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RÉSUMÉ 

Le transfert thermique en convection mixte (convection forcée et libre) pour l'air ascendant 

dans un tube vertical à bas nombre de Reynolds a été étudié numériquement et 

expérimentalement. 

La recherche a été concentrée sur l'étude de l'évolution axiale et radiale des paramètres 

hydrodynamiques et thermiques de l'écoulement à Re<2000 ; particulièrement, l'étude des 

phénomènes de transitions du champ d'écoulement à bas nombre de Reynolds. Par 

conséquent, on a proposé une formulation spéciale permettent de prévoir le régime laminaire 

aussi bien que le turbulent. La forme elliptique des équations gouvernantes a été également 

employée pour déterminer les paramètres de développement de l'écoulement. La capacité de 

la formulation et du procédé numérique de prévoir les caractéristiques de champ d'écoulement 

a été démontrée en comparant avec les résultats de mesure. 

Les résultats du calcul ont été comparés aux valeurs expérimentales trouvées dans le 

littérature pour un bas nombre de Reynolds (Re=380) et pour un nombre de Reynolds élève 

(Re=5000). Cependant, pour les nombres de Reynolds intermédiaires nous avons comparés 

nos résultats numériques avec nos valeurs mesurées. 

Les calculs ont déterminé deux nombres de Grashof critique pour lesquels des transitions se 

produisent (les transitions n'ont pas effectues pour Re=430). Pour le premier point (à 

Gr~9xl06 pour Re=lOOO et à Gr~2xl06 pour Re=l500), le régime d'écoulement change de 

laminaire en turbulent. Pour deuxième point critique (à Gr~5x107 pour Re=lOOO et à 

Gr~9xl07 pour Re=1500), le régime d'écoulement revient laminaire en raison de l'effet de 

laminarisation de la chaleur. Deux types d'inversion d'écoulement ont été prévus et discutés. 

Le premier s'est produit autour de la région de ligne centrale et le second autour de l'axe du 

tube et prés de parois. Malgré la solution analytique donnée par Hallman (1956) qui confirme 

le second cas, dans la littérature personne n'a prédit numériquement les résultats avant nos 

travaux. Un appareil expérimental a été conçu pour l'étude de la transition et le champ 

d'écoulement structuré de cette dernière. Les spectres de FFT de fluctuations de la température 

et de l'indicateur de vitesse ont distingué trois nombres critiques de Grashof pour lesquels le 

champ d'écoulement change de laminaire en turbulent. Ces trois nombres critiques de Grashof 

sont 3.78xl06
, l.09x106

, et 3.8lxl05 correspondant au Re~IOOO, au Re~1300 et au Re~1600. 
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Les fluctuations thermiques les plus importantes oscillent avec une fréquence de f=0.45Hz et 

ses multiples, tendis que pour la fluctuation de vitesse elle se détecte à f=l.8Hz (qui est aussi 

un multiple de f=0.45Hz) et ses multiples. 
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ABSTRACT 

Combined forced and free convection (mixed convection) heat transfer for upward airflow 

through a vertical tube at relatively low Reynolds numbers was studied numerically and 

experimentally. The research focused on the axial and radial evolutions of hydrodynamic and 

thermal parameters of the flow field at Re<2000, particularly on flow field transitions at such 

low Reynolds numbers. Therefore, a formulation based on Launder and Sharma Low Re k-E 

turbulent model was proposed. Its main advantage is that it can predict laminar as well as 

turbulent flow fields. The elliptical form of the goveming equations was also used in order to 

predict developing flow field parameters. The ability of the formulation and numerical 

procedure to predict the flow field characteristics was shown by comparison with experimental 

results. The calculated results were compared with experimental measurements that were 

found in the literature for very low Reynolds number (Re=380) and high Reynolds number 

(Re=5000). They were also compared with our experimental results at relatively low Reynolds 

number (Re=l588). 

The calculated results for Re=430, 1000 and 1500 established two critical Grashof numbers 

for which transitions occur (these transitions did not appear for Re=430). At the first one 

(Gr~9xl06 for Re=lOOO and Gr~2x106 for Re=l500), the flow regime changes from laminar to 

turbulent. At the second critical point ( Gr~5xl07 for Re=lOOO and Gr~9xl07 for Re=l500), 

the flow regime cornes back to laminar because of the accelerating effect of heating. 

Two flow reversai patterns were predicted and discussed. The first one includes the centerline 

while the second one occurs between the tube axis and the wall. In spite of the analytical 

solution by Hallman (1956), which confirms the existence of the second one, it had not been 

predicted numerically before. 

An experimental apparatus was designed and built to study the flow field transitions and their 

structure. FFT spectra of the temperature fluctuations and the velocity fluctuations indicator 

determined the critical Grashof numbers for which the flow field changes from laminar to 

turbulent. These critical Grashof numbers are 3.78x106
, l.09xl06

, and 3.8lxl05 corresponding 

to Re~IOOO, Re~t300 and Re~l600. The most important thermal fluctuations oscillate with 

f=0.45Hz and its multiples while the velocity fluctuations oscillate with f=l.8Hz (which is 

also a multiple of f=0.45Hz) and its multiples. 
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CHAPTERl 

INTRODUCTION 

Energy conversion and energy transfer are two important economic and technical activities in 

the industrial world and the science of heat transfer has a determining effect in their 

implementation. Controlling the temperature of a human' s body close to 3 7°C, cooking 

devices, electronic and communication devices, transportation, electrical energy production, 

space technology, are some examples in which heat transfer plays a major role. 

In general heat is transferred from or to the specific media by three different mechanisms: 

conduction, convection and radiation. To understand each of these methods, many studies 

have been done and more are needed to discover their fundamental behaviours and their role 

on the oncoming technology. 

Convection heat transfer, as the two other heat transfer methods, has many subsections to 

discover. For instance forced, free, or mixed convection, through or around different 

geometries, and so on, are the different branches of this science. 

In mixed convection both forced and free convection are present and neither forced convection 

nor free convection is predominating. Heat transfer in ducts occurs in several different 

industrial installations such as pressurized water reactors, gas cooled reactors, supercritical 

boilers, solar energy collectors, and shell and tubes heat exchanger. Therefore, it is being 

studied extensively. Theoretical studies have been conducted assuming the :flow field is 

laminar when the Reynolds number is low and is turbulent when the Reynolds number is high. 

However, a :flow field, which is laminar at the tube entrance, may become unstable and 

eventually turbulent further downstream or a turbulent :flow may become laminar under the 

stabilizing effect of the buoyancy forces. It is therefore evident that prejudging the :flow field 

regime (laminar or turbulent) and consequently using a corresponding mathematical 

formulation or numerical model of such a hydrodynamic and thermal field is of limited 

practical interest. Such an approach can only predict the simplest :flow conditions and cannot 

handle :flow field variations along the duct correctly. 
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The objective of this thesis is to present a numerical and experimental analysis of mixed 

convection heat transfer for upward airflow through a vertical heated tube at relatively low 

Reynolds numbers. In particular, I am interested in the transition between laminar and 

turbulent, or vice versa, flow regimes. In this study, accurate numerical modelling is proposed 

to predict flow field variations correctly and experiments are carried out to understand the 

fundamental details of such variations. They are used to analyse the structure of relatively low 

Reynolds number mixed convection flows, which have not been studied systematically before. 
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CHAPTER2 

BIBLIOGRAPHY 

2.1 Introduction 

Mixed convection in vertical tubes is relevant to a variety of engineering problems including 

heat exchangers, power plants, nuclear technology, and renewable energy. For this reason, a 

great deal of research efforts has been devoted to this topic. The purpose of this chapter is to 

present briefly the previous investigations in order to obtain a picture of the state of the art in 

this particular demain. 

2.2 Laminar mixed convection in vertical tubes 

Laminar mixed convection in vertical tubes has been studied analytically, numerically and 

experimentally. The analytical studies are reviewed first, followed by the numerical and 

experimental investigations. 

Ostroumov (1950), Hallman (1956), Hanratty et al (1958), and Morton (1960), presented 

analytical solutions for fully developed flow conditions. Among them, Hallman (1956) 

developed an analytical solution for fully developed velocity and temperature profiles, Nusselt 

number and pressure drops for mixed convection in tubes with uniform wall heat flux. Two 

configuration of flow reversal were predicted. The first includes the centreline of the tube and 

occurs at low Grashof numbers. The second one for higher Grashof appears away from the 

centreline. 

Lawrence and Chato (1966) developed a numerical calculation to study entrance flows in a 

vertical tube. Since they neglected axial diffusion of velocity and temperature, flow reversa! 

could not be predicted. The same assumption was used by Marner and McMillan (1970) in 

their investigation of mixed convection in a vertical tube with constant wall temperature. 

Developing mixed convection flow in a isothermal vertical tube was investigated numerically 

and experimentally by Zeldin and Schmidt (1972). They used the elliptical goveming 

equations and assumed that all physical properties are constant except for the density in the 
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gravitational body force. They showed that the velocity near the wall increases and that the 

maximum velocity may not occur at the centreline. The same formulation and hypothesis was 

used by Morton et al (1989) for ascending flow through an isothermal tube. Flow reversai 

around the centreline was predicted as well as observed in their experimental study. 

The effects of wall conduction on steady laminar mixed convection in a vertical tube was 

investigated numerically by Heggs et al (1990). Flow reversai was predicted in most of the 

flows under consideration. Their results showed that wall conduction has an important role, 

especially with the very low Reynolds number (Re=SO in their study). 

Wang et al (1994) studied numerically the effect of buoyancy forces and axial conduction on 

the hydrodynamic and thermal characteristics of a fluid with low Pr in the thermal entrance 

region of vertical and horizontal pipes. For a vertical heated pipe, flow reversai at the 

centreline of the tube was predicted. Their results showed that wall shear stress and Nusselt 

number increased by increasing Gr/Re. 

Nesreddine et al (1997) investigated the effect of variable physical properties in laminar 

ascending and descending mixed convection airflow in vertical heated tubes. Considerable 

differences between the constant and variable properties conditions were predicted in the 

temperature and velocity profiles at high Grashof numbers. The effect of axial diffusion on 

larninar heat transfer with low Peclet number in the entrance region of a vertical tube was also 

studied by Nesreddine et al (1998). Their results showed that axial diffusion plays a significant 

role in preheating the fluid upstream from the entrance region for both aiding and opposing 

flow. 

The effects of buoyancy and of viscous dissipation on fully developed laminar flow in a 

uniformly heated vertical tube were studied by Barletta et al (2001). They demonstrated that 

viscous dissipation reduces the Nusselt number and increases the Fanning friction factor for a 

heated duct. 
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Experimental works, which have been conducted on laminar mixed convection in vertical 

tubes, are fewer than the numerical studies. 

Hanratty et al (1958) visualised the entering parabolic flow profile distorted in such a way that 

the fluid at the centreline of tube was slowed down and the fluid near the wall accelerated 

because of heating eff ect. The centreline velocity decelerated to such an extent that the flow 

became unstable and a region of turbulent flow was established. 

Kemeny and Somers (1962) experimentally studied the heat transfer and pressure drop for 

water and oil flowing upward in a vertical heated tube. They concluded that the friction factor 

increases significantly above the 16/Re for such conditions. 

Beside their numericall study, Zeldin and Schmidt (1972) also conducted an experimental 

study of mixed convection in a vertical tube with uniform wall temperature. Their results 

showed that the density gradient induced by heat transfer significantly changes the flow 

characteristics, in particular the velocity profile. 

Bernier and Baliga (1992) developed a method that allowed them to visualise the water flows 

in a uniformly heated tube. They showed the recirculation cells and laminar-turbulent 

transition over the entire length of the heated tube. 

2.3 Turbulent mixed convection in. vertical tubes 

Turbulent mixed convection in vertical tubes has not been investigated as much as laminar 

flow. An early article by Eckert & Diaguila (1954) analyzed simultaneous free and forced 

convection heat transfer in turbulent flow through a short vertical tube. In their studies, forced 

air flow was directed parallel or opposite to the flow directions which free convection flow 

alone would have under the same temperature conditions. 

Carr et al (1973) investigated numerically and experimentally the velocity and temperature 

profiles as well as the turbulent characteristics for upward airflow in a uniformly heated 

vertical pipe over a range of Reynolds number from 5000 to 14000. Their results showed that 

with increasing heat flux, superimposed free convection effect cause rnarked distortions of the 
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flow structure. The maximum velocity moves from the tube centreline toward the tube wall 

and the axial turbulent intensity decreases by increasing heat flux while the temperature 

fluctuations, first decrease then rise with a shift in the position of the peak intensity away from 

the wall. 

Petukhov (1976) presented experimental data for vertical and horizontal pipes. In the case of 

ascending flow with heating of the liquid, they developed a correlation for the Nusselt number 

based on their experimental data with Pr value from two to six. 

Tanaka et al (1987) studied the fully developed upward flow in a uniformly heated vertical 

tube, numerically and experimentally. They used the full y developed governing equations with 

constant physical properties and employed the Boussinesq approximation for the density 

variation in momentum equation. A low Reynolds number k-E turbulent model by Jones and 

Launder (1972-1973) was adopted in their formulations. Experimental data was collected for 

Reynolds numbers of 3000 and 5000, over a wide range of Grashof numbers. Discrimination 

between forced, mixed and free convection as well as between laminar and turbulent flows 

was presented in the Reynolds number versus Grashof number plane. Their fully developed 

formulation was later criticized by Cotton and Jackson (1990), as not being appropriate for 

ascending turbulent mixed convection flows in the region ofhigh heat transfer fluxes. 

Cotton and Jackson (1990) used the low Reynolds number k-E turbulent model by Launder 

and Sharma (1974) for developing turbulent flow in a vertical heated tube. The boundary layer 

equations and the Boussinesq approximation for the density variation were used in their 

mathematical formulation, which means that axial diffusion of hydrodynamic and thermal 

parameters was neglected. They tested the Launder and Sharma low Reynolds number k-e 

turbulent model against experimental results of airflow in a vertical heated tube. The 

computed results showed good agreement with the experimental data with the exception of 

descending flow data at high buoyancy influence. 

Vilemas et al (1991) experimentally investigated the local heat transfer characteristics of the 

pressurized air flow mixed convection in vertical tubes for Reynolds numbers in the range of 
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3000 to 5x 104 and different heat fluxes. They obtained a correlation to calculate the local 

Nusselt number along the tube length for weak and strong buoyancy forces. 

Jackson et al (1994) investigated the influence of buoyancy on turbulent mixed convection of 

a sodium flow in a vertical heated tube. They found that it is totally different than that of a 

fluid ofhigher Prandtl number, including mercury. Heat transfer was enhanced in upward flow 

and impaired in downward flow. 

Aicher and Martin (1997) presented two empirical correlations for the Nusselt number in 

turbulent mixed convection. They used the experimental results available in the literature for 

both ascending and descending flow conditions as well as their own experimental results. 

They concentrated on the influence of length to diameter ratio and of heat and mass flux 

direction on heat transfer in vertical tubes. 

Celata et al (1998) experimentally investigated heat transfer in turbulent upward mixed 

convection of water in a vertical channel with special emphasis on length-to-diameter ratio 

effects. They presented a simpler correlation for the Nusselt number than that of Aicher and 

Martin (1997). 

2.4 Transition 

For low values of the Reynolds number, for which the isothermal flow field is laminar, heat 

transfer and consequently temperature and velocity variations cause instabilities on the flow 

field and, for certain conditions, transition from laminar to turbulent flow occurs earlier 

(Re<2000). When we talk about the transition, changing the flow field from laminar to 

turbulent is the first which springs to mind. However, the transition from turbulent to laminar 

(laminarization) is also possible. For instance, Launder (1964) presented a simplified 

description of laminarization due to the acceleration of a flow in a nozzle. He said " 

laminarization might be that the turbulent boundary layer is unable to respond to the sudden 

acceleration. That is, there is a progressive departure from the universal law of the wall. 

Further, as the Reynolds number falls, viscous effects become significant over an increasing 

fraction of the boundary layer. The combined action of these two effects continues until a point 
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is reached at which the sublayer will grow at the expense of the outer turbulent region if the 

pressure gradient remains sufficiently negative. This suggests that while at least a temporary 

departure from universality can be expected whenever a turbulent boundary layer encounters 

a severe acceleration, laminarization may be an essentially low Reynolds number 

phenomenon." 

Similarly, the acceleration resulting from buoyancy forces can also laminarize the flow field. 

Scheele et al (1960) experimentally observed the transition of laminar to turbulent flow in a 

vertical heated tube. A thin stream of dye injected into the centreline of the tube, upstream of 

the heat transfer section, broke up for low Reynolds number value (ReR::150). 

Metais and Eckert (1964) studied the available literature in order to establish the limits 

between different flow regimes. According to their chart for the flow through vertical tubes, 

transition from laminar forced or mixed convection to turbulent mixed convection is possible 

at Reynolds numbers as low as 1000. 

Bernier and Baliga (1992) developed the semitransparent golden-film technique to visualise 

the water flows in a uniformly heated tube at low Reynolds Number. They observed laminar 

turbulent transition at low Reynolds number (Re=72 & Re=48). 

More investigations have been done on the transition from turbulent to laminar, which is 

called laminarization. Hall and Jackson (1969) experimentally studied mixed convection of 

C02 at supercritical pressure, in both upward and downward flow in a vertical tube. They 

developed a criterion for the occurrence of turbulence reduction in the fluid. Their 

comparison with the laminarization of a turbulent boundary layer by a strong acceleration 

showed that these two laminarizations are basically similar. 

Bankston (1970) reported experimental results of heated hydrogen and helium, undergoing 

transition from turbulent to laminar flow in a circular tube for the Reynolds number between 

2350 and 12500. The acceleration and pressure gradient were used to predict boundary layer 
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laminarization. These parameters were modified for the tube and were used to correlate the 

initiation and completion of laminarization in the heated tubes. 

Steiner ( 1971) investigated mixed convection in an ascending flow through a vertical tube. His 

results showed that laminarization appears due to near wall acceleration . Their autocorrelation 

measurements suggested that the fluctuations occurring after laminarization are not turbulent 

in character. 

Tanaka et al (1987), carried out hot wire measurements and demonstrated complete 

laminarization in mixed convection heat transfer for Re=3000. 

Torii and Yang (1997, 1999) studied laminarization of gas flow inside a strongly heated tube. 

Their results showed that when laminarization occurs, the velocity gradient in the vicinity of 

wall is decreased along the flow, resulting in a substantial attenuation in the turbulent kinetic 

energy over the entire tube cross section. In addition, both the temperature variance and 

turbulent heat flux were diminished over the whole tube cross section in the flow direction, 

resulting in a decrease of the time average temperature gradient at the wall. 

Shehata and McEligot (1998) conducted experiments for air flowing upwards in a vertical tube 

with high heating rates. Different Reynolds-Grashof combinations were used to obtain 

condition considered to be turbulent, sub-turbulent and laminarizing. For each of these 

conditions the mean velocity and temperature distributions were presented at 3.2~/D~4.5. 

Satake et al (2000) conducted direct numerical simulation for a gas with variable properties to 

understand the laminarization phenomena due to strong heating. Their results indicated that 

the Reynolds shear stress decreases along the tube length because the fluid behaviour changes 

drastically in the near wall region due to acceleration and buoyancy effects. 

Mikielewicz et al (2002) examined several different turbulent models which are suitable for 

use under condition of forced flow of a gas at low Reynolds numbers with high heating fluxes. 

The comparisons of computed results with experimental results by Shehata and McEligot 
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(1998) showed that the Launder and Sharma (1974) low Reynolds number k- s model 

performed best in predicting the axial variation of the wall temperature. Only this model gives 

Nusselt numbers which agree with the experimental values within their estimated 

uncertainties. Several k-s models, which were specifically developed for low Reynolds 

number applications, give unacceptably high results. Overall, agreement between the 

measured velocity and temperature distributions and those calculated using the Launder and 

Sharma model was good. 

All studies of heated ascending laminar flow in vertical and inclined tubes indicate that the 

Nusselt number for mixed convection, NuM, is larger than the corresponding value for forced 

convection, Nup(Jackson et al 1989, Zeldin and Schmidt 1972, Wang et al 1994, Ouzzane and 

Galanis 1999 ). When the flow is turbulent the relationship between NuM and Nup is quite 

different ( Jackson et al 1989, Cotton and Jackson 1990, Vilemas et al 1992, Inagaki and 

Komori 1993, Inagaki 1996, Poskas 1996, Aicher and Martin 1997, and Celata et al 1998 ). 

Thus, for vertical tubes, when forced and free convection are in the same direction NuM is 

smaller than the corresponding Nup if the heating is weak and the mass flow rate relatively 

high (low values of the Richardson number and the buoyancy parameter). For high values of 

the Richardson number and the buoyancy parameter, NuM is larger than Nup. On the other 

hand, when forced and free convection are in opposite directions, NuM is always larger than 

Nup. This complicated behaviour of NuM explains the lack of definitive information on this 

subject in heat transfer handbooks and textbooks. A further complication arises from the 

difficulty of deciding whether a given flow ( defined by its Prandtl, Reynolds and Grashof 

numbers or by the dimensional quantities appearing in their expressions) is laminar or 

turbulent. Therefore, it is quite difficult to calculate the heat transfer coefficient for mixed 

convection flows. 

Numerical studies of mixed convection in tubes with Re>2000 have been carried out using 

different turbulent models (for example: Hall and Jackson (1969), Tanaka et al (1987), Cotton 

and Jackson (1990)) and have been successful in predicting the experimentally observed 

laminarization effects of the buoyancy force. On the other hand, all numerical studies for 

Re<2000 have used the laminar equations (for instance Zeldin and Schmidt (1972), Wang et al 
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(1994), Ouzzane and Galanis (1999)). Nevertheless, experimental evidence compiled by 

Metais & Eckert (1964) indicates that mixed convection in tubes can be turbulent for Reynolds 

numbers as low as 1000. 

2.5 Objective of the present research 

In view of this situation and lack of information about the developing hydrodynamic and 

thermal flow field, its transition between the laminar and turbulent region and the structure of 

such a flow transition, this research has focused on mixed convection of ascending air flow 

through uniformly heated vertical tubes for Re<2000. The study has been conducted with an 

appropriate numerical formulation which predicts laminar flow as well as turbulent flow 

correctly and with an experimental set-up which provides information on the structure of the 

flow field. 
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CHAPTER3 

MATHEMATICAL FORMULATION, NUMERICAL SOLUTION & VALIDATION 

3.1 Introduction 

In this chapter a model for mixed convection of upward airflow in a vertical heated tube is 

presented. To simplify the mathematical formulation and to keep the computational efforts for 

solving these non-linear partial differentials equations at a reasonable level, some hypotheses 

must be applied. Therefore, these hypotheses and mathematical formulations will be presented 

first and then followed by the numerical procedure for solving the non-linear goveming 

equations. 

3.2 Physical model 

We consider air flowing upwards in a long vertical tube with uniform heating at the wall. 

Figure 3.1 shows the sketch of this model. Uniform velocity, temperature, and turbulent 

intensity without any radial or circumferential variation are assumed at the tube entrance. We 

consider the tube long enough (Z=lOlD, Cotton and Jackson 1990), for the flow to become 

fully developed at the tube outlet. 

3.3 Hypotheses and mathematical formulation 

To establish a mathematical formulation for the problem, some hypotheses have to be 

introduced. They were chosen in a manner that keeps the mathematical model as close as 

possible to the real one and avoid inopportune complications. Shah and London (1978) and 

Kakac et al (1987) presented a complete explanation about the hypotheses in mixed 

convection. 

3 .3 .1 H ypotheses 

We assumed steady state upward flow of air in a vertical tube with uniform heating at the 

fluid-solid interface. The properties of air were considered constant except for the density in 

the body force, where the Boussinesq approximation was used to model its variation: 
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P = Po~ - f3(T - T0 )] (3.1) 

Where p0 is the density at the reference temperature T o, p is the expansion coefficient and T is 

the corresponding temperature for the densityp. 

Finally, dissipation and pressure work were neglected (Cotton & Jackson 1990, Mikielewicz et 

al 2002) and turbulence was assumed to be isotropie. 

To Vo 

Figure 3.1 Schematic representation of the system 

3.3.2 Mathematical formulation 

Three-dimensional elliptic goveming equations have been employed for the mathematical 

formulation. No assumption of symmetry was considered, to be close to the physical model, 

and all hydrodynamic and thermal parameters were varied with all three space coordinates. 

Because the model has to predict the turbulent flow field as well as the laminar, these 

govemmg equations for steady state incompressible mean conditions were expressed as 

follows: 
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Continuity 

au. 
__ J =0 
axj 

Momentum 

Energy 

a ( orJ a [ aT -J p- CU.- =- 'A--C pu.t ax. p 1 ax. ax. ax. p 1 
J J J J 

Where in cylindrical coordinates 

X1=r, X2=8, X3=Z 

( a/ 8Xj is based on the cylindrical coordinates) 

For Z in the flow direction 

gi=g2=0 and g3=-g 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

The turbulent stresses ( pui u i ) and turbulent heat fluxes (CP pu i t) are unknown parameters in 

the goveming equations, which must be determined. The Launder and Sharma (1974) low 

Reynolds number k-s model was used to model these parameters. This model gives accurate 

predictions for intermediate Reynolds number and for boundary layer with adverse pressure 

gradient. It has also been successfully used (Cotton and Jackson 1990) to model turbulent 

mixed convection for Re~2100. Recently Dariusz et al (2002) showed that the Launder and 

Sharma model performs best in predicting axial wall temperature and Nusselt numbers. They 

also concluded that the agreement between the measured velocity and temperature 

distributions and those calculated using the Launder and Sharma model is good. 

14 



The Launder and Sharma (1974) low Reynolds number k-i:: turbulent model is expressed by 

the following relations for turbulent kinetic energy and turbulent dissipation. 

Turbulent kinetic energy 

[ ] ( ]

2 a a vt aK a.Jk 
-(Ujk)=- (v+-)- +Gk +Gb-i::-2v -ax. ax. crk ax. ax. J J J J 

(3.7) 

Turbulent energy dissipation 

~(uji::)=~[(v+~)~]+c1f1 ~(Gk +Gb)-c2 f 2 ~+E (3.8) axj axj crE axj k k 

Where 

Cz = 1.92, Cµ = 0.09 (3.9) 

f 2 = 1-0.3exp(-R; ), [ 
-3.4 ] f =exp , 

µ (l+Rt/50)2 

The turbulent stresses and turbulent heat fluxes in the goveming equations were expressed by 

turbulent eddy viscosity and turbulent eddy diffusivity as follows: 

- µ au. au. 
u.u. =-1 --'=V--' 

' J p ax. t ax. 
J J 

(3.10) 

(3.11) 

Where 

µt vt a1=--=-
p·Pr1 Pr1 

(3.12) 

3 .3 .3 Boundary conditions 

- At the tube entrance (Z=O) 

I =Io (3.13a) 
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and, since the turbulence is assumed to be isotropie, the corresponding turbulent kinetic energy 

lS 

ko= l .5(IoUo) (3.13b) 

- The boundary condition at the tube outlet (Z/D~l02) has to be treated carefully. If there is no 

backflow across this section the fully developed condition applies 

a<I> = o 
az (3.13c) 

for each variables <t>. If however recirculation occurs and there is an" inflow" over part of the 

outlet cross section (section <<a» figure 3.2), Patankar (1980) mentioned that the solution 

obtained by applying this condition at the outlet is meaningless. He recommended that a 

reposition of the outlet boundary (section «b» figure 3.2) would normally make the outflow 

treatment acceptable. However, later studies showed that this repositioning is not always 

necessary. Thus Chan and Tien (1985) compared numerical results of laminar natural 

convection in a two dimensional rectangular open cavity obtained from two methods. In 

method A the solution domain was very much extended and condition (3.13c) was imposed for 

the velocity. In the other method (method B) the outflow boundary was selected and so the 

solution domain was not extended. In method B, the condition at the open boundary were set 

as follows: the normal derivative of velocity component parallel to the open boundary was set 

to zero, and the normal derivative of the velocity component normal to the open boundary was 

determined from the mass conservation equation. They found that method B (local mass 

conservation method) gave good results at high Rayleigh number, while at low Rayleigh 

number method B led to a bit lower heat transfer rate. Shyy (1987) showed that when there 

were both inflow and outflow across the computational outlet boundary, application of 

condition (3.13c) has an effect which is limited to the region very close to that cross section. 

He concluded that the overall flow characteristics were not sensitive to the position of the 

outflow boundary. Later Li and Tao (1994) compared three practices of treating outflow 

boundary condition in computational convective heat transfer. The three practices were local 

mass conservation method, local one way method and full y developed assumption (Eq. 3. l 3c ). 
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They concluded that for the problem with strong recirculating flows at the exit of the 

computation domain, the local mass conservation method should be adopted to treat the 

outflow boundary condition. 

Therefore the outflow boundary conditions used in this study are as follows: the diffusion flux 

in the direction normal to the exit plane is assumed to be zero for all variables and an overall 

mass balance correction is applied. 

----=: :;;;;;;;;::i=----
/777777777/7 //Y7777777777777t7 

! l 
1 r 

a b 

Figure 3 .2 Application of outflow boundary condition 

- At the fluid-solid interface (r = D/2) 

Ur= Ue = U z = 0, k = s = 0, (3.14) 

3.4 Numerical procedure 

3 .4.1 The general goveming equation 

The foregoing goveming equations can be considered as a particular form of the general 

equation: 
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p~(u.<1>)=~(r a<1>J+s ax. J ax. ax. 
J J J 

(3.15) 

in this equation <l> is the general dependent variable (Uj, T, k, E), ris the generalized diffusion 

coefficient, and S is the source term. The quantities r and S are specific to a particular 

meaning of <l> (table 3.1). 

Cl> r s 
Uj (µ+µt) -( 8P/8Xï+[l-P(T-T o)]pgi 

T Â+Ât 0 

k p(v+vtfcrk) p(Gk+Gb-E-2v(8-..fk/8Xj)2) 

s p( v+vtlcri;) p( C 1 f1 s/k( Gk +Gb)-

C2f2s2/k+E) 

Table 3.1 source term and diffusion coefficients for each of the variables 

3.4.2 Domain discretization 

The control volume based formulation (Patankar 1980) was used to convert the general 

goveming equation to algebraic equations that could be solved numerically. The discretization 

equations were derived by integration of the goveming differential equations over a small 

control volume. Bach control volume is associated with a discrete point (grid point) at which 

the dependent variables are to be calculated. 

A three-dimensional circular tube with Z=lOlD, was chosen as the calculation domain. The 

domain was subdivided into control volumes. Figure 3 .3 shows a typical control volume 

around point P. The grid point P cornmunicates with the six neighbouring grid points through 

the six control volume faces (t,b,n,s,e,w). These points are designated by T, B, N, S, E, and W, 

implying the top, bottom, north, south, east and west direction of point P. 
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Nonuniform grid spacing was used in the radial and axial directions and uniform in the 

circumferential direction. It is finer near the tube entrance and near the wall where the velocity 

and temperature gradients are large. 

-o--w 

w 

Figure 3.3 Sketch of a control volume 

3.4.3 Discretization 

/ 

s 

I 
Nt 
I 

I 
I 

The general differential equation (3 .15) must be converted into an algebraic equation relating 

the value of <D at point P to the values at the neighbouring grid points. This was done by the 

integration of equation (3.15) over a typical control volume(see figure 3.3.). 

The total flux 1j in the j direction was defined by a combination of convection and diffusion 

fluxes as follows: 
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8<1> J. = pU .<t>-f'-
J J ax. 

J 

The general differential equation (3 .15) can be rewritten as: 

BJ. 
__ 1 =S 
ax. 

J 

The integration of equation (3 .17) over the control volume gives 

(3.16) 

(3.17) 

(3.18) 

Where A is .a surface area vector and S is the average source term over the control volume 

which was linearized by 

(3.19) 

Sp is the coefficient of <l>p, and Sc is the part of S that does not explicitly depend on <l>p. 

The diffusion flux was represented by a second order central difference scheme and the 

convection term was discretized by second order upwind difference (Barth et al 1989 and 

Thakur and Shyy 1993), so the total flux can be expressed by the following equation: 

(3.20) 

Where 

(3.21) 

Where <l>EE means the node at the eastem side of node E. 

The value of the total flux based on equation (3 .20) was substituted into equation (3 .18) and 

following the procedure described by Patankar (1980), the final discretization equation is: 
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It is evident 

ap <l> p = ~:::anb <l> nb + b 
nb 

ae =[-Fe,O]+DeAe , aw =[Fw,O]+DwAw 
a1 = [-Ft'O]+D1A1 , ab= [Fb,O]+DbAb 
an =[-Fn,O]+DnAn , a5 =[Fs,O]+D.A. 
b=ScilV+b* 

[Fe, 0] = [-Fe, 0 ]+Fe 
[F1 ,0] = [- Ft, 0 ]+ F1 

[Fn ,0]= [-F0 ,O]+ F0 

[-Fw ,0]= [Fw ,O]+ Fw 
[-Fb,0]= [Fb,O]+Fb 
[Fs, 0 Il= [F., 0 Il+ Fs 

and :from continuity equation we know: 

So equation (3.22) can be written as: 

where 

aP <l>P = :~:>nb <l>nb + b • +Sc il V 
nb 

ap = Ianb +Sp =ae +aw +at +ab +a. +an +Sp 
nb 

b* = {~(<t>P -<l>w )IFe,O]- ~(<DE -<t>EE)[-Fe,o]}+ 

(3.22) 

(3.23) 

(3.24) 

(3.25) 

(3.26) 

(3.27) 

{_!_(<!> - <DE n- F w, 0 Il-_!_(<l>w - <l>ww )[F w' 0 Il L + {_!_(<!> p - <l>b )IFP 0 Il-_!_(<l>T - <PTT )II- Ft' 0 ]L 
2 P 2 1f 2 2 1f 
+{~ (<t>p -<t>T)I-Fb,o]- ~(<DB -<l>BB)[Fb,oil}+{~(<l>p -<t>silFn,o]- ~ (<DN -<t>NN)II-Fn,oil} 

+{~ (<t>P -<t>N)I-Fs,O]- ~ (<Ds -<l>ss)[Fs,o]} 

(3.28) 

The momentum equation requires a separate treatment because of the pressure term. The 

SIMPLEC method, introduced by Van Doormaal and Raithby (1984), was used for the 

treatment of the velocity-pressure coupling. Then the set of discretized equations for all 
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dependent variables could be solved numerically. The algebraic multigrid (AMG) method was 

chosen to solve these equations. The outline of the calculation procedure is as follow: 

1. Specify U o, T o, Io and ô T / ôr at the wall 

2. Guess all relevant variables 

3. Calculate the coefficients in the momentum equations and evaluate the velocity in the 

absence of the pressure force (a part of SIMPLEC method) 

4. Calculate the pressure field p* 

5. Regarding this pressure (P\ solve the momentum equation to obtain Uj*· 

6. Calculate the b based on u*, then solve the pressure-correction equation 

7. Using the pressure correction value, correct the initial velocities. 

8. Solve the discretized equations for others <D's such as temperature, turbulent kinetic 

energy and turbulent energy dissipation. 

9. Return to step 2 with the corrected velocity field and the new values of all others <D's, 

and repeat the process until convergence. 

3.4.4. Convergence criterion 

The scaled residual R 4> criterion is used to define the convergence criterion 

Rtieration N s:. 
~ <u 

RiterationM 
(3.29) 

For continuity R et>= L: 1 rate of mass creation in cell I and ù= 10-3. Otherwise, the scaled residual 

R et> is defined as 

R ~ = Lcellp IInb anb<Pnb + b- ap <Pp 1 

Lcellplap <!>Pl 

3.30) 

Where nb indicates the neighbors of cell p. For velocities <!> =Ui and o=l0-3, for turbulent 

kinetic energy <j>=k and ô=10·3 , for turbulent dissipation <j>=s and 0=10·3 while for energy <j>=T 

and o=l0-6
• 
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3.5 Validation 

To validate the mathematical formulation and the numerical procedure grid independence 

tests, comparisons with experimental results, and a comparison with Hallman's (1956) 

analytical results for fully developed laminar mixed convection are presented. 

3.5. l Grid independence tests 

The discretization grid is uniform in the circumferential direction and non-uniform in the other 

two directions. It is finer near the tube entrance and near the wall where the velocity and 

temperature gradients are large. Several different grid distributions have been tested to ensure 

that the calculated results are grid independent. Although none of these tests showed any 

variation in the circumferential direction we retained the three dimensional formulation for 

future considerations. Results with grid A ( 440x 96x 8) and grid B (220x48x8) nodes differed 

by 2% or less for velocity components, temperature, turbulent kinetic energy and turbulent 

dissipation (table 3.2). Therefore the selected grid for the present calculations consisted of 

220, 48 and 8 nodes respectively in the axial, radial and circumferential directions. 

ZID U/Uo U/Uo k!UoL k!UoL T T 

R=O GridA GridB GridA GridB GridA GridB 

10 1.55865 1.56078 l.40938E-6 1.40546E-6 300 300.001 

40.5 1.86003 1.82393 6.46588E-7 6.47766E-7 300.21 300.058 

61 1.88905 1.85427 3.24668E-7 3.23705E-7 300.038 300.114 

98 1.92356 1.89672 8.51125E-8 8.21089E-8 300.07 300.223 

Table 3.2. Velocity, turbulent kinetic energy and temperature values for two different grids 

(Gr=7xl04
, Re=IOOO and Pr=0.71) 

3.5.2 Comparison with laminar mixed convection experimental result 

In order to demonstrate the validity and precision of the model and the numerical procedure 

for laminar flow, velocity and temperature profiles have been compared with measurements by 
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Zeldin and Schmidt (1972) for developing laminar flow in a vertical isothermal tube. For this 

thermal boundary condition the Grashof number, Grt. is based on !J.. T=Tw-T 0. 

Figure 3.4 shows these comparisons. The agreement between numerical and experimental 

values is very good except for the temperature profile near the tube entrance (Z/Pe = 0.01496 

or Z/D = 4). However, as explained by Zeldin & Schmidt (1972) the measured temperatures 

close to the tube entrance were influenced by upstream conduction through the walls of the 

experimental set up. The numerical predictions of their laminar model for the temperature 

profile at Z/D = 4 are very close to the numerical results in figure 3.4. 

Figure 3.5 shows the influence of the inlet turbulent intensity (10) on the mean axial velocity. It 

is clearly evident that this influence is restricted to the immediate vicinity of the tube entrance. 

Even at Z/D=5.5 the effect is very small. High turbulent intensity corresponding to the value 

of a turbulent flow (10=8%) is selected to verify the ability of the model to predict such a low 

Reynolds number flow (Re~380) correctly. 

3.5.3. Comparison with analytical result for fully developed mixed convection 

Hallman's (1956) analytical solution for velocity and temperature profiles for laminar fully 

developed ascending flow is used to compare with the calculated results as a part of the 

validation. Figure 3 .6 shows the result of this comparison. Once again the agreement between 

calculated results and analytical results is very good. 

3.5.4. Comparison with the turbulent mixed convection experimental result 

Experimental results for fully developed turbulent mixed convection (Carret al 1973) are used 

in order to show the validity of calculated results in the case of turbulent flow. 

Figure 3.7 shows this comparison. The calculated results were obtained with Io=8% according 

to an appropriate empirical relation (Karasu 1995). The agreement between numerical and 

experimental values for both the temperature and velocity profiles is very good. 
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3.5.5. Outflow boundary condition's effect 

Figure 3.8 shows the region of the tube which was affected because of the outflow boundary 

condition when flow reversai is present. It is clearly demonstrated that this effect is limited 

between Z/D~98 and the end of tube (Z/D:::::lOl.4). The results upstream ofthis region, in spite 

of backflow at the outlet, were not affected. The same behaviour for outflow boundary 

condition was reported by Shyy(l987). He showed that, when there were both inflow and 

outflow across the computational outlet boundary, the effect of the outflow boundary 

condition is limited to the region very close to that cross section. The comparison between the 

velocity and temperature profile at Z/D=98 and the analytical solution (Hallman 1956) are in 

good agreement (figure 3.6). 

3.6 Conclusion 
The mathematical formulation for air flow in a vertical heated tube was presented. The 

numerical procedure for solving these non-linear governing equations was also explained. 

Comparing the results with mixed convection laminar and turbulent experimental 

measurements and with the analytical solution for fully developed laminar flow in a vertical 

heated tube showed that the mathematical formulation and numerical procedure can correctly 

predict laminar and turbulent mixed convection in a vertical heated tube. 
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Figure 3.4.Validation for laminar flow conditions (Pr =0.71, Re =379.8, Grt =12628, Io=8%) 
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Figure 3.5. Influence of inlet turbulent intensity on the velocity profile (Pr =0.71, Re =379.8, 

Gr1 =12628 
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NUMERICAL RESULTS 

4.1 Introduction 

CHAPTER4 

In this chapter the results of numerical calculations will be presented. The results have been 

obtained for three different Reynolds numbers (Re=430, 1000. &1500) over a wide range of 

Grashof numbers. 

The evolution of hydrodynamic parameters along and across the tube will first be discussed. 

The occurrences of two transitions will be shown and discussed in this section. The flow is 

considered to be fully developed if all calculated variables are independent of the axial 

position just before the tube outlet (80::;; Z/D ::;;98). It is also considered to be laminar if the 

turbulent kinetic energy in that region is lower than the imposed value at the inlet. Otherwise, 

the fully developed flow is considered to be turbulent. 

The evolution of thermal characteristic profiles will be demonstrated in the second section. 

Developing and fully developed temperature profiles as well as Nusselt number variations will 

be analysed. A new correlation of Nusselt number in terms of the Grashof and Reynolds 

numbers, which is valid for both laminar and turbulent flows, will be proposed. 

Finally, the last section of this chapter will focus on flow reversals, which were observed for 

certain Gr-Re combinations. 

4.2 Hyd:rodynamic :resuUs 

4.2.1 Axial evolution of velocity and turbulent kinetic energy 

Figures 4.la,b show the axial evolution of the turbulent kinetic energy for the laminar 

conditions specified in figure 3.4. As the fluid moves downstream, k decreases for all radial 

positions ( 4. la). The decay of turbulent kinetic energy occurs earlier and is monotonie when 

the imposed value of Io is smaller (Figure 4.1 a). The value of k is negligible after a length of 

approximately 30 diameters even for the admittedly excessive value of Io= 8%. As mentioned 
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earlier (cf. figure 3 .5), for such laminar flow conditions the value of Io does not influence the 

distribution of U . However, convergence is quicker when Io is smaller and it is therefore 

preferable to use low values of this parameter when laminar flow conditions are suggested by 

charts such as those by Metais & Eckert (1964). 
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Figure 4.la. Evolution of turbulent kinetic energy profile for laminar flow conditions (Pr 

=0.71, Re =379.8, Grt =12628, Io=8%) 
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Figure 4.1 b. Axial evolution of turbulent kinetic energy for two different inlet value 

Figures 4.2.a,b,c. show the axial evolution of the centreline mean axial velocity Uc for three 

different Reynolds numbers and different values of the Grashof number. 

Figure 4.2a shows this evolution for Re=lOOO. For the lowest Grashof number, Gr= 7.lxl05
, 

Uc eventually reaches a positive constant value approximately equal to U0. For Gr = 4.Sxl 06 it 

becomes negative, goes through a local minimum and reaches a negative constant value 

indicating the existence of flow reversai which persists everywhere beyond Z = 12D. For Gr= 

107 the evolution of Uc is quite different. After the maximum value caused by the boundary 

layer build-up and the subsequent rapid decrease, it reaches a negative value at approximately 

z = 1 OD and then increases towards a second positive local maximum. Flow reversa! in this 

case is therefore very localized. After the second local maximum and a rapidly damped 

oscillation it reaches a positive constant value approximately equal to 0.85Uo. Finally, for the 

highest Grashof number, Gr= 7.lxl07, the maximum induced by the boundary layer growth is 

hardly visible. Uc decreases rapidly towards zero, increases slightly and reaches a constant 

positive value, which is less than 0.05U0• 
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The same behaviours discussed for Re= 1000, in general, are repeated for the case of Re= 1500 

(figure 4.2b). However for this Reynolds number at Gr=4.5xl06, U becomes negative, and 

goes through a local minimum. Tuen, Uc increases towards a second positive local maximum 

and oscillates to its final value. The second maximum moves towards the tube entrance by 

increasing the Gr while the value of this local maximum decreases, which means that the 

radial momentum diffusion increases with increasing Gr. 

For Re=430, variations of Uc are qualitatively the same as for Re=IOOO. However, for 

Re=430, when flow reversai occurs, the second local maximum is not significant. It has a 

negative value (Gr=3xl06) or a very small positive value (Gr=I07). 

In general, for all values of Re, at the inlet (Z=O) Uc=U0 for all values of Gr. Immediately 

afterwards, Uc increases as the boundary layer builds up and pushes the fluid towards the tube 

axis. This effect is counterbalanced by the upward acceleration of the fluid in the vicinity of 

the wall induced by buoyancy. Thus, eventually Uc reaches a maximum. The position of this 

maximum approaches the tube entrance as the Grashof number increases. Beyond this 

position, the fluid velocity in the vicinity of the wall increases and Uc decreases to satisfy 

continuity. Further downstream however, the behaviour of Uc is more complicated. For a low 

Grashof number, Gr = 7.lx105
, it eventually reaches a positive constant value. For higher 

values of Gr it becomes negative, goes through a local minimum and reaches a negative 

constant value indicating the existence of flow reversal at the centreline of tube. This flow 

reversal perturbs the flow field in that region, so its stability decreases. By increasing the 

Grashof number for certain Reynolds number the centreline perturbation and the rate of 

mixing increase and radial momentum diffusion becomes important. Therefore the flow 

reversa! in this case is very localized and beyond the flow reversai zone, U c increases towards 

a second positive local maximum and reaches a positive constant value after rapidly damped 

oscillations. Finally, for the highest Grashofnumber (Gr=lxl08 for Re=l500), the maximum 

induced by the boundary layer growth is hardly visible. Uc decreases rapidly towards zero, 

increases slightly and reaches a constant positive value. 

Comparing these figures show: 

For a fixed Grashofnumber, the first maximum moves towards the tube entrance when 

Re decreases, because the heating effects are more significant for lower Re. 
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The same argument is valid for moving the minimum axial velocity position away 

from inlet of tube, for increasing the Re for a constant value of Gr. 

At certain Gr-Re combinations flow reversal causes instability of the fluid flow, which 

tends to change the flow field. The flow stability increases by increasing the Gr and 

keeping Re constant. Therefore the developing zone becomes shorter for higher Gr. 
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Figures 4.3a,b,c , show the axial evolution of the centreline turbulent kinetic energy for the 

previously specified combinations of the Reynolds and Grashof numbers. In the immediate 

vicinity of the tube entrance (Z/D ~ 2) kc is identical for all Grashof numbers (note the 

difference in scales between the two parts of figure 4.3a). Beyond this axial position the 

evolution of kc depends very strongly on the Grashof number for a specific Re. 

Figure 4.3a shows these variations for Re=lOOO. For the lowest Grashofnumber, Gr=7.lxl05, 

turbulence is damped monotonically and laminar conditions prevail in the downstream part of 

the tube. For Gr= 4.5xl06
, it shows a growth of turbulence with a peak value at approximately 

Z = 30D. Once again the flow field in the downstream part of the tube is laminar. As Gr 

increases further, the flow becomes more unstable and for Gr= 107 it is turbulent everywhere 

beyond Z/D ~ l 0 due to the simultaneous increase of buoyancy turbulent production and of 

turbulent diffusion. Finally, for the highest value, Gr= 7.lxl07
, kc is uniformly zero beyond 

ZID ~ 5 due to the laminarization effect of the buoyancy force already reported in the 

literature (Hall & Jackson, 1969, Satake et al, 2000, Tanaka et al, 1987). 

A similar performance has been predicted for Re=l500 (figure 4.3b). For this Re, the 

hydrodynamic turbulent production is higher than that for Re=lOOO, so a lower value of 

buoyancy turbulent production is enough to change the flow field from laminar to turbulent. 

Therefore transition occurs at Gr~ 2.5x106 for Re=l500, while it happens at Gr~ 9x106 for 

Re=lOOO. The opposite tendency is observed in the case of relaminarization. Since higher 

buoyancy forces are needed to stabilize the flow field. Therefore relaminarization occurs at 

Gr=l08 for Re=1500 while it occurs at Gr=7.lx107 for Re=lOOO. 

For Re=430, turbulence is damped monotonically and laminar conditions prevail in the 

downstream part of the tube for all values of Gr(figure 4.3c). For this Re, the turbulent 

production is not sufficient to change the flow field. Therefore transition does not occur. The 

stabilizing effect of buoyancy dampens the imposed inlet turbulence faster as Gr increases. 

When transition occurs kc increases sharply to a maximum and then decreases toits constant 

value. This peak appears near the beginning of the flow reversai region, which coïncides with 

the region of high mixing. First, Uc had a low positive value (for example: Z/D~12 for 

Gr=4.5x106 and Re=lOOO). Tuen, a negative axial velocity zone appears (Z/D~l9), so the 
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collision of these two counter flows increases the rate of mixing and makes the flow field 

unstable. In such a Re-Gr combination (Gr=4.5x106 and Re=lOOO), for which the total value 

of turbulent production (hydrodynamics and buoyancy production) is low, the mixing slightly 

increases the kc , but it again damps to very low value corresponding to the value of laminar 

flow and no transition occurs. In another Re-Gr combination, for which the total turbulent 

production is enough to change the flow field (Gr=4.5x106 for Re=l500), Uc which became 

negative, goes back to a positive value and the last changing of flow direction amplifies the kc 
at that zone (Z/D~37). So kc increases rapidly to a peak, and then damping to a lower value in 

phase with damping of mixing effect. 

The detail analysis shows in the onset of transition from laminar to turbulent, developing 

region becomes very long as it is shown in figure 4.3b for Gr=4.5x106. 
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4.2.2. V elocity and turbulent kinetic energy variation in radial direction 

Figures 4.4a,b,c show the axial evolution of the mean velocity profile for Gr= 107 in the entry 

region where it undergoes significant changes. It does not include the very short region where 

Uc increases (cf. figure 4.2) due to the boundary layer build up. The velocity near the wall is 

accelerated due to the influence of buoyancy while the corresponding velocity near the tube 

axis decreases (6sZ/Ds10 for Re=lOOO, lOsZ/Dsl 7 for Re=1500 and everywhere for 

Re=430). This behaviour is typical for laminar flows (Wang et al, 1994, Nesreddine et al, 

1998) and indeed, as illustrated in figure 4.3, the flow field under consideration is laminar in 

these regions. 

Now, the figure 4.4a is chosen as pattern to. be explained. For Z/D < 10, significant velocity 

variations occur mainly in the vicjnity of the wall where the predominating molecular 

viscosity and the buoyancy induced acceleration counterbalance turbulence production. 

However, by Z/D = 10 an important velocity gradient occurs further away from the wall and 

gives rise to significant turbulence production and diffusion. These phenomena explain the 

corresponding sharp increase of kc shown in figure 4.3a. Therefore, since the flow field 

changes to turbulent, the velocity profile be.cornes more uniform as the fluid moves further 

downstream. 

In the case of Re=430 the flow field does not change to turbulent, so the radial momentum 

diffusion cannot uniform the velocity profile. Therefore, as the fluid moves further 

downstream, the near wall velocity gradient increases and its value at the tube centreline 

decreases and goes to the negative value. Now, the centreline region was fed by upstream 

flow, which has the higher tempe.rature value than the radial neighbourhood. The balance of 

the buoyancy and momentum forces shifts the location of the negative velocity from the 

centreline towards the wall. 
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Figures 4.5a,b,c show the axial evolution of the turbulent kinetic energy profile for Gr=l07 in 

the entry region. The flow field behaviour for Re=430 does not change and the small inlet 

turbulent intensity dies out rapidly (Z/D<7) and no significant variation occurs (figure 4.5c ). 

But, it is completely different in the case of Re= 1000 and Re= 1500 (figures 4.5a,b ). The small 

turbulent intensity increases because of significant increasing of turbulent production and 

diffusion. These phenomena explain the corresponding sharp increase of kc shown in figure 

4.3a,b. The presence of this intense turbulence promotes radial momentum transfer and the 

velocity profile becomes more uniform as the fluid moves further downstream. Therefore the 

velocity gradient decreases, turbulence production and diffusion are reduced and by Z/D :::o 20 

for Re=lOOO or Z/D:::o 30 for Re=1500, the velocity profile reaches a form which does not vary 

much in either the axial or the radial directions. Beyond this point, equilibrium is attained 

between turbulence production and destruction, which is illustrated by the constant value of kc 

shown in figure 4.4a,b. So, by looking at these figures, it is clearly evident that the mixing in 

the centreline region (because of changing of flow direction) perturbs the flow field at that 

region. Increasing the mixing rate and flow perturbations, make changing on the velocity 

profiles and therefore the turbulent production and diffusion become strong enough to change 

and keep the flow field in a turbulent condition. 
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The results of figures 4.2, 4.3, 4.4, and 4.5 suggest the existence of a hydrodynamically 

developed region. This has indeed been confirmed by comparing the velocity and turbulent 

kinetic energy profiles for a particular Grashof number at different axial cross sections beyond 

the positions where Uc and kc become constant. 

Figures 4.6a,b,c show these fully developed axial velocity profiles. Based on the previous 

observations, the developed profile for Gr = 107 in the case of Re=lOOO and Gr=4.5xl06, 

Gr=107 and Gr=7.lx107
, for Re=1500, are turbulent while those corresponding to the otherGr-

Re are laminar. The laminar profiles are in good qualitative agreement with the analytical 

solution for fully developed laminar mixed convection in a vertical uniformly heated tube 

(Hallman, 1956). For low Grashof numbers the velocity is positive everywhere and its 

maximum value occurs away from the tube axis. For higher Grashof numbers the maximum 

velocity increases and moves further away from the axis while the velocity at the centreline 

decreases and eventually becomes negative (under these conditions the velocity is zero at an 

intermediate point between the axis and the wall). Finally, for very high Grashof numbers the 
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region of negative velocities occurs away from the axis (under these conditions the velocity is 

zero at two intermediate points between the axis and the wall). Furthermore, the relation 

between Uc and Gr suggested by our numerical results for the three laminar cases is: as Gr 

increases Uc decreases, becomes negative and then starts increasing towards positive values. It 

should be noted that the first two types of laminar profiles illustrated in figure 4.6 by the 

results corresponding to the two lower Grashof values have also been predicted by laminar 

numerical models (Zeldin & Schmidt, 1972, Wang et al, 1994, Nesreddine et al, 1998), while 

the third type corresponding to Gr= 7.lxl07
, Re=lOOO or Gr=lxl07 , Re=430, has not been 

obtained numerically by either laminar or turbulent models as far as we can ascertain. 

Compared with these three laminar profiles, the turbulent profiles are, as expected, more 

uniform. Its maximum is the lowest while its value at the centreline does not follow the 

tendency of the laminar since the flow regime is not the same. 
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4.2.3. Evolution of skin friction coefficient Cf 

Figures 4. 7a,b,c. show the evolutions of skin friction coefficient for the previously defined 

cases. At Z= 0 the value of Cf is the same for all Grashof numbers and it initially decreases 

since natural convection effects do not become effective immediately at the tube entrance. For 

the lowest Grashofnumber (Gr= 7.lx105
) Cfreaches a local minimum, which corresponds to 

the region where the effect of heating is not important. Then as the wall temperature causes an 

increase of the near wall velocity gradient, skin friction rises slightly and attains a constant 

value in the hydrodynamically developed region. For higher Gr (for instance Gr = 4.5x106
, 

Re= 1000), Cf increases after the entry region, reaches a local maximum that corresponds to the 

position of minimum centreline axial velocity (or maximum near wall velocity) and after some 

oscillation in phase with Uc, attains a constant value in the developed region. By increasing 

the Gr ( Gr=107), for which the developed flow is turbulent for Re=lOOO and Re=l500 and 

still is laminar for Re=430 , we note a pronounced peak: at approximately Z/D=lO 

corresponding to the position of minimum Uc (cf. figure 4.2) and steeply increasing kc (cf. 

figure 4.3). Finally, for the highest Gr (Gr= 7.lx107 
, Re=lOOO and Gr=107

, Re=430), the 

values of Cf are much higher than those for all previous cases because of very high velocity 

gradient near the wall. It should be noted that the value of Cf for hydrodynamically developed 

forced convection is 0.016, i.e. considerably smaller than all the values shown in figure 4.7. 
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Figure 4.7c. Evolution of the skin friction coefficient (Re= 430, Io= 0.1 %) 

Calculations for several more values of the Grashof number than the four discussed in the 

previous section have been performed and the corresponding fully developed values of Ct are 

presented in figures 4.8a,b,c. Also shown in these figures are continuous functions Ct(Gr) 

representing a cubic B-spline fit of the calculated points. The skin friction coefficient increases 

smoothly with Gr until the latter parameter reaches a value of approximately 9xl06 for 

Re=lOOO and 2x106 for Re=1500. The fully developed flow regime for Grashofnumbers up to 

these values is laminar. For higher Grashof numbers the fully developed flow is turbulent as 

illustrated by the results of figure 4.3a,b. For Grashof numbers slightly higher than this critical 

value, Ct decreases because the turbulent velocity profile is flatter and its slope at the wall is 

less steep than for laminar conditions (cf. figure 4.7a,b). However as Gr continues to increase, 

Ct starts increasing again albeit at a lesser rate than for Gr~ 8x106
. Then, at about Gr >5x107 

Re=lOOO and Gr> 9xl07 for Re=l500, the fully developed flow becomes once again laminar 

and Ct increases very rapidly with Gr. At these Re-Gr combinations, flow reversai occurring in 

the region between the tube centreline and the wall pushes the flow towards the tube axis and 
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the tube wall. Therefore, the rate of increase of the velocity gradient near the wall is amplified 

and consequently Cr increases at a higher rate. 

0.30 

0.25 

0.20 
IRe=1000I 

0.15 
o-

0.10 

0.05 

0.00 

100000 1000000 1E7 1E8 

Gr 

Figure 4.8a. Variation of fully developed skin friction coefficient with the Grashof number 

(Re= 1000, Io= 0.1%) 
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4.2.4 . Static pressure variations 

We now examine the distribution of the static pressure in the flow field. This variable is 

seldom analysed in mixed convection studies, contrary to the case of isothermal flow, despite 

the fact that it is extremely important for engineering applications and flow characterization. 

Figure 9 shows that its radial variation is negligible. On the other hand, for the conditions of 

this figure (Re=1000, Gr=7xl04
) the pressure decreases significantly in the flow direction. The 

non-dimensional axial pressure drop over a tube length of 100 diameters is approximately 3.9. 

This is considerably lower than 6.4, which is the corresponding pressure drop for fully 

developed isothermal flow with the same Reynolds number. The reason for this significant 

reduction of the pressure drop (which corresponds to the imposed pressure difference, Ap = p0 

- PL, maintained by a pump or fan) is due to the heating of the fluid, which facilitates its 

upward movement. 

If the Grashof number is increased beyond 7xl04 while maintaining Re=lOOO, the imposed 

pressure difference Ap will continue to decrease. Eventually, this quantity becomes negative; 

i.e. the static pressure at the tube outlet becomes higher than the corresponding value at its 

inlet. This result is illustrated in Figures 10a,b,c for both laminar and turbulent conditions. It is 

due to the fact that, when Gr increases due to the increase of qw, the buoyancy induced upward 

motion becomes progressively more significant. Therefore the imposed pressure difference 

maintained by the pump or fan must eventually be reversed to limit the mass flow rate to the 

value corresponding to the fixed Reynolds number. Thus, for example, the natural convection 

flow for Gr=l07
, Re=IOOO, gives rise to a mass flow rate which corresponds to Re>1500. In 

order to reduce it to 1500 or l 000, the pressure at the tube outlet must be higher than at its 

inlet. In other words, the imposed pressure difference Ap must be reversed to compensate for 

the increasing effect of the buoyancy force. This change from positive to negative values of Ap 

occurs approximately at Gr=9xl04 for Re=430, at Gr=3xl05 for Re=lOOO and at Gr=4x105 for 

Re=l500. These values and the results of figures lOa,b,c are consistent with the fact that the 

effects of buoyancy are more important for low Reynolds numbers. Since in all the cases 

examined here the mixed convection flow is upwards, those with Ap>O are flows with aiding 
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pressure difference while those with .ô.p<O (Gr=3xl05 for Re=lOOO and at Gr=4xl05 for 

Re=1500 and at Gr= 9xl04 for Re=430) are flows with opposing pressure difference . 
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Figure 4.9. Radial pressure distribution at different axial positions (Re=lOOO, Gr=7x104
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Io=0.1%) 

54 



4000 
I 

--Gr=7.1x105 I 
/ - - - Gr=4.5x106 

/ 
3000 ...... Gr=1x107 / 

N 
0 - ·-·-Gr=7.1x107 / 

:::::> / a. Re=1000 -.... / 

"'"'"O 2000 / a.. / l 
0 a.. / ........ 

/ IN 
/ 

1000 / 
/ 

/ 
/ ... 

/ ... 
----- ... - -----

0 
..... ,,_._ -----

0 20 40 60 80 100 

Z/D 

Figure 4.10a. Axial evolution of the static pressure (Re =1000, Io= 0.1 %) 

400 --Gr=7.1x105 / 

Gr=4.5x106 / - - - / 
..... Gr=1x107 / 

N 
:JO 300 -·-·-Gr=7.1x107 / 

/ 
Cl. 

Re=1500 / ..._ 
"'"'"O / 

a.. / 
10 200 / 

a.. / 
'-' 
N / 

/ 
/ 

100 / 
/ 

/ 
/ ---,, ---,.. .. ·.:..·..;:.. --- ---0 

0 20 40 60 80 100 

Z/D 

Figure 4.1 Ob. Axial evolution of the static pressure (Re = 1500, Io= 0.1 % ) 

55 



12000 

10000 

8000 

N 
0 

:::::> 6000 o. --""'O n.. 
'o 4000 n.. .._. 

C'\I 

2000 

0 

0 

--Gr=1x105 

- - - Gr=3x106 

· · · · · Gr=1x107 

Re=430 

..... ·:_ _______ _ ---

20 40 60 

Z/D 

---

80 100 

Figure 4.lOc. Axial evolution of the static pressure (Re =430, Io= 0.1%) 

56 



4.3 Thermal results 

4.3 .1. Axial and radial variations of the fluid temperature 

Figures 4.1 la,b,c show the evolution of the centreline temperature variation along the tube 

length. N ear the tube entrance, as the thermal boundary layer is not developed, the variation of 

Tc is very small. Then, Tc increases by a constant rate by growing up thermal boundary layer 

along the tube length. 

Figure 4.lla shows these variations for Re=lOOO. By increasing the Grashof number, the 

length of the region, for which Tc varies very little, becomes shorter. However, beyond this 

region, the variation of Tc is more complicated. For the lower Grashofnumber (Gr=7.1x105), 

since no special variation occurs on the velocity field, the thermal boundary layer grows-up to 

the centreline region and causes a constant rate of Tc increasing along the tube. At 

Gr=4.5xl06, since flow reversai appears at the centreline region, the rate of increase of Tc is 

high because of high mixing in this region. Tuen, the fluid mixing is damped beyond this 

region and consequently Tc increases by a smaller rate than in the mixing zone. When the 

Grashof number increases to lxl07, De becomes negative at Z/D:::::lO, the flow field changes to 

turbulent and flow reversai disappears (see figure 4.2a). These velocity variations at the 

centreline region cause a higher Tc gradient and a longer stabilizing zone. For Gr=7.lxl07
, the 

flow reversai moves from the centreline region towards the wall and thus the centreline region 

velocity becomes positive. The gradient of Tc is therefore slightly smaller than the one for 

Gr=lxl07 and it reaches the constant rate faster. 

The same behaviours in general are demonstrated for Re=l500 (figure 4.1 lb). The two 

Grashof numbers, for which the flow field becomes turbulent (Gr=4.5xl06, Gr=lxlO\ require 

particular attention. For the higher of these two Grashof number, it was shown (figure 4.2b) 

that the rate of decrease of De (Z/D:::::l 7) is higher than that for Gr=4.5x106 (Z/D:::::20), which 

means a higher radial momentum diffusion for Gr=lxl07
• Therefore the rate of increased Tc 

for Gr=lx107is higher than for the Gr=4.5x106
. As it was shown in figure 4.2b, the case of 

Gr=4.5xl06 had the longest hydrodynamic entry length. It also has the longest thermal entry 

length. 
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For Re=430, figure 4.1 lc, no special variation appears and the same argument for Tc variation 

for laminar flow conditions in the case of Re= 1000 is qualitatively valid. 
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Figure 4.12a,b,c show the radial distribution of the temperature increase between the tube inlet 

and the fully developed region (Z/D=98). The profiles for Re=IOOO are shown in figure 12a. 

At Z/D=4 the flow field is laminar (see figure 4.3a), so radial heat transfer takes place by 

conduction only and the effect of wall heating could not reach the core region at such a short 

length. This behaviour is clearly evident for Re= 1500, which the flow field is laminar for both 

ZID=4 and Z/D= 10 and the temperature difference of fluid flow at the centreline region was 

not affected by its variations at the wall region. Moving along the tube length, the flow 

transition occurs and flow field changes to turbulent, so the temperature variation becomes 

important near the wall and is quite small in the core region. This is due to the fact that the 

flow is turbulent and therefore the core region is thoroughly mixed. 

In spite of laminar flow conditions, figure 4.12c for Re=430, also shows that the variation of 

temperature difference is significant near the wall and quite small in the core region. However, 

for fuis Re (Re=430), the flow field is laminar with very high axial velocity near the wall 

(figure 4.4c). Thus, most of the heat supplied to the fluid is carried downstream and a very 

small part is conducted radially towards the axis. 
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Figures 4.13a,b,c. show the evolution of the Nusselt number along the tube length. In the 

developing region, the variation of Nu is qui te complex. 

For Re=lOOO, figure 4.12a, immediately after the tube inlet, Nu decreases very rapidly and is 

independent of Gr, indicating that in this region natural convection effects are negligible. For 

the lowest Gr value, Gr= 7. lxl05
, the decrease of Nu towards its constant developed value is 

monotonie. For Gr = 4.5xl06
, Nu reaches a local minimum at about Z/D = 9 and then 

increases towards the corresponding developed value. This behaviour has also been predicted 

by laminar models (Zeldin and Schmidt 1972, Nesreddine et al 1998). For the turbulent flow 

case, Gr= 107, the Nu number behaves similarly up until Z/D ~ 10. Between that position and 

Z/D ~ 30 it fluctuates in phase with Uc (cf. figure 4.2). Finally for the highest Gr value, Gr= 

7.lxl07, Nu evolves similarly to the case Gr = 4.5xl06• It should be noted that the fully 

developed value of Nu increases monotonically with Gr. 

The same variation occurs in the case of Re=1500. Figure 4.llb also shows that the stabilizing 

zone becomes shorter when the Grashof number increases. The local maximum for the Nusselt 

number is completely in phase with corresponding turbulent kinetic energy (figure 4.3b ). It 

proves again that the local maximum of kc is due to a high mixing of flow at that region 

(region of the maximum Nu). Tuen by oscillating and damping kc, which is represented the 

variation of mixing rate, the Nusselt number oscillates and dampens to its final value. Since 

Nu=qwD/(À(Tw-Ts)) and qw =constant in the present study, axial variations of Nu for a given 

Gr re:flect the corresponding variations of the difference between the wall and :fluid bulk 

temperature. Therefore the results of figures 4.13a,b,c. indicate that the difference (T w - T s) 

becomes constant in the downstream part of the tube. This observation, together with the 

constant rate of Tc variation established in figures 4.lla,b,c, and the results of figures 

4.12a,b,c suggest the existence of a thermally developed field. Since we have already 

established the fact that the :flow field is also hydrodynamically developed in the downstream 

region, it follows that it is fully developed. 
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Figures 4. l 4a,b,c. show the radial distribution of the fully developed temperature profiles 

(Z/D=lOO). 

Figure 4.14a, shows these profiles for Re=lOOO. At the lowest Grashof number, Gr=7.lx105
, 

for which the flow field is laminar, the radial heat transfer takes place by conduction only. 

Therefore, this non-dimensional temperature at the wall is higher than for the other three 

values of Gr, while the corresponding centreline temperature is the lowest. In fact, these 

results show that the non-dimensional wall temperature decreases monotonically as Gr 

increases. On the other hand, the corresponding centreline temperature increases 

monotonically as Gr increases. For Gr=4.5xl06, the temperature variation in the core region 

becomes small because in this region the rate of mixing, as a result of flow reversai, is high. 

Gr=l07 the flow field changes from laminar to turbulent. Therefore, the radial momentum 

diffusion significantly increases and the region in which the non-dimensional temperature 

variation is small becomes wider. However, the region of high temperature variation moves 

toward the wall. For the highest Grashof (7.lx107), as is shown in figure 4.6a, flow reversal 
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occurs in the region between the centreline and the wall. Thus, the temperature variation 

becomes more uniform and most of the variation takes place at the wall region. 

Such an argument in general is true for Re=430 and Re=l500, and as it was expected the 

variation of the non-dimensional temperature between the wall region and the centreline 

decreases by increasing the Reynolds number for a constant Grashof number. 
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Figure 4.14a. Temperature profiles in the fully developed region (Re=IOOO,Pr=0.71) 
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4.3.2. Nusselt number variation and proposed correlation 

Figures 4.15a,b,c show the effect of the Grashof number on the calculated Nusselt number in 

the fully developed region. Figures 4.14a and 4.14b, respectively for Re=lOOO and Re=1500, 

also identify the conditions for laminar or turbulent regimes as well as those for positive or 

negative pressure differences between the tube inlet and outlet (for Re=430 the flow is laminar 

everywhere ). 

For laminar condition, these figures show that the fully developed Nusselt number increases 

slowly with Gr. For laminar flows with opposing pressure difference (P0<PL) the present 

results are in good agreement with the predictions of the following correlation 

NuM=0.95(Gr/Re) 0·28 (4.1) 

which has been proposed (Jackson et al 1989) for heated ascending laminar mixed convection 

with lOO<Gr/Re<lOOOO. On the other hand, for laminar flow with Po>PL the difference 

between the present results and the values from equation 4.1 increases as Gr decreases. Thus, 

for Re=lOOO and Gr=l05 the numerical prediction is NuM=S.43, while equation 4.1 gives 

NuM=3.45. However, all studies of heated ascending laminar flow in vertical tubes indicated 

that NuM is larger than the corresponding value for forced convection (Jackson et al 1989, 

Zeldin and Schmidt 1972, Wang et al 1994, Ouzzane and Galanis 1999). Therefore, for low 

values of Gr our numerical results are more plausible than the prediction of equation 4.1. 

For Grashof numbers beyond Gr=8xl06 for Re=lOOO and beyond Gr=2xl06 for Re=1500, the 

fully developed flow field is turbulent and, as illustrated in figures 4.12a,b, the temperature 

difference between the wall and the fluid decreases due to mixing. Therefore the Nusselt 

number increases more rapidly than for laminar conditions as Gr increases towards the second 

critical value corresponding to the relaminarization of flow (Gr=5xl07 for Re=lOOO and 

Gr= 108 for Re= 1500). The values of NuM in this range of Grashof numbers cannot be 

compared with previously published values since, to the best of our knowledge, these are the 

first reported results for turbulent mixed convection with Re< 2000. Correlations such as those 

by Cotton & Jackson (1990) or Metais & Eckert (1964) are based on flows with higher 

Reynolds numbers and give very different results from these in figures 4.14a,b when applied 

for the Re-Gr combination under consideration here. 
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For Grashof numbers higher than Gr=5xl07 for Re=lOOO and Gr=9xl07 for Re=lOOO (for 

Re=430 the flow is always laminar), the effects of laminarization cause a decrease of NuM as 

reported and discussed in earlier studies (Hall and Jackson 1969,Tanaka et al 1987) conducted 

with much higher Reynolds numbers. These values of NuM cannot be compared with those 

calculated from equation 4.1 or from similar laminar correlations since these correlations have 

been obtained for much lower heat fluxes (or, equivalently, Grashof numbers) than the ones 

under consideration here. 

Finally, figures 4.15a,b,c show that for the range of Reynolds number under consideration, the 

effect of Re on NuM is negligible when the flow is laminar. On the other hand, when the flow 

is turbulent NuM increases slightly as Re decreases. This observation is consistent with the fact 

that the effects of a great heat flux are more important when the flow rate is lower. These 

effects of Gr and Re on NuM can be expressed by the following correlation, which represents 

all numerical results of figures 4.14a,b for Gr:s;5xl07
: 

Nu =4.36 l+-----
( 

Gr0.468 J 
M 750 + 0.24 Re 

(4.2) 

This correlation is valid for fully developed upward mixed convection in a uniformly heated 

vertical tube for both laminar and turbulent conditions and for lOOO::;Re;5;1500. 

68 



24 

22 0 
D Numerical 

-·-Correlation Eq.4,2 0 
20 

Re=1000 
18 

16 laminar laminar 

::a: 14 
::! z 12 

10 

8 

6 

4 Po<P L 

2 
105 106 107 108 

Gr 

Figure 4. l 5a. Calculated and new correlation values of the Nusselt number m the fully 

developed region (Re=lOOO, Pr= 0.71) 

69 



Figure 4.15b. Calculated and new correlation values of the Nusselt number in the fully 

developed region (Re=l500, Pr= 0.71) 
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4.4. Flow reversai 

Flow reversa! is an important facet of the hydrodynamics of a fluid flow and its presence 

indicates increased flow irreversibility and may lead to the onset of turbulence. The objective 

of this section is to show that the analytical predictions made by Hallman for laminar flow can 

be reproduced by the elliptic conservation equations for turbulent flows in the case of air 

flowing upward in a uniformly heated vertical tube and to interpret these phenomena. Flow 

reversais in the case of Re= 1000 are selected for discussion. 

Pully developed temperature and axial velocity profiles are shown for three different Gr in 

Figures 4.16, 4.17 and 4.18. In the three cases, as r/D decreases, the fluid velocity increases, 

reaches a maximum and then decreases. The rate of variation differs with Gr. The second 

variable shown in these figures is the fluid temperature profile. As expected, its maximum 

value occurs at the wall. Again, as r/D is reduced, the temperature can be observed to decrease 

monotonically for Gr=7x105
• Figures 4.16 and 4.17 show a different trend: the temperature 

reaches a minimum value at r/DR::0.26 and 0.36 for Gr=8xl06 and 7.lx107 respectively. The 

temperature then re-increases slightly for smaller r/D. These temperature variations will 

produce buoyancy force variations and consequently variations in the velocity fields. The 

buoyancy force near the wall is maximum, so the fluid in this region is accelerated and 

consequently the fluid velocity increases rapidly. By mass conservation, the fluid velocity has 

to decrease in regions of lower buoyancy force or colder fluid. 

For low Gr (Gr=7xl05), the buoyancy force is small; so the fluid acceleration near the wall 

remains also low (U R:i l.33Uo), as well as in other regions CUc R:i Uo). For relatively high Gr 

(Gr=8xl06) the fluid temperature near the wall increases as well as the buoyancy force; so the 

fluid velocity near the wall increases (UR::l.85Uo). It decreases far from the wall and around 

r/D=0.16, becomes zero and then goes to a negative at the centerline region. The same 

behavior is observed for high Grashof number (Gr=7.lxl07): the fluid velocity near the wall 

increases very rapidly (U=3U0), then decreases to the negative value for the range 0.15 < r/D < 

0.3 and then increases to a positive value at the centerline region. Now, at least two questions 

arise: 
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1- Why is flow reversa! not occurring m the region of lowest temperature (or lowest 

buoyancy force) as in the case of Gr=7.lxl05? 

and 

2- Why is flow reversai moving from centerline region toward the wall region? 

Let take as "reference conditions" the flow conditions (linear momentum and temperature 

profiles) at the onset of flow reversal (Gronset). For flow with Gr < Gronset. the velocity and 

temperature profiles are shown to decrease from their maximum value to their minimum value 

at the centerline: then the linear momentum of the fluid at r/D=O is lower than that of most of 

the other regions. As Gris increased to a value larger than Gronset. warmer fluid is fed into the 

centerline region, a region of lower linear momentum at onset conditions: the fluid 

temperature at r/D=O should be higher than that in its vicinity. This is the case for Gr=8xl06: 

the fluid temperature at the centerline region is slightly larger than in the neighborhood region. 

The fluid linear momentum and buoyancy forces relative to the onset are two important 

factors. For Gr=8xl06
, the reference velocity at the centerline is minimum and the fluid 

temperature is slightly higher than in the vicinity: buoyancy force at the centerline cannot 

compensate the negative fluid linear momentum and the minimum of the velocity profile 

remains at r/D=O, not at the minimum of the temperature profile. This answers the first 

question. 

By increasing the value of the Grashof number to Gr=7.lxl07
, the fluid temperature rises and 

then the buoyancy force increases significantly. As Figure 4.19 shows: the rate of increase of 

the fluid temperature on the tube centerline is more important for a high Grashof number. As 

flow reversai occurs in the centerline region, its temperature significantly goes higher than in 

its vicinity, because the downstream fluid is at a temperature much higher than the upstream 

fluid. Then, the buoyancy force about r/D=O enables to increase the centerline flow velocity 

and to change its direction to a positive value, while in the vicinity region where the buoyancy 

force is lower, the fluid velocity decreases and flow reversai appears. The balance between the 

local linear momentum of fluid and buoyancy force and the spatial distribution of this balance 

play an important role in the determination of the location offlow reversai. 
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4.5 Conclusion 

The axial and ;radial evolution of hydrodynamic and thermal parameters for developing mixed 

convection in a vertical heated tube were presented. The calculated results established two 

critical Grashof numbers for which transitions occur (these transition did not occur for 

Re=430). For the first one (at Gr~9x106 for Re=lOOO and at Gr~2xl06 for Re=1500), the flow 

regime changes from laminar to turbulent. In these situations, flow reversai had occurred at the 

centerline region and made the flow field unstable. Therefore, at the conditions of the first 

critical point hydrodynamic turbulent production and buoyancy turbulent production 

contributed to change the flow field to turbulent. 

The second critical point (at Gr:::;5xl07 for Re=lOOO and at Gr~9x107 for Re=l500), flow 

regime cornes back to laminar because of the laminarization effect of heating. In this situation, 

high value of the buoyancy force accelerated the near wall velocity, so this acceleration tended 

to stabilize the flow field and laminarize it. 

Two flow reversai patterns were predicted and discussed. The first one occurred around the 

centerline region and the second one between the tube axis and wall. In spite of the analytical 

solution by Hallman (1956) which confirms the second one, it had not been predicted 

numerically before. 

It was shown: 

The proposed mathematical and numerical procedure are able to predict correctly 

laminar as well as turbulent flow condition. 

Two transitions (laminar to turbulent and vice-versa) were predicted by this kind of 

formulation, which had not been predicted before. 

The axial and radial evolution of hydrodynamic and thermal parameters were 

completely studied. 

Flow reversa! between the centerline reg1on and wall region was predicted 

numerically for the first time. The attempts with the laminar formulation could not 

predict it numerically (for instance Nesreddine et al 1998 and Zghal et al 2001). 
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CHAPTER5 

EXPERIMENTAL APPARATUS 

5.1 Introduction 

An experimental set-up was designed to study laminar-turbulent transition of airflow though a 

vertical heated tube. In this chapter, the experimental apparatus and its calibration will be 

presented. 

5.2 Experimental Apparatus 

Figure 5.1 shows a schematic view of the experimental set-up. It consists of two principal 

components: a settling chamber ( used to condition the air and a long heated tube. The 

ensemble is connected to the laboratory air network via a filter and a pressure regulator. Air 

flows through a digital mass flow meter (No.1) and enters into the settling chamber (No.2). 

Two baffles (No.3) are installed in the chamber to eliminate the inlet perturbations and the air 

exits through the nozzle (No.4). Airflow, which has become uniform at the end of nozzle, 

enters into the test section. Test section consists of a circular tube (No.5) with twelve 

thermocouples to measure the wall temperature along the tube length and with two holes to 

insert the Pitot tubes and thermocouples for measuring the velocity and the temperature in the 

radial direction. Tube is wrapped uniformly with flexible heating tapes and covered with a 

fibreglass pipe insulating material (No.6) to reduce the heat losses. Two supports (No.7) were 

designed to traverse the Pitot tube in the radial direction. The positions of the holes are 

Z/D=6.85 and Z/D=45. A small piece of PVC tube (No.8) is connected at the end of the test 

section to reduce the wall conduction and a diffuser (No.9) is mounted on it to discharge the 

airflow into the environment. All the foregoing elements were installed on a chassis (No.10). 
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Figure 5.1 Sketch of experimental apparatus 
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5.3 Description and specifications of the components 

5 .3 .1 Digital mass flow meters 

A dry air mass flow meter (Sierra' s series 7808) was used for acquiring and monitoring the air 

mass flow rate. It was chosen because of its low-flow sensitivity and fast response time (one 

second to 63% of final value). Its output signal allows us to measure, monitor, and save the 

data in real time. 

5 .3 .2 Settling chamber 

A sealed cubical chamber (l.2xlxl.2 m3) made from wood, is used as a settling chamber. It 

provides the stagnation condition upstream the test section. Two baffles were installed to 

reduce and eliminate the input fluctuations. A thermocouple type T (OMEGA Inc.) was 

inserted to measure the air temperature in the chamber. A small hole (D=5mm) was drilled on 

the wall of chamber for measuring the air's static pressure (stagnation pressure). 

A nozzle was designed to provide the uniform velocity at the inlet of test section. The length 

and area ratio ofnozzle were 0.303m and 31.7. The nozzle was made from glass fibber with a 

thin layer of polystyrene, which has a low thermal conductivity o.=0.039w/mK). 

5.3.3 Test section 

The test section consisted of a copper circular tube with 50.87mm inside diameter and 

l.875mm wall thickness (figure 5.2). The length of the heating section was Z/D=70. However, 

to eliminate the end effect of the tube, the measurements were taken at Z/D=45. This decision 

was made based on the preliminary test to be discussed later. 

Twelve self- adhesive type T thermocouples (OMEGA Inc.) were glued on the tube wall at 

different axial positions (Z/D= 1.45, 6.38, 11.30, 16.22, 21.14, 26.06, 30.98, 40.83, 50.67, 

60.52, 65.43, 70.16). The small diameter (0.25mm) of the thermocouple wires provides fast 

response (0.3 Sec.) for temperature variations. They were mounted on a pad (25.4x19.05 

mm2) and then glued on the tube by using a silicon polymer. 

The tube was heated by three flexible heating tapes (OMEGALUX TM) (figure 5.2), which 

were connected in series. These tapes were wrapped uniformly along the tube length. They 
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were constructed of standard resistance wires fully insulated with braided fibreglass and 

knitted into flat tape with fibreglass yarn. 

To reduce the tube heat loss, it was covered by the Micro-Lok fibreglass pipe insulating 

(figure 5.4) . It was made from glass fibres bounded with a thermosetting resin. It was 

designed for application temperatures from -18°C to 454°C. Its thermal conductivity varies 

from 0.032 to 0.043 W/mK for temperature variations from 20°C to 100°C and increases up to 

0.09 W/mK for the higher temperature. 

5.3.4 Diffuser 

A diffuser was installed at the tube outlet to reduce the effect of ambient on the flow through 

the tube (see figure 5.3). It was made from wood to prevent axial wall conduction. The 

temperature and static pressure of airflow inside the diffuser were measured by inserting a 

type T thermocouple and by drilling a measure tap. 

5 .3 .5 Pitot tubes 

Two Pitot tubes were used to measure the velocity profiles and its fluctuations at two different 

axial positions (Z/D=6.85 and Z/D=45). These two Pitot tubes were installed on special 

supports. The supports could be moved with specific increments of the Pitot tube position to 

measure velocity, velocity fluctuations (qualitatively) , and temperature at different radial 

positions. 
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1- Adhesive thermocouple, 2-flexible heating tapes 
3-Pitot tube position 4- copper circular tube 

Figure 5 .2 A eut of test section 

Figure 5.3 The end ofheated tube 

l- End of test section, 2- PVC tube 
3w Diffuser, 4- The:rm.ocouple wire 
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Figure 5 .4 Pitot tube and its support 

5.3.6 Pressure Transducer 

Differential pressure transducers type PX278 (OMEGA Inc.) were connected to the total and 

static pressure port of the Pitot tubes for measuring the dynamic pressure. They work in the 

range of zero to 25 Pascal and the temperature from -18°C to 80°C and their sensivity was 

2.5Pa. 

5 .3. 7 Frequency analyzer 

A dual channel signals analyzer type 2032 (Brüel & Kj~r) was used to measure the root mean 

square (rms) of the pressure transducer signal (which represented qualitatively the fluctuation 

of dynamic pressure). The result covers the signals up to 25 Hz 
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5.3.8 Data acquisition system 

The acquisition system consists of an AT-MI0-16XE-50 board (National Instrument) installed 

in a personal computer and an AMUX-64T multiplexer unit (National Instrument). The 

thermocouples, pressure transducers and digital mass flow meter were connected to this 

multiplexer unit. To reduce the environmental noises the analog filters were mounted on the 

multiplexer to eut the signais with the frequency higher than 1 OHz. A Labview pro gram was 

written to acquire, process, monitor and store the measured data. This data acquisition system 

could store up to 5 samples per second for each channel. 

5 .3 .9 Manometer 

A manometer (Airflow developments Ltd.) was used to measure the static pressure difference 

between the settling chamber and diffuser. It was used because the pressure transducer could 

not work well when air temperature at the two input ports are not the same. 

The uncertainties of these measurements equipments are listed in table 5 .1. 

Item Uncertainties 

Mass flow meter ±2% ofreading value 

Temperature ± 0.05°C 

Thermocouple location ±1.2mm 

Pitot tube location ±2.2mm 

Radial position of Pitot tube ±0.03mm 

Pressure transducer ±0.024 Pascal 

Manometer ±0. 024 Pascal 

Table 5 .1 Estimated uncertainties 
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5.4 Experimental procedure 

The following flow chart shows the procedure of a typical test: 

Instrument 
Po\l\ler on 

Offset values 
mcasurcrncnt 

.àir valve open 

Heating the 
tube 

Seady S'lale 
condition 

90 Seconds 
acquisition 

Pitot tube 
----- Nl!\I\' pos~ion 

New position,__ _ _, Ves 
for Pitot tube? 

End 

The step-by-step procedure of experimental test is shown in appendix 1. 
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5.5 Preliminacy tests and validation 

A number of preliminary experiments were conducted to calibrate the instrumentation. The 

results of these tests are now discussed. 

5.5.l Selection of the measurements' location 

T o decide axial location of the measurements, tube was heated and the air valve at the settling 

chamber was closed. The result of wall temperature is shown in figure 5.5. It clearly shows, 

for the steady state condition the result was affected by the end effect of the tube further 

downstream of Z/D~50. Therefore, to eliminate this effect, the second Pitot tube was mounted 

at the position of Z/D=45 while the first one was installed at Z/D=6..5. 
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Figure 5.5 Wall temperatures along the tube length 
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5.5.2 Calibration of the transducers 

The pressure transducers used to measure the dynamic pressure were calibrated for a low 

range of pressure differences. Figure 5.6 shows the results of the pressure transducers' 

calibration: the linearity of the transducers response is well observed. 
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Figure 5.6 Pressure transducers calibration curve 
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5.5.3 Validation of the set-up 

In the case of adiabatic flow, the velocity profiles were taken to insure that the flow measuring 

equipments (Pitot tubes, Pitot tube radial displacement mechanism, pressure transducers, and 

data acquisition system) worked correctly. Measurements were taken along two different 

diameter ( a=0° and a=45°) to ensure that the flow is axisymmetrical. Two different airflow 

rates were considered, the first one correspond to the laminar flow (Re=452) and the second 

one, to the turbulent flow regime (Re=5000). Comparison between the measured results and 

exact solution for fully developed laminar flow and the power law equation for fully 

developed turbulent flow (Munson et al 1994) is shown in figure 5.7. As it shows in figure 

5.7a, the velocity error near the wall is higher than the other region. Near the wall the velocity 

is very low and consequently the dynamic pressure, which is measured by pressure transducer, 

is also, very low and is very close to the lower range of pressure transducer. The comparison 

for turbulent flow condition is shown in figure 5.7b. 

The velocity or dynamic pressure in this case is higher than the laminar one, so the agreement 

is doser than the laminar one. Both figures 5.7a,b show that the flow measuring equipments 

work well and enable to measure the velocity profile at different radial positions. 

To insure these equipments are enough sensitive to qualitatively measure the velocity 

fluctuations (or dynamic pressure fluctuations), another test was taken in adiabatic condition. 

The result of this test is shown in figure 5.8. The rms value of pressure transducer output 

voltage (or rms of dynamic pressure) at different flow regimes, which cover laminar and 

turbulent flow, were taken. The rms value clearly jumped at Re~2300, which is completely 

agree with the value of transition for an isothermal flow through a circular tube. Therefore, the 

flow measuring equipments are also enabled to show the velocity fluctuations. 
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Another test in the case of heating was under-taken to determine the necessary time to reach 

the steady state conditions. The result shows that the wall temperature variations at Z/D=40.83 

after 9000 seconds is actually very low (figure 5.9). Therefore in the experimental procedure, 

steady state was reached after a time of about 2.5 hrs. 

Figure 5.10 is used to verify ifthat the tube was heated uniformly. It is well known, in the case 

of uniform heat flux along the tube length, which the bulk temperature increases linearly and 

with the same slope as that of the wall temperature. Bulk temperatures were determined at two 

different axial positions (Z/D=6.85 and Z/D=45). In this particular case the linear variation 

between the two bulk temperature points did not cross the zero which means that the bulk 
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temperature at the tube inlet is higher than T o. Therefore, the question is: if the bulk 

temperature variation is supposed to be linear, why is it not reached at Z/D=O? 

Actually, T0 was measured in the settling chamber and as the air flows through the nozzle, its 

temperature rises slightly: wall conduction caused to heat transfer from the heated tube to the 

nozzle. Thus, the air temperature which interred to the nozzle with T 0 , increased at its exit (or 

tube inlet). 
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Figure 5.9 Evolution of the wall temperature variations with time 
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Figure 5 .10 Bulk temperature variations along the tube length 

5.6 Conclusion 
The results of preliminary tests have shown that the apparatus could measure the velocity and 

temperature profiles within a 10% precision in radial direction and also wall temperature along 

the tube length. It also can demonstrate the occurrence of transition or variation of velocity 

fluctuations. 
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CHAPTER6 

EXPERIMENTAL RESULTS 

6.1 Introduction 

In this chapter the data of the experimental investigation will be presented in two sections, 

each corresponding to the two main objectives. First, the comparison between the numerical 

and experimental results at Re=1588 will be presented. In chapter 3, the numerical results 

were validated by the comparisons with the experimental results for laminar mixed convection 

at Re= 379.8 ( Zeldin and Schmidt 1972) and for turbulent mixed convection at Re= 5000 

(Carr et al 1973). In spite of the complex behaviour of flow field for Reynolds numbers 

between 1000 and 2000 no experimental data could be found for quantitative comparison. 

In order to study the flow transition, the data obtained at Re::::::lOOO, 1300 and 1600 in a wide 

range of the Grashof numbers will be shown. It is well known that the temperature and 

velocity field are analogous for channel flow when the molecular Prandtl number or turbulent 

Prandtl number corresponding to the laminar or turbulent flow is of the order one. Therefore, a 

closed correlation exists between the temperature fluctuations and the velocity fluctuations. 

Thus the signal of the fluctuating temperature can provide information on the flow transition 

(Ting and Cheng 1996). Then, by using the spectra behaviours of temperature and velocity 

fluctuations, the occurrence of flow field transition will be presented. 
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6.2 ResuUs 

6.2.1 Comparison with the numerical results 

An experimental test was carried out at Re=l588 to show the validity of numerical calculation 

in the range of Reynolds number between 1000 and 2000. 

The results of this comparison are shown in Figure 6.1, 2, and 3. Figure 6.1, shows the 

velocity profile in radial direction at Z/D=6.85, and figure 6.2, the profile at Z/D=45. The 

numerical results are in good agreement with the experimental results within the range of 

experimental incertitude. The velocity near the wall is accelerated due to the influence of 

buoyancy while the corresponding velocity near the tube axis decreases. The acceleration near 

wall velocity is higher at Z/D=45 than that at Z/D=6.85 because of the higher buoyancy forces 

in that region and consequently the centreline velocity at Z/D=45 is lower than that at 

Z/D=6.85. 

Figure 6.3, shows the comparison of non-dimensional wall temperature along the tube length. 

At two regions, ZID< 10 and Z/D>50, the difference between the experimental results and 

calculated results are significant. Wall conduction was neglected in the numerical formulation 

while it exists in the real one. Wall conduction causes to heat transfer from the region of 

higher temperature to the colder region. Therefore the thermal energy transfers from the 

downstrearn region (higher temperature) to upstrearn region, which is in lower temperature 

(tube entrance). As it was explained in the last chapter the tube in the upstrearn side was 

connected to the nozzle, which was made from glass fibbers. has a low thermal conductivity, 

which resists against the heat conduction. Since thermal conductivity of the nozzle is lower 

than the heated tube therefore, non-uniform heat conduction at these two sections is appeared. 

It causes to increase the wall temperature at the tube section from the value, which supposed 

to be. Thus the wall temperature in the entry region is higher than that was predicted 

numerically, while it was lower at the end region. At the end region, because of end effect and 

heat transfer to the colder section, the measured results are lower than the predicted results. 

It should be mentioned again, the test section was chosen up to Z/D=45 to eliminate any effect 

of end section on the results. 
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6.2.2 Flow field transition and spectrum behaviour 

The result of the centreline temperature at Z/D=45, for these Re-Gr combinations, 

demonstrated interesting variations. Therefore, it was chosen as a start point for presenting the 

experimental results. 

Figure 6.4, shows the centreline temperature variations for three different Reynolds numbers 

versus the Grashof number. As expected, by increasing the Grashof number (or the 

Richardson number since Re approximately is constant), the centreline temperature increases. 

However the rate of increase varies for each Reynolds numbers at different Grashof number. 

For lower Reynolds number (Re~lOOO), Tc increases linearly with increasing Grashof number 

up to Gr~3xl06, and then its rate of increase is slightly larger. The same variations of rate of 

increase of the centreline temperature can be observed for the case of Re~BOO and Re~1600. 

In the case of Re~ 1300, Tc increases with a constant rate until to Gr ~2x106, then the rate of 

increasing Tc with increasing the Grashof number rises. It again slightly decreases (but it's 

higher than the rate of increasing for Gr<2x106
). For Re~1600, the rate of increasing 

centreline temperature is constant for the Grashof numbers lower than 4x105
. It increases with 

a maximum rate and then rise with another constant rate, which is higher than the first one. 

The change of the rate of increasing suggests a change in the flow field characteristics. In 

order to understand the nature of these variations, the frequency spectrum of temperature 

fluctuation and velocity fluctuation indicator (U') are presented. 
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Fast Fourier Transform (FFT) of the fluctuating signal help to explore the spectrum 

characteristic of the :fluctuations. Therefore, in figure 6.5 the result of Fast Fourier Transform 

of centreline temperature fluctuation, T' c, (fluctuations of thermocouple signal) at Re ::::::1000 

for three different Grashof numbers, is shown. For the lowest Gr (Gr==4.74xl05
), the average 

value of temperature fluctuation is about 0.01706 while this average is increased to 0.02649 

for Gr==l.45xl06 and 0.0305 for Gr==3.78xl06• The standard deviation of these spectra are 

0.00921,0.0143 and 0.02642 correspond to Gr=4.74xl05
, l.45xl06 and 3.78xl06 . These 

average and standard deviation values show that the amplitude of disturbances increased by 

increasing the Grashof number. At the two lower Gr, temperature has a flat distribution while 

for Gr=3.78xl06, disturbances amplify at certain frequency. A burst with high amplitude 

appears at the frequency of 0.45Hz. The presence of this burst indicates a flow field 

unsteadiness. 
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The FFT of U' (indicator for velocity fluctuation) at Re r:::: 1000 for three different Grashof 

numbers is shown in figure 6.6. The disturbances produce a flat spectrum with the average 

value equal to 0.00333 and 0.00666 for Gr=4.74xl05 and Gr=l.45xl06 of the pressure 

transducer output. In the case of Gr=3.78xl06 some turbulent peaks can be detected however, 

its mean value is slightly lower than that for Gr=l.45xl06• The standard deviation for 

Gr=l.45xl06 is the highest. These values are 0.00183, 0.00343 and 0.00354 correspond to 

Gr=4.74xl05, 1.45xl06 and 3.78xl06 .The highest value of standard deviation for Gr=3.78xl06 

shows that the flow field is more perturbed at this condition .The spectra of the transducer 

output voltage, which were monitored with a frequency analyzer, did not show significant 

variations for these three different Grashof numbers for a frequency range up to 25Hz. 
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Figure 6. 7 shows the FFT amplitude spectra of the temperature fluctuations for Re Ri 1300 and 

the three different Grashof numbers. The average value of these temperature spectra are 

0.01484 for Gr=l.96x105
, 0.03204 for Gr=l.09x106 and 0.00626 for Gr=5.46x106• The 

standard deviation ofthese temperature spectra are 0.00782, 0.01739 and 0.0279 correspond to 

Gr=l.96xl05, l.09x106 and 5.46xl06• For the lowest Gr (Gr=l.96x105), the natural 

disturbances are observed while for Gr=l.09xl06
, some small turbulent peaks appear. 

Increasing the Grashof number causes to increase the amplitude of these disturbances. The 

FFT spectrum for the highest Grashof number ( Gr=5.46x106) indicates three important bursts 

at multiple frequencies. The first one with the high value at f=0.45Hz, the second one with the 

low amplitude at 2f and the third one also with the low amplitude at 4 f are demonstrated. 

Figure 6.8 shows the spectra of velocity indicator for these three Grashof numbers. For the 

lowest one (Gr=l.96x105), no significant disturbance is observed while the spectrum becomes 

more randomly distributed for Gr=l.09x106, which has the highest average value (0.00445). 

The standard deviation of these spectra are 0.00105, 0.00267 and 0.00235 correspond to 

Gr=l.96x105, 1.09x106 and 5.46xl06. Theses values show that the spectrum for the highest 

Grashof number (Gr=5.46x106
) is notas irregular as the one for Gr=l.09x106

. 

These variations of temperature fluctuations and velocity fluctuation indicator, which are 

shown in figures 6.7 and 6.8, indicate a transition of flow field from laminar to turbulent by 

increasing the Grashof number. The transition has occurred at GrRil.09xl06
. The behaviour of 

temperature and velocity fluctuations and appearance of the turbulent peaks show the initiation 

of turbulent at this Grashofnumber. 

Figure 6.9 shows the FFT amplitude spectra for Re ::::::1600. The mean value of the temperature 

fluctuations for these three Grashof number does not vary as in the case of the two other 

Reynolds number. Its average value is 0.0225 for Gr=3.81xl05
, 0.04018 for Gr=l.06x106 and 

0.03373 for Gr=4.34xl06• The standard deviation of these spectra are 0.01249, 0.02199 and 

0.02345 correspond to Gr=3.81x105
, 1.06xl06 and 4.34x106

• For the lowest Gr (Gr=3.8lxl05), 

turbulent conditions are observed. Sorne turbulent peaks with low amplitude appeared. In the 

case of Gr=l.06xl06, the amplitude of the disturbances are increased and two small bursts at 

the multiple frequency are appeared at f=0.9Hz and 2f. For the higher Grashof number 
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( 4.34xl 06), one burst with high amplitude observed at f=0.45 and two other at 2f and 4f with 

the low amplitude. 

The spectra of U'c for this Reynolds number (Re~1600) are shown in figure 6.10. As in the 

case of the temperature fluctuations, the mean value of U' c is lower for the lower Grashof 

number, and then increases for the intermediate Grashof number (Gr=l.06xl06) while slightly 

decreases for the highest Grashof number (4.34x106
). Its values are 0.00129 for Gr=3.8lxl05

, 

0.00284 for Gr=l.06xl06 and 0.00268 for Gr=4.34x106
. The standard deviation of these 

velocity spectra are 0.0083, 0.0153 and 0.0144 correspond to Gr=3.8lxl05, l.06x106 and 

4.34x106• The disturbance for the lower Grashof number is different from the natural one .For 

Gr=l.06xl06 its mean value increases and some small bursts at f=0.6 and 3f are detected. For 

the highest Grashof nurnber, the disturbances increase and some bursts at approximately 

f1=0.55Hz, 2f1, 3fi, 4f1 and also f2=1.25Hz and fJ=l.8 Hz are detected. The higher frequency 

spectrum of U' (up to 25Hz) is shown in figure 6.11. It obtained using the frequency analyzer. 

Two significant bursts at 5.4Hz and 18.4 Hz (or 3f3 and approxirnately l0f3) are evident. The 

average of rms value for Gr=4.34x106, is 18.8 mV while it was 16.4mV for Gr=O and the 

spectrurn becomes broaden as expected for turbulent flow regime. 

As it was shown in figure 6.9 for temperature spectra, an important turbulent burst appears at 

f=0.45Hz while its multiples with a lower amplitude are observe at 2f and 4f (0.9Hz and 

1.8Hz). In figures 6.10 and 6.11, an important velocity turbulent burst is observed at f=l.25, 

1.8, 5.4, and 18.4 Hz which are multiple of the frequency of the most important temperature 

burst (f=0.45Hz). This concordance between the frequency of the velocity fluctuations and the 

temperature fluctuations suggests that the temperature fluctuations could play a main role to 

perturb and change the flow field to turbulent. Figure 6.11 also shows that an important 

disturbance in unheated conditions at f=22Hz, has decreased at the high Grashof number 

(Gr=4.34xl06) to be replaced by an important burst near the frequency f=l8.4 which is a 

multiple of 0.45Hz. 

In general, the foregoing results show that the transition for Re~ 1000, occurs at Gr ~ 3. 78x 106
, 

while it appears for Gr>l.09x106 at Re ~1300 and for Gr>3.8lx105 at Re~1600.The spectra of 
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temperature and velocity indicator show that the most important frequencies for the 

temperature fluctuations are f=0.45Hz and its multiples, while the most important frequencies 

for U' is 5.4Hz. The velocity fluctuation has a significant burst at f R:i 1.8 and its multiples, 3f, 

and 1 Of (see figure 6.11 ). 

Because of the instrument limitation, it was not possible to go further to measure and detect 

the flow field laminarization. 
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Figure 6.7 FFT spectrum of the temperature fluctuation for Re R::1300 at Z/D=45 
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Figure 6.8 FFT spectrum of the velocity fluctuation indicator for Re ~1300 at Z/D=45 
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Figure 6.9 FFT spectrum of the temperature fluctuation for Re >::!1600 at Z/D=45 
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Figure 6.10 FFT spectrum of the velocity fluctuation indicator for Re ~ 1600 at Z/D=45 
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In figure 6.12, a qualitative comparison between the standard deviation of measured velocity 

(an indicator for the velocity fluctuation) for a case of turbulent flow regime (Gr=l.lxl06
, 

Re=l588) and calculated turbulent kinetic for a case of turbulent flow field, are presented. The 
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qualitative agreement is good and it proves again the ability of numerical formulation to 

predict the turbulent flow regime . As expected in the case of a turbulent flow in a circular 

tube the maximum value occurs near the wall and decrease toward the centreline. 
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Figure 6.12 Qualitative comparison of calculated k and measured Unns 
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6.2.2 Static pressure variations 

Figure 6.13 shows the static pressure difference between the settling chamber (P 0 ) and outlet 

diffuser (PL). The pressure difference Po-P1 decreases along the tube with increasing Grashof 

number. It decreases because the heating of the fluid facilitates its upward movement. As Gr 

increases with the increase of qw, the buoyancy induced upward motion becomes progressively 

more significant. Therefore the pressure difference eventually decreases to limit the mass flow 

rate to the value corresponding to the fixed Reynolds number. If the Grashof number increases 

further the pressure difference will continue to decrease and will eventually become negative. 

Thus the pressure at the outlet will be larger than at the inlet. One can also observe the slope of 

the pressure difference variations, which is higher for lower Reynolds number. It shows that 

the effect of heating is more important at the lower Reynolds number. Higher heating effect 

causes higher buoyancy induced flow and in order to have a constant mass flow rate, PL must 

be increased. The same behaviour for static pressure difference also was predicted by the 

numerical calculations, which was explained in chapter four. 
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6.3 Conclusion 

A comparison of an experimental result for Re=l588 and Gr=l.lxl06 with the numerical 

result proves the validity of numerical calculation in the range of Reynolds number between 

Re=lOOO and Re=2000. Radial variations of axial velocity at two different axial positions 

(Z/D=6.85 and Z/D=45) and non-dimensional wall temperature along the tube length were 

compared. The agreement between the results was good except for the wall temperature at the 

entrance region because of wall conduction effect, which was neglected in the numerical 

calculation. 

It was also shown that the variation of calculated turbulent kinetic energy in radial direction is 

the same as (qualitatively) variation of the measured turbulent indicator. The variation of 

measured static pressure difference between the tube inlet and outlet also confirms the 

calculated one. Increasing the Grashof number increases the static pressure at the outlet of 

tube. Increasing up to the certain value of Gr, the static pressure at the outlet becomes more 

than the inlet one in order to fix the mass flow rate value. 

FFT spectra of temperature fluctuations and velocity fluctuations indicator distinguished three 

critical Grashof numbers for which the flow field changes from laminar to turbulent. These 

three critical Grashof numbers are 3.78xl06
, 1.09 xl06

, and 3.8lxl05 corresponding to the 

Re~1000, Re~1300 and Re~1600. The most important thermal fluctuations oscillates with 

f=0.45Hz and its multiples while for the velocity fluctuations, it oscillates with f= 1.8 (which is 

a multiple of f=0.45) and its multiples 
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Conclusion 

The three-dimensional elliptic conservation equations and the Launder & Sharma low 

Reynolds number k-8 turbulent model were used to study steady state, developing, ascending 

mixed convection of air in a uniformly heated vertical tube. These results provide the first 

systematic description of the flow regime evolution for mixed convection with a Reynolds 

number below 2000. The adopted formulation has been successfully validated against 

experimental results at three different Reynolds numbers corresponding to mixed convection 

at low Reynolds number (Re=380), relatively low Reynolds number (Re=l588) and high 

Reynolds number (Re=5000) 

A detailed analysis of flow variables calculated for Re=430, Re =1000 and Re =1500 and a 

wide range ofGrashofnumber has established the existence of fully developed conditions. For 

the case of Re =1000 and Re =1500, the calculated results specified two critical Grashof 

numbers for which transitions occur. For the first one (at Gr:::: 9x106 for Re=lOOO and at Gr:::: 

2xl06 for Re=1500), flow regimes changed from laminar to turbulent. In this situation, flow 

reversai had occurred at the centerline region and made the flow field unstable. Therefore, at 

the condition of the first critical point hydrodynamic turbulent production and buoyancy 

turbulent production acted simultaneously to change the flow field to turbulent. 

The second critical point (at Gr::::5xl07 for Re=lOOO and at Gr::::9x107 for Re=l500), flow 

regime came back to laminar because of laminarization effect of heating. In this situation, high 

values of the buoyancy forces accelerated the fluid near the wall. As a result of this 

acceleration the flow field became more stable and laminar. 

The occurrence of the first transition was confirmed with our experimental results while the 

limitation of the experimental instruments did not allow going further in order to detect the 

transition from turbulent to laminar. The steady state formulation could not predict the 

structure of these transitions. However, the experimental results gave a clear picture of the 

structure of the transition. FFT spectra of the temperature fluctuations and the velocity 

fluctuations indicator distinguished three critical Grashof numbers corresponding to the three 

different Reynolds numbers for which the flow field changes from laminar to turbulent. These 

three critical Grashof numbers are 3.78xl06
, l.09x106

, and 3.8lxl05 corresponding to 

Re::::lOOO, Re::::l300 and Re::::l600. The most important thermal fluctuations oscillate with 
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f=0.45Hz and its multiples while for velocity fluctuations oscillate with f=l.8Hz (which is a 

multiple off=0.45Hz) and its multiples. 

Further to the present study, the following works are suggested: 

- Modifying the experimental set-up, in order to detect and measure the flow reversai, to 

cover the fluctuations which oscillate with higher frequencies and to study the 

relaminarization effect. 

Considering the wall conduction in the numerical formulation. 

- Study the effect of wall roughness. 

- Using the turbulent formulation of mixed convection to study transitions in the case of 

horizontal and inclined tube. 

- Using an unsteady formulation to study the velocity and the temperature fluctuations 

113 



Nomenclature 
Bo Buoyancy parameter 8xl04 Gr Re·3.4

25 Pr"0·8 

Cp Specific heat 

D Intemal tube diameter 

f Frequency 

G Turbulent production 

g Acceleration of gravity 

Gr Grashofnumber gj3D4qw / /..,v2 

I Turbulent intensity 

k Turbulent kinetic energy 

Nu Nusselt number qwD / À(Tw-TB) 

p Time averaged pressure 

Pr Prandtl number µcp/À 

qw Unifonn heat flux at the solid-fluid interface 

r Radial coordinate 

Re Reynolds number U0D/v 

T, t Time averaged and fluctuating temperature 

U, u Time averaged and fluctuating velocity 

Z Axial coordinate 

Greek letters 

j3 V olumetric expansion coefficient 

L\.p Pressure difference between the tube inlet and outlet 

E Dissipation of turbulent kinetic energy 

8 T angential coordinate 

À Thermal conductivity 

µ, v Dynamic, kinematic viscosity 

p Density 

Subscripts 

B Bulk 

F Forced convection 

i, J Tensor index 
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L Outlet conditions 

M 

0 

w 

Mixed convection 

Inlet condition 

Wall 

r, z, 9 Radial, axial, tangential direction 
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APPENDIXA 

Experimental procedure 

The following step-by-step procedure was used during a typical test: 

All instruments were powered on corresponding to their warm-up time. 

A measurement was taken to know the pressure transducers offset value, the rms 

signal, and the initial temperatures (tube wall, settling chamber, outlet diffuser, air at 

the tube centreline and ambient). 

Air inlet valve was opened and the mass flow rate was adjusted correspond to the 

expected Reynolds number. This mass flow rate was reading on the LCD display of 

digital mass flow meter. 

Allowing to air flow passed through the tube, for a time correspond to the value of 

mass flow rate and the volume of settling chamber. Thus, the steady mass flow rate 

passes through the test section. 

Electrical power to the heated section was gradually increased up to the desired level 

by checking via a digital multimeter (Fluke 189) 

Using the real time data acquisition system, the wall temperatures were monitored to 

inform the steady state condition. Conditions were considered steady state when the 

measured temperature does not vary more than ±2% over a period of twenty minutes. 

Its take more than 9000 seconds to steady state prevail. 

Once the steady state criterion was met, all measurements were stored for a period of 

approximately 90 Seconds. The rms value and its spectra was read and printed by 

using the frequency analyzer and a printer that was connected to it. 

Pressure difference, between the settling chamber and outlet diffuser was read and 

noted. 

The position of the Pitot tubes were changed and after more than 60 seconds, which is 

necessary time for the perturbations resulting of changing the Pitot tube position to go 

out, the measurements value were store for new position. It was repeated for all the 

radial positions. 
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