <py,x - ~) 

Mxy =Brnu,x +B26(v,Y + ~)+B66(u,Y +v,J+D16(~ +<px,x) 

+ .. · + D26<py,y + D66 ( + <px,y + <py,x) 

Myx =B16Ux +B26(vy + w)+B66(uy +vx)+D16<pxx , , R , , , 

+•" + D26 (<py,y - - ; ) + D66 (<px,y + 'Py,x - ~) 

(A.6) 

The inertial terms in the equilibrium equations (3) are expressed by the following relations: 
N 

m, = 2]Pk(hu1: -h1k)] 
k=I 

(A.7) 

1.2 = t [Pk (h;k - hi!)] 
k=l 2 

where, m, is the mass per unit area, I. is the rotational inertia and Pk is the mass density of 

the layer k. The elastic constants derived in (A.4), (A.5) and (A.6) are defined by the 

following relations: 
N 

À;: = I: Qi~ (h,,k - hlk) (1 + iT]k) 
k=l 

(a) (b) 

N 

F:; = ~ij I: ci~ ( h,,k - h1k) (1 + ùh) 
i,j = 4;5 k=l i,j = 4;5 

(A.8) 
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where ""ij are the transverse shear correction factors (Batoz [14]), i = H., rh is the k 

layer's structural damping coefficient and Q;~ are the k layer's in-plane elastic constants 

defined by the following relations as shown by Berthelot [11]: 

Q;I = c; cos4 0k + c; sin 4 0k + 2( c;T + 2G2r) sin2 0k COS
2 0k 

Q;2 = (Cf +c; -4Gfr)sin2 0k cos2 0k +C2r(cos4 0k +sin4 0k) 

Qk ck . 4 e ck 4 e 2(Ck 2Gk ) . 2 e 2 e 
22 = L Sln k + T COS k + LT + LT Sln k COS k 

Qt6 = ( cf - Cfr - 2G2r) sin3 0k cos 0k + ( cfr - c; + 202 T) sin 0k cos3 0k 

ck _ [ El ) ck _ [ E; J ck _ [ v1rE1r ) L - k k T - k k LT - k k 
1 - VLTVTL l - VLTVTL l - VLTVTL 

and C;~ are the k layer's transversal shear elastic constants are defined as [11]: 

C k Gk 2 0 Gk . 2 0 44 = TZ COS k + LZ Sin k 

c:5 = ( Gfz - c;z) sin 0k cos 0k 

C k Gk 2 0 Gk . 2 0 55 = LZ COS k + TZ Sin k 

(A.10) 

(A.11) 

There are several methods for computing the shear correction coefficients. The models of 

Berthelot (11], Guy (13] and Batoz et al. (14] for transversal shear coefficients computation 

were tested and found identical. The approach presented in Batoz (14] is selected for its 

simplicity. 

The elastic coefficients in (A.9) and (A.11) are represented according to the orthotropic 

angles 0k shown in Fig. 17 as the angles between the principal co-ordinate system of each 

layer k (L-0-T) and the global co-ordinate system of the shell (x-0-y). 
z 

Fig. 17. Orthotropic directions of a layer. 

The dynamic equilibrium equations of the shell are rewritten, after appropriate algebraic 

manipulations as: 
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( A11 + ~1 ) u,xx + 2A16 u,xy + ( ,\6 - ~ 6 ) u,w + (A16 + ~6 ) v,xx 

+ ( A12 + .\6 ) v,xy + ( ~6 - ~
6 ) v,YY + ( Bu + ~ 1 ) cp x,xx + 2B16cp x,xy 

+ (B66 - ~ 6
) 'Px,yy + ( B16 + ~6) 'Py,xx + (B12 + B66) 'Py,xy + ( B26 - ~ 6) 'Py,yy 

+ A12 w + (~6 - B26) w +(mu+~ ,n ) w2 = 0 R ,x R R2 ,Y s R r x 

( D11 ) ( D66) Bu + R u,= + 2B16 u,xy + B66 - R u,YY 

+ ( B16 + ~6 ) v,= + ( B12 + B66 ) v,xy + ( B26 - ~6 ) v,YY 

+ Dll 'Px,xx + 2D16'Px,xy + D66'Px,yy + D16'Py,xx + (D12 + D66) 'Py,xy 
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(B D66 ) ( D22 ) + 66 + R v,xx + 2B26 v,xy + B22 - R v,YY 

+Dl6r.px,xx +(D12 +D66)'Px,xy +D26'Px,yy 

+ D66'Py,xx + 2D26'Py,xy + D22'Py,yy + ( ~
6 

- ~5) w,x 

-( B22 _ D22 _ p + H44 ) W + ( ~4 _ H44 ) V 
R R2 44 R ,Y R R2 

-F rn -(F -H44
) rn + J w2 (,n + _.::'._) = Ü 45'l"x 44 R ry z ry R 

A.2 Dispersion system matrices 

The matrices [A0], [Ai], [A2] used in equation (7) are defined as follow: 

m,w2 0 0 Iz 2 -w 
R 

0 2 ~4 H44 0 ~5 m,w --+-
R2 R3 R 

[Ao]= 0 0 m w2 _ ~2 + B22 
, R2 R3 0 

I F45 I w2 -F - H55 ---=- w2 0 
R R z 55 R 

0 F44 H44 Iz 2 0 -~5 ---+-w 
R R

2 R 

0 0 Œ13 0 0 /311 /312 0 /314 

0 0 Œ23 0 0 /312 /322 0 /324 

[A1]= -Œ13 -Œ23 0 Œ34 Œ35 [A2 ]= 0 0 {333 0 

0 0 -Œ34 0 0 /314 /324 0 /344 

0 0 -Œ35 0 0 /315 /325 0 /345 

with coefficients Œ;j and /3;j defined as follows: 

a = --r. -- cosrn+ ----F s1nrn 
( 

B12 v H55 ) ( B25 D25 ) • 
34 R 55 R r R R2 45 r 
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0 

~4 H44 Iz 2 ---+-w 
R R

2 R 

0 

-F45 

I w2 -F - H44 z 44 R 

/315 

/325 

0 (A.13) 

/345 

/355 
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a = ----F +-- S1n 1/")+ --F cos//") 
(

B22 D22 H44) . (B26 ) 
35 R R2 44 R r R 45 r 

/311 = ( Au + ~ 1
) cos2 

<p + 2A16 cos t.p sin cp + ( ,\6 - ~
6

) sin2 
<p 

/312 = ( À16 + ~ 6
) cos2 

<p + ( A12 + ,\6 ) cos r.p sin r.p + ( ~6 - ~
6

) sin2 
<p 

f3 (B 
Du ) 2 2B • (B D55 ) • 2 

14 = 11 + R cos r.p + 16 cos r.p sm <p + 66 - R sm r.p 

/315 = (B16 + ~ 6
) cos2 

r.p + ( B 12 + B66 ) cos r.p sin r.p + ( B26 - ~
6 

) sin2 r.p 

/322 = ( ,\6 + ~ 6 
) cos2 

r.p + 2~ cos cp sin <p + ( ~2 - ~
2 

) sin 2 c.p 

/324 = ( B 16 + ~ 6
) cos2 r.p + ( B 12 + B66 ) cos r.p sin r.p + ( B26 - ~

6
) sin2 cp 

/3 (B D66 ) 2 2B . (B D22 ) • 2 
25 = 66 + R cos cp + 26 cos cp sm r.p + 22 - R sm cp 

/3 ( v H55 ) 2 2p . (F H44 ) • 2 
33 = r 55 + R cos c.p + 45 cos c.p sm r.p + 44 - R sm c.p 

/344 = D11 cos2 c.p + 2D16 cos r.p sin t.p + D66 sin2 r.p 

/345 = D16 cos2 cp + (D12 + D66 ) cos r.p sin r.p + D 26 sin2 r.p 

/355 = D66 cos2 r.p + 2D26 cos r.p sin r.p + D22 sin2 r.p 

Appendix B. Main equations of the general discrete layer model 

B.1. Equilibrium equations 

(A.14) 

(A.15) 

In this model, the previous laminate composite theory is used to express for each layer the 

interna! stress forces in terms of the layer' five displacement variables and mechanical 

properties. However, this time the integral limits h~k and h1~ in relations (A.1) and (A.2) 

are computed using the following relations: 
k-l 

h1~ = zi-1 + I: h; 
j=l j=O 

where, h; is the thickness of the lamina j of layer i ( h~ = 0 ) . Moreover, since a discrete 

layer theory is used, no shear corrections coefficients are required. 
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Next, the dynamic equilibrium equations of the shell, accounting for the interlayer 

continuity forces are written. After appropriate algebraic manipulations, the following 

system of equation is found: 

[ ( A11 + ~ 1 ) u,= + 2A16 u,xy + ( ,\6 - ~ 6 ) u,vv + ( Â16 + ~6 ) v,= + ( A12 + ,\6 ) v,xu 

+ ( ~6 - ~ 6) v,vv + ( Bu + ~1) <px,= + 2B16<px,xu + ( B66 - ~ 6 ) <px,vv + ( B!6 + ~ 6) <pv,= 

+(B12 + B 66 )<pv,xu + (B26 - ~ 6 
)<pv,vv + 12 

w,x + ( ~ 6 -1;;: )w,v r + F; -F:-i 

+ ((m, + ~) u + ( + 1,2) <px r w2 = O; 

[ ( A16 + ~6 ) u,xx + ( A12 + ,\6) u,xy + ( ~6 - ~ 6 ) u,vv + ( ,\6 + ~ 6 ) v,= + 2~6 v,xu 

+ ( ~2 - ~ 2) V,YY + ( B16 + ~6) <px,= + (B12 + B66) <px,xy + ( B26 - ~ 6) <px,yy 

+ ( B66 + ~ 6) <pv,= + 2B26 <pv,xu + ( B22 - ~ 2) <pv,vv + ( ~ 6 + ~) w,x 

[( Bu + ~ 1) u,xx + 2B16 u,xu + ( B66 - ~ 6) u,vv + ( B16 + ~6) v,= + (B12 + B66 ) v,xy 

+ ( B26 - ~
6) v,YY + Du'Px,xx + 2D16'Px,xy + D66<px,yy + D16'Py,xx + (D12 + D66) <py,xy + D26'Py,yy 

+(B12 -F - H55)w +(B26 - D26 -F )w + F'.i5 v-(F + H55),n -F rn li R 55 R ,x R R2 45 ,Y R 55 R rx 45Yy 

123 



Diffuse field transmission into infinite laminate and sandwich composite cylinders 

(B.2) 

The different coefficients in this system are given in (A.8). 

B.2 Dispersion equation matrices 

The matrices [A0], [A1], [A2] used in equation (15) are real square matrices of dimension 5N 

+3(N-1) defined as follow: 

[AoJ1 0 0 0 0 0 [FoJ1 0 0 0 0 0 

[AoJ2 0 0 0 0 -[FoJ1 [FaJ2 0 0 0 0 

[AoJ3 0 0 0 0 -[FaJ2 [FaJ3 0 0 0 

0 0 0 0 0 0 0 

[11or-1 0 0 0 0 0 -[For-2 [For-1 

[Ao]= [Aot 0 0 0 0 0 -[For-l 
0 0 0 0 0 0 

0 0 0 0 0 

sym 0 0 0 0 

0 0 0 

0 0 

0 

[A1 j1 0 0 0 0 [~]1 0 0 0 0 

0 [A1 ]2 0 0 0 0 [~]2 0 0 0 

[A1]= 0 0 0 0 ; [~]= 0 0 0 0 (B.3) 

0 0 0 [Air 0 0 0 0 r~r 0 

0 0 0 0 [ü] 0 0 0 0 [ü] 

where: 
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au 0 0 al4 0 i 

0 a22 0 a24 a25 

[Aor = 0 0 a33 0 0 

al4 a24 0 a44 a45 
0 a25 0 a45 a55 

1 0 0 0 0 0'.13 0 0 i 

0 1 0 0 0 0'.23 0 0 

[For= 0 0 1 [AJ = -Œ13 -Œ23 0 0'.34 0'.35 

z; 0 0 0 0 -Œ34 0 0 

0 z; 0 0 0 -0'.35 0 0 

/311 /312 0 /314 /315 
i 

/312 /322 0 /324 /325 

[~r = 0 0 /333 0 0 (B.4) 
/314 /324 0 /344 /345 

/315 /325 0 /345 /355 

with coefficients a~6 a~6 and /3~6 defined as follows: 

a i = (m + Iz2) w2. a ; = (~ + I ) w2. a ; = (m + Iz2 ) w2 _ ~4 + H44 . 
11 • R , 14 R z2 , 22 s R R2 R3 , 

a ; = ~5 • a ; = ~4 _ H44 + (Iz + I ) w2. a ; = (m + Iz2) w2 _ ~2 + B22 . (B. 5) 
24 R , 25 R R2 R z2 , 33 s R R2 R3 , 

i I 2 R H55 • i F . a44 = zw - 55 - R , a45 = - 45, 
; I 2 F H44 

a55 = zw - 44 - -- i 
R 

; (A12 )i (~6 B 26 )i . 
Œ13 = - R cos cp - R - R2 sm cp 

; (B12 H55 )i (B26 D26 ); • a = - -F --- cos1n + - -- -F s1nrn 
34 R 55 R r R R2 45 r 

(B.6) 

; (B22 D22 H44 )i . (B26 )i a = ----F +-- s1n,n+ --F cosrn 
35 R R2 44 R r R 45 r 

and 
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. ( Bu )i 2 . ( B66 )i 2 /311' = Âi1 + R cos cp + 2A16' cos cp sin cp + /4;6 - R sin cp 

i (A B16 )i 2 (A LI )i . ( LI B26 )i . 2 /312 = 16 + R cos cp + 12 + "½B cos cp sm cp + -"2B - R sm cp 

/3 i (B + Du )i 2 2B i . (B D66 )i . 2 14 = 11 R cos cp + 16 cos cp sm cp + 66 - R sm cp 

; (B D1B )i 2 (B B )i . (B D26 )i . 2 /315 = 16 + R cos cp + 12 + 66 cos cp sm cp + 26 - R sm cp 

/32/ = ( /4;6 + ~ 6 r COS
2 

i.{J + 2/4i6 i cos '/J sin i.{J + ( /4i2 - ~ 2 r sin 
2 

i.fJ 

i (B D1B )i 2 (B B )i . (B D26 ); . 2 /324 = 16 + R cos 'P + 12 + 66 cos 'P sm 'P + 26 - R sm cp 

/3 i (B + D66 ); 2 2B i . (B D22 )i . 2 25 = 66 R cos cp + 26 cos cp sm cp + 22 - R sm cp 

f3 i (R H55 ); 2 2F ; . (F H44 )i . 2 
33 = 55 + R cos cp + 45 cos cp sm cp + 44 - R sm cp 

/344 ; = D1/ cos2 cp + 2D1/ cos <p sin cp + D66i sin2 cp 

/345i = Dl6i cos2 '/J + (D12 + D66 r cos '/J sin i.fJ + D26i sin2 i.fJ 

/35/ = D66; cos2 cp + 2D26; cos cp sin cp + D2/ sin2 cp 
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4.3. Conclusion 

The eighth, ninth and the tenth specific objectives of the study were fulfilled in this chapter. 

The curved discrete layer approach was introduced and compared to a largely employed 

behavioural representation modeling e.g. symmetrical laminate panel. It was clearly shown that 

excellent accuracy is obtained at low frequencies for any laminate or sandwich structure by the 

use of any of the two presented models. At mid and high frequencies, complex behaviours are 

observed for sandwich type structures. These behaviours (namely separate out-of-plane pure 

bending of skins) are accurately reproduced by the discrete layer approach. The use of such 

approach is extended, in the next section, to SEA problems. 

128 



Chapter 5 

Modeling of the transmission loss of curved laminate and 

sandwich composite panels 

5.1. Introduction 

The article "The transmission loss of curved laminate and sandwich composite panels" 

in press to Journal of the Acoustical Society of America is presented in this section. The 

composite multilayer structure is represented by a discrete layer approach, detailed in the 

article. Using the dispersion relation's solutions, the SEA main parameters are computed 

and the transmission problem is developed for two cases: (i) representation of the structure 

by a unique subsystem e.g. the first propagative (bending-type) solution and (ii) 
representation of the structure by the first three propagative solutions. Moreover, 

parameters studies are presented. Comparisons with experiments and previous models 

presented in the literature allowed to conclude on the accuracy and reliability of the 

present approach. 

5.2. Article on the modeling of the transmission loss of curved panels 

- See following pages -
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The transmission loss of curved laminates and sandwich 

composite panels 

Sebastian Ghinet and Noureddine Atalla 
Department of Mechanical Engineering, Université de Sherbrooke, 2500 Boulevard Université 

Sherbrooke, QC, JlK 2Rl, Canada 

Haisam Osman 
The Boeing Company, 5301 Balsa Avenue, Huntington Beach, CA 92647, USA 

ABSTRACT 

The paper describes a model to calculate the transmission loss of both curved laminate and 

sandwich composite panels within statistical energy analysis (SEA) context. The vibro-

acoustic problem is developed following a wave approach based on a discrete lamina 

description. Each lamina is considered to consist of membrane, bending, transverse 

shearing and rotational inertia behaviours. Moreover, the orthotropic ply angle of each 

laminais considered. Using such a discrete lamina description, the dispersion behaviours of 

the panel are correctly represented. Using the dispersion curves, the radiation efficiency, 

the modal density, as well as, the non-resonant and the resonant transmission are 

computed. Moreover, expression for the evaluation of the ring frequency and the critical 

frequencies of such panels is given. The described model is shown to handle accurately, 

both laminate and sandwich composite shells. Additionally, a transmission loss test is 

presented to confirm the validity of the presented model. 
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1. INTRODUCTION 

Laminate and sandwich composite panels and cylinders have increasingly found 

application in modern aerospace and aeronautical structures. The composite materials used 

for these constructions are generally lighter and stronger than the most advanced 

aluminium alloys, which are prevalent in aerospace constructions. These qualities lead 

however to increased radiation efficiency and lower non-resonant transmission loss which 

unfortunately leads, in some instances, to higher interior noise levels. In consequence, there 

is a need for robust and fast numerical tools to efficiently estimate and optimize the 

vibroacoustic behaviours of large laminate and sandwich panels. 

A large amount of work has been devoted to the modeling of laminate and sandwich 

panels. The published models handle two classical types of constructions: laminates and 

sandwich. The first class refers to lay-ups of composite plies of similar (or close) physical 

properties. In general the laminate is symmetric and each layer is modeled using a thin 

plate theory1-
3 or thin shell theory4-9

• The laminate is represented by an equivalent set of 

variables. It will be referred to in the paper by a smeared thin laminate. Other authors 

consider generalizations in which each layer is modeled using thick plate theory and the 

laminate is planar10
•
11 or curved12

• Still, an equivalent set of variables is used for the whole 

laminate. In this latter case, the proper estimation of the equivalent shear correction 

coefficient is of paramount importance. The majority of this formulations1
-
11 assumes the 

laminate symmetric. More advanced approaches accounting for through-thickness 

deformations are presented in references [13, 14 and 40]. Reference [14] uses spectral finite 

element to handle flat laminates; that is ID finite element are used to model through-

thickness deformation and exponential fonctions (propagating wave shape) are used to 

handle the in-plane displacements. Reference [40] uses a similar method and considers 

laminated cylindrical shells and pipes. It uses axi-symmetry to handle the circumferential 

direction, exponential fonctions to model the axial displacement and solid finite element 

for the radial displacement. The model is applied to the calculation of the dispersion 

curves of the first modes of laminated cylindrical shells and pipes. 

For sandwich constructions a tri-layer arrangement is classically used; the core is 

generally soft and thick compared to the skins. Each layer can be of a composite 

construction. The classical models are based on two main assumptions: (i) the skins are 

thin and work in bending; (ii) the core is relatively thick and handles shearing effects only. 

Following these assumptions and assuming the sandwich symmetric, two classes of models 

are used. The first smears the elastic constants of the panel through the thickness3
• 

15
-
20

. 

131 



The transmission loss of curved laminates and sandwich composite panels 

The second uses a discrete layer representation22
• This model uses a complete and 

mathematically coherent discrete layer theory for sandwich-type panels. The theory is 

developed for a symmetric singly curved sandwich made up of a bottom skin laminate, a 

shearing core, and a top skin laminate. Finally, note that in the context of laminated 

composite cylinders modeling, two models were presented and compared by Ghinet et al12
: 

symmetrical laminate composite and discrete thick laminate composite. The latter was 

shown to encompass the first and to handle accurately, as a particular case, sandwich 

composite shells. In these two models, membrane, bending, transverse shearing as well as 

rotational inertia effects and orthotropic ply angle of the layers were considered. 

The thickness and structural complexity of the sandwich panel could influence m 

varying degrees, the transverse shear, the rotational inertia as well as the separate bending 

motion of the skins in the mid-to-high frequencies. At these frequencies it was observed12 

that the two classes of modeling approaches, smearing and discrete layer, may lead to 

different behaviours depending on the nature of the construction (sandwich, thick 

laminate, etc.). It is important that a model be devised that can handle both 

configurations. This paper presents such a model. It is based on a discrete layer approach. 

Each layer is allowed to exhibit bending, shearing and membrane behaviours. The 

construction can be none symmetric, laminates or sandwich. It will be referred to in this 

text by a general laminate. 

The numerical estimation of the transmission loss of elastic structures can be 

accurately performed using finite elements (FE) and boundary elements (BE) methods23
•
24

• 

These approaches require extensive computing resources and are inappropriate for large 

geometrical-scale structures and high frequencies calculation, when the vibration 

wavelength becomes much smaller than the structural dimensions. In contrast, statistical 

energy analysis is commonly characterized as much simpler to apply than FE/BE methods 

but it is known to fail at low frequencies where the number of modal resonance frequencies 

in the analysis band is low25
• There are two methods for applying SEA methodology. The 

first is referred to by the "modal approach" and is based on modeling each subsystem as a 

superposition of the resonant responses of the set of uncoupled modes of the system. The 

second method is based on a wave approach and models each subsystem as a superposition 

of waves travelling around the subsystem. It consists in deriving and solving a dispersion 

system of equations between wavenumbers and frequency for the sub-system of interest 

assuming simple geometrical configurations (plates, shells, etc.). At interfaces, the coupling 

loss factor is usually expressed in terms of the semi-infinite system wave impedances. At 

low frequencies where size effects are important, it is essential to include corrections. One 
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approach, for the specific problem of air-borne transmission loss, is based on the 

application of spatial windowing26
•
27

• 

One particular problem of interest rn the paper is the estimation, using SEA, of the 

transmission loss of laminate composite and sandwich curved structures. The principal 

phenomena concerning the resonant and non-resonant transmission of shells as well as a 

comprehensive review were presented by Szechenyi29
•
30

• The problem of the non-resonant 

transmission of a cylinder was solved by a simple geometrical argument30
• The contribution 

of the stiffness-controlled region was neglected and the sub-coincident region was assumed 

to be a circular sector for frequencies below the ring frequency. The problem of the 

transmission loss into finite cylinders was also discussed by Pope et al. 31
•
33 and Lesueur35 

using a modal approach. A similar approach33
•
35 is successfully applied here to calculate the 

low frequency transmission loss of laminate and sandwich composite curved panels. 

This paper describes the SEA modeling of the transmission loss through finite laminate 

and sandwich composite singly curved panels. Both laminate composite and sandwich 

composite are modeled using a discrete thick laminate composite theory. The studied 

transmission problem has three primary resonant systems: two reverberant rooms 

separated by the composite curved panel. The dispersion curves of the structure are 

derived and solved for the modal density and the radiation efficiency. Several models to 

compute the radiation efficiency were tested26
•
27

'
34

• Identical results were obtained and the 

model of Leppington34 was selected due to its accuracy and fast convergence. These 

parameters allow for the calculation of the radiation loss factor and also the resonant 

contribution of the transmission loss. The standard fiat panel theory35 is used to compute 

the non-resonant transmission but it is adapted here to the particular vibration behaviours 

of the curved panels ( see section 6). In particular, a sub-coincident modes selection method 

is used to compute the non-resonant transmission contribution. Moreover, the classical 

wave approach non-resonant contribution is corrected using the spatial windowing method 

presented in reference [27]. Finally, a transmission loss experimental result of a curved 

sandwich composite panel is successfully compared with numerical estimations. 

2. GEOMETRY AND COORDINATE SYSTEM 

Figure 1 represents the global geometrical configuration of the composite shell, where R is 

the curvature radius and h is the total thickness. The layered construction is considered, in 

general, asymmetrical as represented in Figure 2a. The origin for the z axis is defined on a 

reference surface passing through the middle thickness of the shell. 
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Fig. 1. The composite shell co-ordinates 

3. DISPERSION RELATION 

The dynamic behavior of the curved panel is modeled using a discrete layer theory 

which allows for both thick laminate composites and sandwich shells. The displacement 

field of any discrete layer "i"' of the panel is of Mindlin's type: 

ui(x, y, z) = u~ (x, y)+ z<p: (x, y) 

vi(x, y, z) = v~(x, y)+ z<p;(x, y) 

wi(x,y,z) = w~(x,y) 

(1) 

For any layer of the shell, Flüge's theory36 is used to describe the strain-displacement 

relations. Rotational inertia, in-plane, bending as well as transverse shearing effects are 

accounted for in each layer. Also, orthotropic ply angle is used for any layer. The resultant 

stress forces and moments of any layer are defined in Appendix A (A. 1 and A.2). There 

are three interlayer forces between any two layers, as represented in Figure 2b. The total 

number of interlayer forces is 3(N-1) where N is the number of layers. For any layer "i" 

there are five equilibrium equations: 

N;,x + N;x,y + F:i - F;-
1 = [(m. + ;; ) u,tt + ( + Iz2) 'Px,tt r 

Ni + Ni + Y Fi pi-1 + Jz2 + Iz + J Qi [( J ( J li Y,Y xy,x R + y - y = ms R v,tt R z2 'Py,tt 

Qi + Qi - Ni + r - r-1 = [(m + Jz2 ) w li (2) 
x,x Y,Y R z z s R ,tt 
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2 
1 o a) 

Fig. 2. 

forces (b). 

The discrete laminated composite shell thickness constitution (a) and interlayer 

The subscript notation f2
0

/J, 18 in relations (2) and in the following indicates partial 

derivatives of fl
0

/J with respect to 'Y and D. The external and internal surfaces of the shell 

are considered stress-free so that F,0 = F;;0 = F,0 = 0 and F: = F: = F,N = O . 

The expressions of the transverse shear stress forces Q;, the in-plane stress forces N;, 

the inertial terms I;, and the stress moments M;,i of each layer are presented in (A.4 to 

A.7). For any layer, the dynamic equilibrium equations can be rewritten, using equations 

(2) and relations A.4 to A.6 with appropriate algebraic manipulations, as presented in 

(A.12). The resulting dynamic equilibrium system, presented in that form, has 5N+3(N-1) 

variables regrouped in two vectors; a displacement-rotation vector {U} , and an interlayer 

forces vector { F} : 
{U} = {ul. VI. wl. 11?. {l')l. u2. v2. w2. {/')2. ,n2 .... UN. VN. WN. ,nN. {l')N }T , , , rx, ry, , , , rx, Yy, , , , rx , ty 

{F} = {FI· pl. pl. p2, p2. p2 .... pN-l. pN-1. pN-l}T 
xlylzlxlylzl X 'Y lz 

(3) 

The associated 5N+3(N-1) equations are composed of 5 equations of dynamic 

equilibrium for each of the N layers plus 3 equations of interlayer continuity of 

displacements for each of the N-1 interlayer surfaces. 

To salve for the dispersion relations, the system of dynamic equilibrium equations 1s 

expressed in terms of a hybrid displacement-force vector (e) defined as: 

(4) 

Assuming a harmonie solution (e) = {e}exp(ikxx + jkyy - jwt), the system is expressed in 

the form of a generalized polynomial complex eigenvalue problem: 

(5) 

where, kc = .Jk; + k: 1s represented in Figure 3, with kx = kc cos <p and kY = kc sin <p, 

j = H and [A0], [Ai], [A2] are real square matrices (in the absence of damping) of 

dimension 5N+3(N-1) defined in (A.13). 

135 



The transmission loss of curved laminates and sandwich composite panels 

Fig. 3. The propagative wavenumber and the heading direction. 

Relation (5) has 2(5N+3(N-1)) complex conjugate eigenvalues and represents the 

dispersion relations of the laminated composite shell. In the context of the present 

approach, at any heading direction the curved panel has two propagating solutions below 

the ring frequency. At the ring frequency a third solution becomes propagating thus, in the 

dispersion field context the ring frequency is mathematically perceived as a eut-off or 

transition frequency. Two other eut-off frequencies appear at high frequencies where two 

additional solutions become propagating. 

4. RING AND CRITICAL FREQUENCIES 

The ring and critical frequencies of symmetrical laminate composite cylinders were 

presented in reference [12]. In this section the ring frequency and the critical frequencies 

relations are presented in the context of the presented curved discrete laminate model. As 

mentioned above, the ring frequency can be considered as the first eut-off or transition 

frequency of the dispersion equation. Here a simple approach is used to estimate it. 

Considering that at the ring frequency wring, the shell displacement is characterized by a 

breathing mode shape, the derivatives of the hybrid vector (e) along x and y directions are 

equal to zero. Consequently, equation (5) simplifies to: 

[/4n] {e} = W~ng [A02 j{e}; (6) 
which represents a generalized eigenvalues problem with [A01] and [A02], real square 

matrices of dimension 5N+3(N-1) defined by the expression [Ao] = [Ao1]-w2 [Ao2 ] knowing 

that [A0] is defined by the expression (A.13). 

By analogy with plates, the critical frequency limits of the laminate composite curved 

shell are given by the particular solution of the dispersion equation (5) at coïncidence; that 

is when the structural wavenumber "kc" matches the acoustic wavenumber "~": 

k; [~]{e} - jkc [A1 ]{e}-[Âo]{e} = 0 
(7) 
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In the case of a discrete laminated composite flat panel ( R --t oo), the critical 

frequencies are computed numerically from (7) using [Ao] = [Ao1 ]- w2 [Ao2]: 

w; [~] + [Ao2] {e}- jwc [Ai] {e} -[Ao1]{e} = 0; (8) 
Co Co 

which is a 2nd order polynomial eigenvalues problem with [Ai] and [A2] defined by the 

relations (A.13). Assuming ,\ = jwc, Eq. (8) can be expressed in the form: 

[A1] [~] + [Ao2] l e ]- -[Ao1] [O] l e ] · 
À Co Co À - À, 

c [J] [O] ce [O] [J] ce 
(9) 

to obtain a generalized eigenvalue problem, where [~ is the identity matrix and [ü] a zero 

matrix of dimension 2(5N+3(N-l)). This problem has 2(5N+3(N-l)) complex conjugate 

eigenvalues. The critical frequencies correspond to solutions which satisfies the 

condition\ ('P) = ±jwc, purely imaginary. This heading dependency will lead to a critical 

frequency region given by: 

fc ( 'P) = =i= iÀ;~'P) . ( 10) 

It is found that the limits of the critical frequency region are defined by fc 1 = fc (cp = 0) 

and fc 2 = fc ( 'P = 1r / 2) . 

5. THE MODAL DENSITY AND THE RADIATION EFFICIENCY 

The angular distribution of the modal density is classically expressed in terms of the 

ratio of the structural wave-number and the group velocity1
: 

A k(cp,w) 
n(cp,w)=~I ( )1 

1r c
9 

cp,w 
(11) 

with A the area of the panel. The modal density is obtained numerically by integrating 

over all headings directions: 
7r 

n(w) = J n(cp,w)dcp. (12) 
0 

The structural wave number of the shell k ( cp, w) and the group velocity are computed 

numerically from the solution of the dispersion relation (5). 

The radiation efficiency of the panel cr ( k ( cp, w)) for a given frequency and heading is 

computed from Leppington's analytical formulae34
• Assuming energy equipartition amongst 

the resonant modes (equal modal energy), the radiation efficiency of the composite panel is 

given by: 
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1 ,r 
CYrad = -J CY(k(cp,w))n(cp,w)dcp 

n (W) 
0 

(13) 

The corresponding band averaged values of the modal density and radiation efficiency 

are given, respectively by: 
kma.x 7r J J n(w,cp)kdkdcp 

n (w) = -""'-'"-O------k.n~ J kdk 
".nm 

~e.x 7r J J Œ(w,cp)n(w,cp)kdkdcp 
( ) kmin 0 

(Yrad W = --k.n-~-,r-------- (14) 

I J n(w,cp)kdkdcp 
kmm 0 

where, kmin and kmax are the wave number bounds of the studied frequency band. The 

radiation efficiency and the modal density of each of the first three solutions are computed 

using relation (14). Each solution is then considered a resonant SEA subsystem. 

6. NON-RESONANT TRANSMISSION 

In general, for a complex construction, the non-resonant transmission is heading 

dependent. Thus for or a given excitation frequency band (with wcen the center band 

frequency and Wr, w2 the frequency limits of the band), and an incidence direction (0,cp) 
the structural and the forced wave numbers are calculated from the dispersion relation (5) 

and the following conditions is checked to ensure that the forced modes are non-resonant: 

(15) 

This accounts for both mass and stiffened controlled non-resonant modes. Usually, stiffness 

controlled modes contribution is neglected and the mass-controlled non resonant 

transmission coefficient is given by: 
1 21r Bmo.x 

Tnr (w) = 2 2 J J Tnr (w, 0, 'P) sin 0 cos 0d0dcp; (16) 
7r( cos 0min - cos 0max) 0 0min 

where, 
4z2 

T nr ( W, 0, 'P) = 
1

. O 

1

2 , 
iwms + 2ZO 

(17) 

and ( 0min, 0max) are the limit incidence angles describing the diffuse field, Z0 = p0 c0 / cos 0 

is the specific acoustic impedance of the medium and m. is the surface mass of the panel, 

and cp is the heading direction limited to non-resonant modes. The allowable heading 

directions are obtained using the dispersion equation (5) and the first condition in (15). 

In order to improve the low frequency predictions of the non-resonant transmission 

coefficient, a geometrical windowing correction method is also used. The correction method 
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used here, is detailed in reference [27] and examples of its validation are given in references 

[27] and [37]. According to this correction, the relation (17) changes as follow: 
4z2 

Tnr (w,0,cp) = 0 
2 Œ(w,0,cp)cos0 (18) liwm, + 2Z0 I 

where, Œ ( w, 0, cp) is the "geometric" radiation efficiency of the fini te baffled window 

defined by27
: 

Œ (w, 0, 'P) = [ j~o .l J>-jk,(xcos,p+ysin<p)G(x, Y, x,, y ')ejk,(x'cos,p+y'sin,p) dS(x, y)dS(x ',y')]. (19) 

In the above relation, G(x,y,x',y') is the Green's fonction, A is the area of the panel 

and S denotes the radiating surface of the panel. Relation (19) is evaluated using a semi-

analytical algorithm as presented in reference [27]. Since this correction only affect the low 

frequencies, it is postulated to remain applicable for singly curved panels even if its 

derivation is strictly limited to flat systems. The comparison with the experimental 

measurement presented in section 8.3 corroborates the validity of this correction. 

Alternatively, a modal method can also be used to calculate the diffuse field incidence 

transmission coefficient for mass controlled modes33
•
35

: 

_ 167r 2 R!n _ 2 32 _..:i_ 2 [ 2 ]2 
Tnr - A Co .L,; 2 4 - 2 P .L,; jmn · 

Wmn <Llw m, w 1f m, Wmn <Llw 
(20) 

In the above equation, Rmn = Œmnp0 c0 denotes the modal radiation resistance and [j!nl 
the joint acceptance. Symbol wmn < Llw indicates that the summation is limited to non 

resonant modes in the band of interest. In order to apply the modal approach, the shell is 

assumed simply supported. The modes are related to the wave number components by, 

kx = m1r / Lx ; kY = n / R . The corresponding natural frequencies wmn are obtained from 

the solution of the dispersion equation (5) recast in the symbolic form: 

(21) 

with, kmn=(k/+k/) 112 and the matrices [Ai], [A2], [A01] and [A02], real square matrices of 

dimension 5N+3(N-1) defined in (A.13) with [Ao] = [Ao1]-w2 [Ao2 ]. The modal radiation 

resistance or equivalently the modal joint acceptance is calculated analytically assuming 

the classical spatial separate form of the Green's function31
. 

7. DIFFUSE FIELD TRANSMISSION LOSS 

The modal density and the radiation efficiency presented in the above sections are used 

within an SEA framework to compute the transmission loss of the laminated composite 

shell. A simple SEA acoustic transmission scheme consists of two reverberation rooms 

separated by the studied curved panel. One of the rooms is excited by a diffuse field and 
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the acoustic transmission problem 1s assumed to encompass two transmission 

contributions: resonant and non resonant transmission. As a first approximation, and for 

the sole calculation of the transmission loss, the first solution wave of the dispersion 

relation is used to represent the dynamics of the curved panel. 

The acoustic rooms (cavities) are described by the systems 1 and 3 while the curved 

panel is identified as system 2. Using the classical SEA equations, the Noise Reduction of 

the panel is given by: 

NR = 10 loglü [a/4i + [TnT + TT ri2 
] !J, 

ÂT "lrad T 
(22) 

where, a/4i is the surface absorption of the receiving room, fi2 = r,2 + 2r,rad is the sum of 

the space and band averaged radiation loss factor35 "lrad of the panel and its averaged 

structural loss factor r,2 ; TnT is the field incidence non-resonant transmission coefficient 

(mass controlled), TT is the diffuse field resonant transmission coefficient, T = TnT +TT, 

and finally a is the random incidence absorption coefficient of the panel seen from the 

receiving room. Explicitly, in terms of modal densities (n1 , n2 , n3 ), damping loss factors 

( f/i, r,2 , 773 ) and coupling loss factors35
, ( r,21 = r,23 = "lrad, 7713 ) , equation (22) is equivalent to: 

n ,,,.,2 
r, +-2 
'/13 -

NR = 10log10 
nl f/2 (23) 

The resonant transmission coefficient31 is calculated from the radiation efficiency of the 

panel and its modal density using: 

81rcin2 r,;ad T =-____::._~ 
T Aw 772 

The SEA total transmission loss of the panel including resonant and non resonant 

contributions is expressed as: 

TL= NR + 10log10 [1 l; 

(24) 

(25) 

where, NR is the noise reduction, A the area of the panel and A3 the absorption area of the 

receiving room. 

A richer model was also studied. The panel was assumed to be composed of three 

subsystems corresponding to each of the first three propagating solutions of the dispersion 

relation. It was assumed that each of the three subsystems couple with the acoustic 

cavities. As expected, the contribution of the first wave solution was found to be 

dominant. The computed resonant contributions of the other solutions were found to be 

unimportant for this air-borne transmission case. However, it is worth recalling that these 
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propagating solutions (resonant subsystems) as well as the evanescent components are 

important in structural transmission problems ( e.g. plate to plate or plate to beam 

junction). 

8. NUMERICAL RESULTS AND VALIDATION 

In this section, results of the acoustic transmission problem applied to curved 

composite laminate and sandwich panels are presented. The problem is solved in a SEA 

context, using a wave approach. An alternate modal approach is also used to validate the 

wave approach. The properties of the materials used in this study are presented in Table 1. 

The associated notations concerning the orthotropic directions (L, 'I) are presented in 

Figure 4. 
z 

Fig. 4. 0rthotropic directions of a ply. 

8.1. Dispersion curves 

I this section, the presented general discrete laminate model is compared to a discrete 

sandwich model22 and to a symmetrical laminate model12
• Recall that symmetrical laminate 

model assumes each layer thick and uses equivalent properties including a shear correction 

factor for the whole structure ( = smeared physical properties over the total thickness of 

the panel). On the other hand, the sandwich model is based on a discrete approach using 

the classical assumptions for a laminate sandwich ( e.g. thin laminate skins, a shear bearing 

core). It leads to a 47 order dispersion system. On the other hand, the presented discrete 

general laminate model is also based on a discrete layer approach but allow all layers 

(skins and core) to be thick laminate (e.g. with smeared properties through each layer's 

thickness), orthotropic and thick. It leads to a 42 order dispersion system for the particular 

case of a curved sandwich panel. It allows for both symmetrical and asymmetrical 

laminated composite and/or sandwich-type composite panels with thin or thick laminate 
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skins. For the particular case of sandwich composite panels, the present discrete laminate 

model and the sandwich model22 lead to identical results. 

The comparison is shown here for a singly curved sandwich composite panel. It has 2 

meter radius of curvature and a projected area of 2.43m x 2.03m. The thickness of the 

skins is 1.2 mm and that of the core is 12.7 mm. It is made up of Graphite/Epoxy 

(Material # 3) face sheets and of a rigid foam core (Material # 4); the panel's orthotropic 

layout is (0/0/0). Figure 5 illustrates the propagating solutions of the dispersion system at 

three selected heading direction: <I>=0°; 4>=45°; 4>=90°. It is observed that the presented 

model and the sandwich model lead to identical results. The dispersion relation, for this 

case, is of 42nd order. In Figure 5 the five propagative solutions are represented. As it can 

be observed in Figure 5, below the ring frequency (!ring= 401.8 Hz) the dispersion relation 

has two propagating solutions. Note that the ring frequency is the first transition 

frequency of the panel. At this frequency a third solution becomes propagating. At very 

high frequencies two supplementary core transition frequencies are defined and at these 

frequencies two supplementary solutions become propagating. 

The same behaviours are present for laminate composite panels. A seven layers 

Graphite/Epoxy (Material#2) laminate panel is considered as a second example. The 

layers have equal thickness h; = 2mm and the panel has the orthotropic layout: 0 / 45 /-

45 /90 /-45 / 45 /0. Comparisons are made here between the present discrete lamina model 

and a simple symmetrical laminate model12
. The solutions of the dispersion relations in 

these cases are represented in Figure 6. It is observed that the two models leads to 

identical results. The core transition frequencies appear in that case at frequencies above 

the audible range and aren't represented in Figure 6. 

In order to identify the asymptotic tendencies and the solution type of the dispersion 

problem, a three layer isotropie thin curved panel is considered in Figure 7. The thickness 

of each layer (Material# 1) is 1 mm. The corresponding flat panel has the classical 

wavenumber solutions: bending, shear and membrane. These asymptotes are also 

represented in Figure 7 and are calculated using the following relations: 
-----

k - . k - ~. k - (l - v2) 
bending - ~D ' shear - w ~Ch ' membrane - w ms Eh (26) 

with, ms the surface mass, D the bending stiffness, G the core shear modulus and Ethe 

Young's modulus. 

The first propagating wavenumber solution of a sandwich panel has three different 

behaviors: pure bending of the whole panel at low frequencies; shearing of the core at rnid-

to-high frequencies and pure bending of the skins at very high frequencies. 
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Fig. 5. Dispersion curves of a sandwich composite shell for different heading directions: a) é[> 

= 0°; b) é[> = 45°; c) é[> = 90°. Modeling type: Discrete laminate composite (-); Sandwich 

composite( .. ). 
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This is illustrated in Figure 8. It represents the first solution of the sandwich panel 

employed for the dispersion studies represented in Figure 5 and its three dispersion 

asymptotes. For a heading direction set to 90 degrees, the dispersion relation has 

equivalent flat panel behaviors; that is the same first propagating solution is obtained for a 

heading of 90 degrees, using: R - oo. 

Fig. 8. 

<l> = 90° 
104 ~~------~--_~·=:=· =·=·=·-·~·r,===:====:==·=·=·=· ·::::-,_:::;-~~.~. .. 

--0- 1st propagati\e solution 
-+- Panel pure bending asymptote 
___.,_ Skin pure bending asymptote 

Core shear asymptote 
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Frequency (Hz) 
104 

Dispersion asymptotes of the first propagative solution for a composite sandwich 

curved panel at a heading angle il> = 90°. 

8.2. Vibroacoustic indicators 

The dispersion results represented in Figure 5 are used in this section to compute the 

associated vibroacoustic indicators (modal density, radiation efficiency and transmission 

loss) following the methodology of sections 5-7. Figure 9 presents the results obtained for 

the modal density computation. Three models are compared: the presented general discrete 

laminate model, the sandwich composite theory22 and the laminate panel theory12
• The 

asymptotic behaviours observed in Figure 8 are also seen in the modal density curve. It is 

observed that at low frequencies (below the ring frequencies) all three models lead to the 

same result. Moreover, at high frequencies the modal density of a sandwich panel is 

accurately calculated using a sandwich assumption modeling or a general discrete laminate 

modeling. 
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Modal density of a sandwich composite curved panel. 

However, the laminate model12
, which uses equivalent physical properties with shear 

corrections, fails at high frequencies; its dispersion equation has just two correct 

asymptotes e.g. pure bending of the panel and shear. It is not able to correctly capture the 

separate skins asymptotes at high frequencies. The separate bending of the skins behaviour 

becomes especially important for the radiation efficiency computation. As it can be 

observed in Figurelü, the composite laminate model could result in large errors in the 

radiation efficiency estimation for frequencies above the critical frequency zone of the 

panel. 
The proposed general discrete laminate approach uses individual first-order shear 

displacement fields for each layer. While the use of high order displacement fields may 

seem more appropriate for very high frequencies, it is worth showing that the proposed 

approach is sufficient to capture the physics. An example comparing the modal density of 

a typical flat thick sandwich panel modeled by the proposed approach and a laminate 

model based on spectral finite elements14 in which the through-thickness deformation is 

captured using finite elements is represented in Figure 11. Also the analytical modal 

density tendencies for low frequencies (pure bending of the panel) and high frequencies 

(pure bending of skins) are computed and represented. It can be observed in Figure 11 that 

the present approach is accurate. 
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Fig. 10. Radiation efficiency of a sandwich composite curved panel. 

The studied panel has skins made up of Material #1 (0.001 m of thickness) and a core 

made up of Material #5 (0.003m thickness). The materials physical properties are 

presented in Table 1. The dimensions of the panel are 2x2.4m2
• 

In passing, it is worth noting that the presented general discrete laminate model can 

also be refined using a finer subdivision of the layers to capture complicated behaviour 

through the thickness. 

Finally, the physical properties of the lay--up studied in Figure 5 are used to illustrate 

the contribution of the non-resonant and resonant transmission to the total transmission 

loss. This time, the thickness of a skin is 1mm while the thickness of the core is 3mm. The 

lateral dimensions of the panel are 2x2.4 m 2 and the radius of curvature is 2m. ln Figure 

12 are represented the total transmission loss, the resonant and the non-resonant 

contributions. The classical tendencies are observed: a combined contribution of resonant 

and non-resonant transmissions below the ring frequency, a non-resonant contribution 

between the ring and the critical frequencies and a resonant contribution above the critical 

frequency. 
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8.3. Experimental validation 

Transmission loss tests were performed on the singly curved sandwich composite panel 

described in the previous section. The tests were performed at the Canadian National 

Research Center transmission loss facility located in Ottawa. The test panel was installed 

in the opening window of a transmission loss suite comprising two reverberant chambers. 

It should be noted that the two chambers are mechanically isolated, and that the test 

specimen is mounted into a movable heavy frame. The tests were performed according to 

the specifications of ASTM-E90-97 and ISO 140-1:97. Both chambers are equipped with 

automated moving microphone position systems, which allow sampling a large volume of 

the rooms. The volumes of the source and receiving rooms are 140 m3 and 250 m3, 

respectively. The receiving room is equipped with both stationary and rotating diffusers. 

TL measurements in this facility are considered valid clown to the 100 Hz 1/3 octave band. 

Considerable care was taken in the design of the supporting frame for the panel and the 

method of mounting the panel. The curved edges were inserted in a groove supported by 

closed cell foam and sealed by caulk. The straight edges were also supported by closed cell 

foam gasket attached to wood chocks and sealed by caulk and tape. 

Measured transmission loss and predictions with both the wave approach and the 

modal approach are given in Figure 13. In the latter method, the modes of the panel 

computed from the dispersion equation (Eq. 5) with the assumption of a simply supported 

panel are used in conjunction with equations (20) and (21) to compute the non-resonant 

transmission loss while the resonant transmission loss is calculated with equation (24). It 

should be noted at this stage that the mounted panel damping was not measured, and that 

a nominal modal damping ratio of 2.5% was assumed in the analysis. This is acceptable 

since the damping of the panel in free-free conditions is around 1 % and increases to 3% 

around the critical frequency. The wave approach with the geometrical correction leads to 

a very good agreement throughout the frequency range of the test apart from the ring 

frequency region. On the other hand, the modal approach shows a higher transmission loss 

than the test below the panel ring frequency. Above the panel critical frequency, both the 

wave and modal approaches yield almost identical results. Note that the number of 

resonant modes is not sufficient in the first 1/3 octave bands for the modal method to be 

reliable at low frequencies (less than 1 mode at 100 Hz). In summary, the wave approach 

leads to excellent results, especially at low frequencies, with the benefit of applying the 

geometrical correction (Eq. 18), even if the latter is based on fiat baffled window theory. 
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Fig. 13. Total transmission loss of a sandwich composite curved panel. 

8.4. Parametric study 

Laminated composite and sandwich composite curved panels of surface 2.438x2.032 m2 

are used here to study the influence of physical parameters on the transmission loss. 

Orthotropic ply angles, layers' thickness and constant mass per unit area effects are 

studied. Moreover, this study will also allow for a numerical validation of the ring and 

critical frequencies' expressions of the panel as calculated from relations 6 and 10. 

The transmission loss of a symmetrical laminate sandwich composite panel is presented 

in Figure 14. Each skin is a composite made up from three lamina of equal thickness 

(hskin=0.003m) made of Material # 2. The core has a single layer of Material # 4 and 

thickness hcor,=0.0lm. The ply angle of the core is O degrees but each skin has the 

following orthotropic layout: 90/45/-45 for configuration A; 0/45/-45 for configuration B, 

0/30/-30 for configuration C and 0/0/0 for configuration D. The computed values of the 

panel's ring and critical frequencies are as follow: J,-;n9=458.55Hz; fc1=1938.55Hz; 

fc2=4586.99Hz for Configuration A; fring=334.39Hz; fc 1=1920.76Hz; fcr4587.01Hz for 

Configuration B; frin9=242.61Hz; fc1=1751.74Hz; fc2=5056.42Hz for Configuration C and 

frin
9
=191.66Hz; fc1=1546.72Hz; fc2=5398.25Hz for Configuration D. Their transmission loss 

is represented in figure 14. 
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Fig. 14. Orthotropic ply angle influence on the transmission loss of a laminate composite 

curved panel. 

It is observed that the panel in Configuration A has the shortest region controlled by the 

mass (between the ring frequency and the first critical frequency) and consequently will 

better react to a damping treatment. A symbolical simplification of the ring frequency 

relation (6) shows that it's a function of the y-direction (circumferential) elastic 

behaviours, the radius and the surface mass of the panel. For this reason, the orthotropic 

arrangement with the highest y-direction elongation stiffness has the highest ring 

frequency. Moreover, the width of the critical frequency zone is strongly dependent on the 

orthotropic arrangement of the laminas. As an example, for a perfectly equilibrate 

orthotropic arrangement ( = same number of plies oriented along 0 and -0) the width of 

the critical zone tends to zero. The most equilibrate arrangement in Figure 14 is described 

by the configuration A while the reference configuration D shows the largest critical zone 

that the panel could have. 

In figure 15 the influence of the skin's thickness is illustrated in the context of a 

sandwich panel. The skins are made of one layer of Material # 2 while the core has a 

single layer of Material # 4. 
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Fig. 15. Skins' thickness influence on the transmission loss of a sandwich composite curved 

panel. 

The 0/0/0 ply angle case is considered with three different skin thicknesses: Configuration 

A with skins' thickness of h1=h3=0.003m; Configuration B with h1=h3=0.004m and 

Configuration C with h1=h3=0.005m. The core thickness remains unchanged at 0.0lm. 

Figure 15 shows that the TL increases with the skin's thickness. The increase is in the 

order of about 3.5dB in low frequency range and about 7dB in the high frequencies 

between Configurations A and C. The ring frequencies and the critical frequencies 

calculated for these three configurations are: f,=191.66Hz; fc1=1543.9Hz; fc2=5393.32Hz for 

Configuration A, f,=193.38Hz; fc1=1260.14Hz; fc2=4403.52Hz for Configuration B and 

f,=194.41Hz; fc1=1050.87Hz; fc 2=3673.34Hz for Configuration C. 

Next the influence of the core thickness is illustrated in figure 16. Three configurations 

are considered: h2=0.005m for Configuration A, h 2=0.0lm for Configuration B and 

h2=0.015m for Configuration C. In all the three cases, the thickness of the skins is 

h1=h3=0.004m. It is observed that the transmission loss decreases between the ring 

frequency and the first critical frequency for configurations B and C compared to 

Configuration A. 
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Fig. 16. Core's thickness influence on the transmission loss of a sandwich composite curved 

panel. 

A detailed study of this case reveals that the mass law of the three configurations is 

almost identical while the resonant transmission below the highest critical frequency 

controls the tendencies observed in figure 16. The radiation efficiency in this region is 

found to increase with the core thickness for this particular construction. Around the 

highest critical frequency the influence of the separate bending and shearing of the skins 

starts for these configurations. In this region, the modal density is almost identical for the 

three configurations and so is the resonant transmission. 

To clarify the results of Figure 16 the same configurations are re-investigated but this 

time the sandwich panel has skins made up of the Material # 3 and a core made up of 

Material # 4 (see Case A in Figure 17). Next, the skins' density is multiplied by two (Case 

B). The results are plotted in Figure 17 for the two cases to highlight the phenomena 

appearing in the transmission loss non-resonant mass controlled zone (between the ring 

and the critical frequencies). In Case A the panel does not have a zone mainly controlled 

by the non-resonant transmission. The region between the ring frequency and the critical 

frequency is just a resonant transition zone from membrane to bending and shearing 

behaviours. The transmission loss is mainly controlled by the resonant contributions and 
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for this reason increasing the core thickness results in a degradation of the transmission 

loss in low and mid frequency ranges (below and inside the critical frequency region). 
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Fig. 17. Core's thickness influence on the transmission loss of a sandwich composite curved 

panel combined with the influence of the skin's density. 

Finally, a comparison between three typical configurations based on previous 

comparisons and having the same overall mass per unit area is presented in Figure 18. The 

mass per unit area of the sandwich composite shell is kept constant to m.=17.1044kg/m2
• 

As in the previous studies the same materials are used here. For Configuration A the skins' 

thickness is h1=h3=0.0045m and the core thickness is h2=0.0245m; for Configuration B the 

skins' thickness is h1=h3=0.00475m and the core thickness is h2=0.017244m and for 

Configuration C the thickness of the skins is h1=h3=0.005m and the core thickness is 

h2=0.0lm. The computed ring and critical frequencies of the three configurations are: 

f,=186.577Hz; fc1=748.677Hz; fc2=2621.572Hz for Configuration A; f,=190.5255Hz; 

fc1=941.73Hz; fc2=3289.65Hz for Configuration B and f,=194.41Hz; fc1=1050.87Hz; 

fc2=3673.35Hz for Configuration C. The most interesting configuration (Configuration C) 

has the thicker skins and the thinnest core. It could be concluded here that the 

transmission loss of a sandwich composite shell can be improved by a judicious choice of 

the thicknesses of the layers while keeping constant the mass per unit area. 
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Fig. 18. Constant mass per unit area influence on the transmission loss of a sandwich 

composite curved panel. 

9. DISCUSSIONS AND CONCLUSIONS 

An efficient model to compute the transmission loss of sandwich and laminate 

composite curved panels has been presented. The physical behaviour of the panel is 

represented using a discrete lamina description. Each lamina is represented by membrane, 

bending, transversal shearing and rotational inertia behaviours. The model is developed in 

the context of a wave approach. 1t is shown that the dispersion curves and the panel's ring 

and critical frequencies are accurately estimated. Using the dispersion relation's solutions, 

the modal density, the radiation efficiency as well as the resonant and non-resonant 

transmission loss are calculated. The acoustic transmission problem is represented within 

statistical energy analysis context using two different schemes for the non-resonant path. It 

is observed that for the presented problem, the modal energy exchange is dominated by 

the first wave solution. lt is concluded that for classical acoustic transmission problems, 

the SEA scheme presented here is accurate. The results were compared successfully to the 

transmission loss test of a singly curved sandwich panel and to two other models. In 

particular, the presented model is applicable to both sandwich panels and composite 

laminate panels with thin and/or thick layers. Finally, a parameters study showed that 
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the transmission loss of such panels can be improved by a judicious choice of orthotropic 

arrangements of plies and layer's thicknesses. 

Material # 1 Material # 2 Material # 3 Material # 4 Material # 5 

Ei (Pa) 7. lxl010 l.25xl011 O.48xl011 O.1448xlO9 3.Ox107 

ET (Pa) 7.lxl010 1010 O.48xl011 O.1448x109 3.Ox107 

GiT (Pa) 2.67xl010 5.9xl09 O.181xl011 0.5x108 1.25 x1O7 

Giz (Pa) 2.67xl010 3xl09 O. 2757xl010 0.5xl08 1.25 xl07 

GTZ (Pa) 2.67xl010 5.9xl09 O. 2757xl010 0.5xl08 1.25 x107 

1/LT 0.33 0.4 0.3 0.2 0.2 

p (kg/m3
) 2700 1600 1550 110.44 48 

Table 1. Materials' properties for diffuse field transmission loss validations. 

APPENDIX 

MAIN EQUATIONS OF THE GENERAL DISCRETE LAYER MODEL 

Al. Equilibrium equations 

The resultant stress forces and moments of any laminate layer are defined by, Leissa36
: 

(A.l) 
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(A.2) 

The integral limits h:k and h1~ in relations (A.l) and (A.2) are computed using the 

following relations: 

j=I 

k-1 

hi_ i-1 +"'"'hi 
lk-Z LJ j 

j=O 

(A.3) 

where, h; is the thickness of the lamina j of the layer i ( h~ = 0) and i-1 is the position of 

the ( i-1) surface delimi ting a layer. 

The transverse shear stress forces are defines by the following relations: 

Q; = [F45(W,Y + 'Py - ~) + Fss(w,x +'Px)+ Hss (;; + )r 
i [ v) ( ( v 'Pv w,v )li Qy = F',14(w,Y +cpy - R +F45 w,x +cpx)+H44 R2 -R-R 

(A.4) 

and the in-plane stress forces: 

N; = [ Au u,x + Âi2 ( v,v + ; ) + A16 ( u,v + v,J + Bu ( + cp x,x) + · · · 

. '. + B12'Py,y + Bl6 ( + 'Px,y + 'Py,x) + Du 'P~x + Dl6 'P~x r 
N; =[A12U,x +~2(v,y + ;)+A26(u,Y +v,x)+B12'Px,x +··· 

···+B (,n -~-~)+n (ln +1n - u,Y)-D 'Py,y -··· 22 ry,y R R2 26 rx,y ry,x R 22 R 

'Px,y U,Y V,Y W ]i .. ,-D26-+D26-2 +D22-2 +D22-3 R R R R 

N:V = [A16 u,x + A26 ( v,Y + ;) + ~6(u,Y + v,x) + Bl6 (~ + 'Px,x) + ··· 

· · · + B26'Pv,v + B66 ( + 'Px,v + 'Pv,x) + D16 'P~x + D66 'P~x r 
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as well as the stress moments : 

M; =[B11 u,x +B12 (v,Y + ~)+B16 (u,Y +v,J+D11 (~ +'Px,x)+ ... 

"' + D12'Py,y + Dl6 ( + 'Px,y + 'Py,x Jr 
M; = [ B12 u,x + B22 ( v,Y + ~) + B26 ( u,Y + v,x) + D12 cp x,x + · · · 

·•• + D22 ('Py,y - - ; ) + D26 ('Px,y + 'Py,x - ;; Jr 
M~ = [B16 U,x + B26 ( v,Y + ;) + B66 (u,Y + v,x) + Dl6 (~ + 'Px,x) + · .. 

··· + D26'Py,y + D66 (~ + 'Px,y + 'Py,x )r 
M;x =[Bl6u,x +B26(v,Y + ;)+B66(u,Y +v,x)+Dl6cpx,x +··· 

··· + D26 ('Py,y - - ; ) + D66 ('Px,y + 'Py,x - ;; )r 

(A.5) 

(A.6) 

The inertial terms derived in the equilibrium equations (2) are expressed by the 

following relations: 
N' 

m; = L[Pk(huk -hzk)r 
k=l 

(A.7) 

1;2 = t[Pk (h~k -h!)]i 
k=l 2 

where, m/ is the mass per unit area, // and J;!2i are the rotational inertia and p; is the 

mass density of the lamina k of the layer i. The rotational inertia It2; is zero for 

symmetrically laminated composite sandwich panels. The elastic constants derived in 

(A.4), (A.5) and (A.6) are defined by the following relations: 
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N' 1 2 2 li B i = ""' Qk h,,k - hlk a/3 D a/3 2 k=l 
a,{3 = l, 2, 6 

N' 1 3 3 li D i = ""' Qk huk - hlk 
a/3 D a/3 3 

k=l 

N' . 

Fa/ = L [c:/3(h,,k - hlk)]' 
k=l 

H i = [ck h~k - h! ]i a/3 {;;;t a/3 2 

a {3 = 4· 5 ' ' (A.8) 

In Eq. (A.8), [Q:13r are the elastic constants of the k-th lamina of layer i and are 

defined by the following relations, Berthelot38
: 

with, 

[ k li [ k 4 k , 4 ( k k ) , 2 2 li Qll = CL cos ek + CT sm ek + 2 OLT + 2GLT sm ek cos ek 

[ k li [( k k k ) , 2 2 k ( 4 , 4 )li Ql2 = CL + CT - 4GLT sm ek cos ek + OLT cos ek + sm ek 

[Q;6 r = [(c; - ctT - 2G2r) sin ek cos3 ek + (c;T - c; + 2G2r) sin3 ek cos ek r 
[ Q;2 r = [ et sin 4 ek + c; cos4 ek + 2( c;T + 2G2r) sin2 ek cos2 ek r 
[Q;6 r = [(02 - c;T - 2G2T) sin3 0k COS 0k + (02T - c; + 2G2T) sin 0k COS

3 0k r 
(A.9) 

(A.10) 

ek is the orthotropic orientation (represented in Figure 4) and [c:/3 r are the transverse 

shear elastic constants of the k-th lamina of the layer i and are defined by, Berthelot38
: 

(A.11) 

[ c;5 r = [ G2z cos2 ek + c;z sin2 ek r 
The dynamic equilibrium equations of the shell are rewritten, after appropriate 

algebraic manipulations as: 
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[ ( A16 + ~ 6 ) u,,x + ( A12 + ~ 6 ) u,xv + ( Âz6 - ~ 6 ) u,YY + ( ~ 6 + ~ 6 ) v,xx + 2Az6 v,xv + 

( Âz2 - ~ 2) V,YY + ( B16 + ~ 6) <{)x,xx + ( B12 + B66) <{)x,xy + (B26 - ~ 6) Sox,yy + ( B66 + ~ 6) <{)y,xx + 

2B ,n + (B _ D22 )c.p + (Âz6 + F'.i5 )w + (Âz2 _ B22 + F'.i4 _ H44 )w _ 26Yy,xy 22 R Y,YY R R ,x R R2 R R2 ,Y 

(F.i4 - H44)v+ F45 ,n +(F.i4 - H44),n li +Fi -r-1 +((m + l,2)v+(l, +1 ),n )i w2 = O· R2 R3 R Yx R R2 Yy y y • R R z2 Yy , 

[(R + H55 ) w + 2p w + (F _ H44 ) w _ A12 u _ ( Âz6 _ Bw) u -( Âz6 + F45 ) v _ 55 R ,xx 45 ,xy 44 R ,yy R ,x R R2 ,Y R R ,x 

(
Âz2 _ B22 + F'.i4 _ H44 )v -(B12 _ R _ H55 ),n -(B26 _ Dw -F ),n _ R R2 R R2 ,Y R 55 R Yx,x R R2 45 Yx,y 

(B26 -F ),n -(B22 _ D22 _ F + H44 )rn -(Âz2 _ B22 )w]i +pi_ pi-1 + (m w)i w2 = O· R 45 Yy,x R R2 44 R Yy,y R R3 z z • ' 

[ ( Bu + ~ 1 ) u,xx + 2B16 u,xy + ( B66 - ~ 6 ) u,YY + ( B16 + ~ 6 ) v,xx + ( B12 + B66 ) v,xy + 

( B26 - ~ 6) V,YY + D11<.px,xx + 2Dl6<.px,xy + D66Sox,yy + Dl6<{)y,xx + ( D12 + D66) <{)y,xy + D26<.py,yy + 

(B12 -R _ H55 )w +(B26 _ D26 -F )w + F45 v-(R + H55),n -F ,n li +ziFi -zi-Ipi-I + R 55 R ,x R R2 45 ,Y R 55 R Yx 45Yy x x 

+(1, (Sox + ;) + l, 2u r W 2 = 0; 
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{( B16 + ~ 6) u,,,, + (B12 + B66 ) u,xy + ( B26 - ~ 6) u,YY + ( B66 + ~ 6) v,,,, + 2B26 V,xy + ( B22 - ~
2) v,YY + 

D16'-Px,xx + ( D12 + D66) '-Px,xy + D26'-Px,yy + D66'-Py,= + 2D26'-Py,xy + D22'-Py,yy + ( ~ 6 - F'.i5) w,x -

(
B?2 D20 p H44) (F44 H44) p (F H44) li ipi i-lpi-1 R, - R2" - 44 + R w,y + R - R2 V - 45'-Px - 44 - R '-Py + z y - Z y + 

+(lz (~v + ;) + lz2vr w
2 = 0 

(A.12) 

A.2 Dispersion equation matrices 

The matrices [A0], [Ail, [A2] used in equation (5) are real square matrices of dimension 5N 

+3(N-1) defined as follow: 

[AaJ1 0 0 0 0 0 [FoJ1 0 0 0 0 0 

[Aa]2 0 0 0 0 -[FoJ1 [-FoJ2 0 0 0 0 

[AaJ3 0 0 0 0 -[Fo]2 [Fo]3 0 0 0 

0 0 0 0 0 0 0 

[Aar-i 0 0 0 0 0 -[For-2 [For-i 

[Aa] = [Aot 0 0 0 0 0 -[For-! 
0 0 0 0 0 0 

0 0 0 0 0 

sym 0 0 0 0 

0 0 0 

0 0 

0 

[AiJ1 0 0 0 0 [~]1 0 0 0 0 

0 [AiJ2 0 0 0 0 [~]2 0 0 0 

[Ai]= 0 0 0 0 [~]= 0 0 0 0 (A.13) 

0 0 0 [Àir 0 0 0 0 [~r 0 

0 0 0 0 [ü] 0 0 0 0 [ü] 

where: 
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au 0 0 al4 0 i 1 0 0 

0 a22 0 a24 a25 0 1 0 

[11or = 0 0 a33 0 0 [Far= 0 0 1 

al4 a24 0 a44 a45 zi 0 0 

0 a25 0 a45 a55 0 zi 0 

0 0 0 0 i 
/311 /312 0 {314 /315 

i 
Œ13 

0 0 Œ23 0 0 /312 /322 0 /324 /325 

[AJ = -Œ13 -Œ23 0 Œ34 Œ35 [Air= 0 0 /333 0 0 (A.14) 
0 0 -Œ34 0 0 /314 /324 0 {344 /345 

0 0 -Œ35 0 0 {315 /325 0 {345 /355 

with coefficients a~6 a~6 and /3~6 defined as follows: 

i = (m + Iz2 ) w2. a ; = [ Iz + I J w2. a ; = (m + I,2 ) w2 _ F'.i4 + H44 . 
all s R , 14 R z2 l 22 s R R2 R3 ' 

i = F45. ai= F'.i4 _ H44 +(~+! Jw2· a;= [m + I,2Jw2 _ Âi2 + B22. (A.l 5) a24 R , 25 R R2 R ,2 , 33 , R R2 R3 , 

; I 2 F H55 • i _ F . 
a44 = ,w - 55 - -- , a45 - - 45, 

R 
i I 2 F H44 

a55 = ,w - 44 - -- ; 
R 

; [A12 )i [Âi6 B26 ); • 
Œ13 = - R cos cp - R - R2 sm cp 

[ 
Âi B F H )i ( LI F ); _ _ 2 _ 22 + 44 _ 44 sin cp _ ""26 + 45 cos cp 
R R2 R R2 R R 

i (B12 H55 )i (B26 D26 )i . Œ = - - F - -- COS rn + - - - - F Sln rn 
34 R 55 R ,-- R R2 45 ,--

(A.16) 

. (B22 D22 H44 )i . (B26 )i Œ. = ----F +- Slnrn+ --F cosrn 
35 R R2 44 R ,-- R 45 ,--

and 

/31/ = ( A11 + ~ 1 r cos2 cp + 2A16i cos cp sin cp + ( ~6 - ~
6 r sin2 cp 

i (A B16 )i 2 (A LI ); • ( LI B26 ); • 2 
/312 = 16 + R cos cp + 12 + .. '66 cos cp sm cp + ""26 - R sm cp 

{3 ; (B Du Ji 2 2B ; . (B D66 ); . 2 
14 = 11 + R cos cp + 16 cos cp sm cp + 66 - R sm cp 

; ( D16 ); 2 (B B )i . (B D26 ); • 2 
{315 = B16 + R cos cp + 12 + 66 cos cp sm cp + 26 - R sm cp 
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_ ( B )i _ ( B Ji /322
1 = /4,6 + ~6 cos2 cp + 2A26 ' cos r.p sin cp + ~ 2 - ~

2 sin2 r.p 

; ( D16 )i 2 (B B )i . (s D26 )i . 2 {324 = B16 + R cos cp + 12 + 66 cos r.p sm r.p + 26 - R sm cp 

/3 i (B D66 )i 2 2B i · (B D22 )i . 2 
25 = 66 + R cos r.p + 26 cos r.p sm r.p + 22 - R sm cp 

i ( v H55 )i 2 2p i · (F H44 )i · 2 {333 = .r55 + R cos cp + 45 cos r.p sm cp + 44 - R sm cp 

{344 i = D1/ cos2 cp + 2D16; cos cp sin r.p + D66 i sin2 r.p 

/3 4/ = D16 i cos2 r.p + ( D12 + D66 r cos r.p sin r.p + D26 i sin 2 r.p 

{355; = D66 i cos2 cp + 2D26 i cos r.p sin cp + D22; sin2 r.p 

REFERENCES 

(A.17) 

1. Langley R.S. "The modal density of anisotropie structural components", J. Acoust. Soc. Am., 

99(6), 3481-3487, (1996) 

2. Roussos L. A., Powell C. A., Grosveld F. W. and Koval L. R. "Noise Transmission 

Characteristics of advanced composite structural materials", J. Aircraft, vol. 21, no.7, 528-535, 

(1984). 
3. J. P. D. Wilkinson "Modal densities of certain shallow structural elements", J. Acoust. Soc. 

Am., Vol. 43, No. 2, 245-251, 1968. 

4. L. R. Koval, "On sound transmission into an orthotropic shell", Journal of Sound and 

Vibrations (1979) 63(1), 51-59. 

5. H. C. Nelson, B. Zapatowski and M. Bernstein, "Vibration analysis of orthogonally stiffened 

circular fuselage and comparison with experiment", Proceedings of the Institute of Aeronautical 

Sciences National Specialist's Meeting on Dynamics and Aeroelasticity (1958), 77-87. 

6. L. R. Koval, "Sound transmission into a laminated composite cylindrical shell", Journal of 

Sound and Vibrations (1980) 71(4), 523-530. 

7. C. W. Bert, J. L. Baker and D. M. Egle, Free vibrations of multilayer anisotropie cylindrical 

shells, Journal of Composite Materials (1969) 3, 480-499. 

8. A. Blaise and C. Lesueur, Acoustic transmission through a 2-D orthotropic multi-layered 

infinite cylindrical shell, Journal of Sound and Vibrations (1992) 155(1), 95-109. 

9. Dong S. B. "Free vibration of laminated orthotropic cylindrical shells", J. Acoust. Soc. Am., 

Vol. 44 No. 6, 1628-1635, 1968. 

10. Ghinet S. and Atalla N. « Vibro-acoustic behaviour of multi-layer orthotropic panels », 

Canadian Acoustics, Vol. 30, 3, 72-73, 2002. 

164 



The transmission loss of curved laminates and sandwich composite panels 

11. Zhang Y. X. and Kim K. S. "Two simple and efficient displacement-based quadrilateral 

elements for the analysis of composite laminate plates", Int. J. Numer. Meth. Engng., 61, 1771-

1796, 2004. 

12. S. Ghinet, N. Atalla and H. Osman "Diffuse field transmission into infinite sandwich composite 

and laminate composite cylinders", To appear in Journal of Sound and Vibrations (2005). 

13. A. Blaise and C. Lesueur, Acoustic transmission through a "3-D" orthotropic multi-layered 

infinite cylindrical shell, part I: Formulation of the problem, Journal of Sound and Vibrations 

(1994) 171(5), 651-664. 

14. P. J. Shorter "W ave propagation and damping in linear viscoelastic lamina tes", J. Acoust. Soc. 

Am., Vol. 115 No. 5, 1917-1925, 2004. 

15. L. L. Erickson « Modal densities of sandwich panels: theory and experiment », The Shock and 

Vibration Bulletin, 39(3), 1-16, 1969 

16. B. L. Clarkson and M. F. Ranky « Modal density of honeycomb plates », Journal of Sound and 

Vibration 91, 103-118, 1983 

17. K. Renji, P. S. Nair and S. Narayanan « Modal density of composite honeycomb sandwich 

panels », Journal of Sound and Vibration, 195(5), 687-699, 1996. 

18. G. Kurtze and B. G. Watters "New wall design for high transmission loss or high damping", J. 

Acoust. Soc. Am. 31(6), 739-748, 1959. 

19. M. A. Lang and C. L. Dym "Optimal acoustic design of sandwich panels", J. Acoust. Soc. Am. 

57(6), Part II, 1481-1487, 1975. 

20. E. H. Baker and G. Herrmann "Vibrations of orthotropic cylindrical sandwich shells under 

initial stress", AIAA Journal, Vol. 4, No 6, 1063-1070, 1966. 

21. E. Nilsson and A. C. Nilsson « Prediction and measurement of some dynamic properties of 

sandwich structures with honeycomb and foam cores », Journal of Sound and Vibration, 251(3), 

409-430, 2002. 

22. Heron K.H. "Curved laminates and sandwich panels within predictive SEA" Proceedings of the 

Second International AutoSEA Users Conference, 2002, Detroit, USA. 

23. Panneton R. and Atalla N., "Numerical prediction of sound transmission through finite 

multilayer systems with poroelastic materials", J. Acoust. Soc. Am. 100, 346-353, 1996. 

24. Sgard F., Atalla N., Nicolas J. "A numerical model for the low frequency diffuse field sound 

transmission loss of double-wall sound barriers with elastic porous linings", J. Acoust. Soc. Am., 

108(6), pp. 2865-2872, (2000) 

25. Pinder J. N. and Fahy F.J. "A method for assessing n01se reduction provided by cylinders", 

Proceedings of the institute of acoustics, 195-205, Vol. 15, Part. 3, (1993). 

26. Villot M, Guigou C. and Gagliardini L, "Predicting the acoustical radiation of finite size multi-

layered structures by applying spatial windowing on infinite structures", Journal of Sound and 

Vibrations, 245(3), 433-455, 2001. 

27. Ghinet S and N. Atalla « Sound transmission loss of insulating complex structures », Canadian 

Acoustics, Vol. 29, 3, 26-27, 2001. 

165 



The transmission loss of curved laminates and sandwich composite panels 

28. Leppington F. G, Heron K. H. and Broadbent E. G. "Resonant and non-resonant noise through 

complex plates", Proc. R. Soc. Lond. 458, pp 683-704, 2002 

29. Szechenyi E. "Modal densities and radiation efficiencies of unstiffened cylinders using statistical 

methods", Journal of Sound and Vibrations, 19(1), 65-81, (1971) 

30. Szechenyi E. "Sound transmission through cylinder walls using statistical considerations", 

Journal of Sound and Vibrations, 19(1), 83-94, (1971) 

31. Pope L.D. and ,vilby J.F. "Band limited power flow into enclosures", J. Acoust. Soc. Am. Vol. 

62, No. 4, 906-911, (1977) 

32. Pope L.D. and Wilby J.F. "Band limited power flow into enclosures. Il", J. Acoust. Soc. Am. 

Vol. 67, No. 3, (1980) 

33. Pope L.D, Rennison D.C, Willis C.M. and Mayes W.H. "Development and validation of 

preliminary analytical models for aircraft interior noise prediction", Journal of Sound and 

Vibrations, 82( 4), 541-575, (1982) 

34. Leppington F. G, Broadbent E. G. and Heron K. H. "The acoustic radiation efficiency from 

rectangular panels", Proc. R. Soc. Lond. A382, pp 245-271, 1982 

35. Lesueur C. "Rayonnement acoustique des structures - Vibroacoustique, Interactions fluide-

structure", (in French) « Acoustical radiation of structures - Vibroacoustics, interactions fluid-

structure » 1988, Editions Eyrolles, Paris. 

36. Leissa A. W. "Vibration of Shells", NASA SP 288, (1973), Washington D.C., U.S. Government 

Printing Office. 

37. Osman H., Atalla N., Atalla Y., Panneton R. "Effects of acoustic blankets on the insertion loss 

of a composite sandwich cylinder", Tenth international congress on sound and vibration, ICSV 

10, Stockholm, Sweden, July 2003 

38. Berthelot J-M., "Composite Materials, Mechanical Behavior and Structural Analysis", Springer-

Verlag, New York, 1999. 

39. Atalla N, Ghinet S. and Osman H. "Transmission loss of curved composite panels with acoustic 

materials", Proceedings of the 18th International Congress on Acoustics (ICA), Kyoto, 2004. 

40. Z. C. Xi, G. R. Liu, K. Y. Lam and H. M. Shang "Dispersion and characteristic surfaces of 

waves in laminated composite circular cylindrical shells", J. Acoust. Soc. Am. 108(5), 2179-

2186, 2000. 

166 



The transmission loss of curved laminates and sandwich composite panels 

5.3. Conclusion 

The SEA problem has been presented in this chapter. Sorne original approaches were 

used: 

• The non-resonant contributions of the transmission are spatially windowed 

allowing accurate estimates in low as well as in high frequencies. 

• The structure's vibro-acoustic behaviours are modeled by a discrete layer 

approach. 

• The dispersion curves are accurately estimated by a polynomial generalized 

eigenvalues problem. 

• Ring and critical frequencies are computed by general relations. 

The present approach was successfully compared to experimental results and previous 

models presented in the literature. 
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Chapter 6 

Conclusion 

The main objective of this work is the modeling of the vibro-acoustic behaviour of 

laminates and sandwich composite panels by a wave approach. A particular attention is 

given to the problem of structures (of flat, curved and cylindrical shape) coupled to 

acoustical cavities. Such structural configurations are largely used in modern aeronautics, 

aerospace and automotive constructions. Therefore, the present work fulfils a real need. 

6.1. Scientific benefits 

From a scientific point of view, the present study introduces several major benefits. 

The structure is composite, thick and multilayered of flat, curved or cylindrical shape. 

Moreover, the structure is of large dimensions and is excited by diffuse sound field over a 

large frequency range. The involved vibro-acoustic phenomena resulting from such a 

combination of characteristics are complex. 

The layers composing the structure are elastic composite or linear viscoelastic. General 

layouts such as symmetrical and asymmetrical laminate or sandwich are considered. 

The structure is coupled to acoustical cavities. This problem is considered from two 

different points of view: finite structure (flat or curved panel, as well as cylinder) and 

infinite cylinder. The acoustic transmission problem is solved by two approaches: (i) 

deterministic, for infinite cylinders, and (ii) statistical energy analysis, for finite structures. 

The non-resonant transmission contributions at low frequencies are strongly dependent 

on the panel's size. Those contributions are estimated using a detailed study and 

management of the propagative solutions of the dispersion relation and a technique based 

on the spatial windowing of the radiating field. 

The estimations of the ring and critical frequencies are of great importance for 

acoustics engineers. General relations to accurately compute these transition frequencies 

are proposed in the present work. 
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Impedance and natural frequencies are mam parameters of the vibro-acoustical 

modeling. General expressions are proposed to compute these parameters. 

The estimation of the equivalent structural loss factor of a multilayer panel is also of 

great importance, it is a main parameter of SEA. A general and well validated method to 

compute this parameter is proposed in the present study. 

Laminate and sandwich panels have multiple propagative solutions. Appropriate 

approaches are requested to correctly estimate such complex behaviours. Moreover, the use 

of these solutions within a SEA framework and their influence on the acoustical 

transmission must be explained. This has been clone in the present work. 

6.2. Modeling approaches 

Several approaches have been developed to solve the problems described in the section 

"lnterest of the study". Those could be divided into (i) approaches to represent the 

dynamic behaviours of multilayered configurations (ii) approaches to compute vibro-

acoustic parameters, and (iii) approaches to ameliorate vibro-acoustical estimations. 

Flat and curved panel wave-approaches modeling for laminate and sandwich structures 

have been presented. For generality concerns, those models account for membrane, 

bending, transversal shearing, orthotropic orientations of the layers and full rotational 

inertia behaviours. 

Symmetrical laminate composite approach uses equivalent elastic properties and 

transversal shearing correction factors. The equivalent elastic properties are computed by 

smearing individual layers' properties throughout the panel's thickness. It is accurate over 

the whole audible frequency range when applied to symmetrical laminate composite panels. 

Such an approach is applied in the present work to fiat and curved panels as well as to 

cylinders. 
Sandwich composite panel with thick skins uses the main assumptions of the classical 

sandwich panel theory but allows in addition for transversal shearing and rotational inertia 

in the skins. This approach uses a discrete layer description of the dynamic behaviours; 

each layer is described by its own displacements field. It is accurate over the whole audible 

frequency range when applied to symmetrical sandwich composite panels. Such an 

approach is applied in the present work to fiat panels and beams. Moreover, symmetrical 

constrained viscoelastic treatment configurations are accurately modeled by this approach. 

General discrete laminate composite approach uses separate Reissner-Mindlin 

displacements fields for each layer. It is accurate over the whole audible frequency range 
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for symmetrical and asymmetrical laminates as well as sandwich composite panels. Linear 

viscoelastic layers are also carried by the approach. This approach is applied in the present 

work to beams, flat and curved panels as well as to cylinders. 

A generalized polynomial eigenvalues problem is written for each of these approaches to 

compute the dispersion curves. Using these curves, the group velocity, the modal density, 

the radiation efficiency, the resonant and non-resonant transmission coefficients as well as 

equivalent structural loss factors are computed and used within a SEA framework to 

compute the general transmission loss. 

General relations are also developed for each of these approaches to compute ring and 

critical frequencies as well as acoustical impedance and natural frequencies of fiat and 

curved panels as well as cylinders. 

Simple approaches, such as thin and thick laminate isotropie fiat panels, have also been 

used to develop closed-form dispersion relations. Using such relations, the asymptotical 

behaviours at low, mid and high frequencies have been presented and discussed. Moreover, 

group velocity has been expressed, for those asymptotically defined frequency regions. Such 

developments are of great interest to better understand the complex dynamic behaviours 

governing the laminate and sandwich composite structures. 

The general discrete laminate approach has been applied to laminated beams with 

viscoelastic layers to compute the input mobility, the mechanical impedance, the 

deformation energy and the equivalent loss factor. 

To account for damping influence on the dispersion curve solutions, a constant gradient 

approach has been proposed to select and sort these solutions. 

Spatial windowing approach has been used to estimate the non-resonant (mass 

controlled) contributions to the acoustical transmission of baffled fiat and curved 

multilayered panels. This approach uses a technique of spatial correction of the radiating 

field. Moreover, the relation (1.15), used here to select the sub-coincident modes, insures a 

better management of the non-resonant contributions. 

Diffuse field transmission loss modeling of infinite cylinders is applied here to 

symmetrical laminate and general discrete laminate configurations. The problem is solved 

by a mixed approach using jointly (i) a curved co-ordinates system to define the dynamic 

behaviours and the relations of motion, and (ii) a cylindrical co-ordinates system to define 

the excitation and the reception fields. This mixed approach is based on connection 

relations linking the two co-ordinate systems. 

A complete SEA framework has been used for a composite sandwich curved panel so as 

to integrate the first three important wave solutions of the dispersion relation. Virtual sub-
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systems have been assigned to each wave solution. It has been concluded that only the 

transversal-type wave solution (corresponding to pure bending in the case of thin panels) is 

significant in the classical transmission loss problem of a structure separating two 

acoustical cavities (reverberant rooms). 

Finally, transmission loss tests were conducted on a sandwich composite panel to 

validate the predictions of the presented theory. 

6.3. Originalities 

The presented work encloses several originalities: 

• Development of a general, fast and accurate approaches ( e.g. symmetrical laminate, 

symmetrical sandwich, general discrete lamina te) to simula te the dynamic 

behaviours of sandwich and laminate composite structures. The general discrete 

laminate approach accommodates symmetrical and asymmetrical composite or 

viscoelastic layouts of an unlimited number of layers. 

• Demonstration of the validity of such approaches for different structure-types and 

at frequencies in the audible range. 

• Solution of general dispersion relations developed using these approaches; 

• Development of general relations to compute the ring, the critical and the natural 

frequencies as well as the acoustical impedance in the context of the applied 

approach; 

• Proposition of a general, fast and accurate approach to correct the low frequency 

predictions of the non-resonant contributions of the acoustical transmission for any 

multilayered panel of fiat or curved shape; 

• Proposition an approach to compute the equivalent loss factor of general laminate 

beams with linear viscoelastic layers; 

• Application of the general discrete laminate modeling into SEA framework. 

Application of SEA assumptions to compute the mean radiation efficiency and the 

mean modal density. Moreover, ameliorations to classical SEA formalism were 

developed such as the better management of non-resonant modes' contributions. 

• Proposition of an approach to salve for the diffuse field transmission loss of infinite 

cylinders. 
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6.4. Main results 

It has been observed that: 

• Sandwich panels have "equivalent panel" behaviours at low-to-mid frequencies and 

consequently could accurately be modeled ( at these frequencies) using symmetrical 

laminate approaches. 

• Symmetrical laminate approaches are not accurate at high frequencies to model 

sandwich-type panels. At these frequencies, separate skin bending behaviours are 

observed for sandwich panels. These behaviours are not accounted for by 

symmetrical laminate modeling due to the smearing approach used to compute the 

equivalent properties. 

• Symmetrical sandwich approaches using smeared equivalent properties and classical 

sandwich panel-type assumptions are not accurate at high frequencies; 

• Symmetrical sandwich approaches using discrete layer description and classical 

sandwich panel-type assumptions are only accurate over the audible frequency 

range for thin-skins sandwich panels; 

• Transversal shearing and rotational inertia must be considered in the skins in order 

to accurately model thick-skins sandwich panels; 

• The general discrete laminate approach accommodates symmetrical and 

asymmetrical composite or viscoelastic layouts of an unlimited number of layers. It 
is accurate over the audible frequency range. 

• Even in the general case (proved for symmetrical laminate composite shells), the 

closed form expressions of the ring frequency expression reveals ( as it was also 

proven for thin shells) that it is dependent only on the membrane stiffness 

coefficients on the circumferential direction, the radius and the mass per unit area. 

• The classical problem of acoustical transmission loss of a sandwich or laminate 

composite structure involves principally the transversal motion (1st
) wave solution. 

Supplementary wave solutions have negligible contributions. 

172 



Conclusion 

6.5. Future work 

The present study allows future ameliorations and complementary works. The main 

objective of such studies is the development and the experimental validation of precise 

numerical modeling tools applied to composite laminate and sandwich structures with 

poroelastic and/or viscoelastic treatments. The specific objectives of future work are: 

• Accounting for acoustic treatments, by adding poroelastic materials to laminate 

and sandwich composite structures; 

• Accounting for the curvature in the modeling of the acoustic treatments; 

• Fluid coupling structure between the composite structures and acoustic cavities; 

• The modeling of complex structures involving composite, poroelastic and 

viscoelastic multilayer configurations by SEA; 

• In the context of complex curved composite multilayer panels modeling, account for 

through thickness deformations, curvature, poroelastic and viscoelastic layers using 

a spectral finite elements modeling technique; 

• Practical optimization of the dynamic behaviours of these structures; 

• Inverse dynamic characterisation methods for viscoelastic materials: 

a) Application of the developed theory to inverse characterization of viscoelastic 

materials using beams/plates structures and vibrational techniques. The used 

inverse method will match measured FRFs with predictions from a model in which 

Y oung's modulus, shear modulus and damping are adjustable parameters. 

b} Use different testing boundary conditions so as to eliminate the Oberst 

formulae limitations and to reach higher frequencies, especially for high damping 

configurations. 

• The application to the design of aeronautical structures (floors, walls) and cars 

(laminated steel); 

• Experimental validation on aeronautical structures ( floors, walls) and cars 

(laminated steel sandwich). 

The scientific benefits of this work and its continuation are multiple: (i) to solve the 

open problem of the wave approach and SEA modeling of acoustical materials of complex 

geometry and their interactions with structures and acoustical cavities, (ii) propose 

optimization and design rules for sandwich composite structures, (iii) propose an 

alternative to the Oberst method allowing the derivation of the core and whole structure 

equivalent properties from the transfer fonctions rather from the modes. Moreover, the 
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later scientific gain will result in a methodology allowing for the proper measurement of 

the dynamic properties, and in consequence, for understanding, quantifying and ranking 

the damping efficiency of noise control treatments. 

On the technological front, the proposed work 1s generic and is of interest to several 

industries such as automobile, aeronautical, railways, etc. Moreover, the development of an 

easy to use and reliable experimental set-up for the dynamic characterization of the porous 

and viscoelastic materials is of utmost importance. 
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