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There is a growing need for patterning germanium for photonic and photovoltaics applications.

In this paper, the authors use a time multiplexed plasma etch process (Bosch process) to deep

etch a germanium substrate. They show that germanium etching presents a strong aspect ratio

dependent etching and that patterns present scallops mostly on the upper part (aspect ratio below

0.8). Passivation layers are formed during the passivation step by neutrals’ deposition and are

reinforced during the etching step by the redeposition of sputtered fluorocarbon species from the

etch front. When the sidewalls are passivated, reactive neutrals diffuse through Knudsen-like

diffusion down to the bottom of the pattern to etch the germanium. The Knudsen-like diffusion

is responsible for the aspect ratio dependent etching and makes difficult the etching of holes

with aspect ratios above 10 while trenches with aspect ratio of 17 are still etched faster than

2 lm/min. VC 2015 American Vacuum Society. [http://dx.doi.org/10.1116/1.4936112]

I. INTRODUCTION

Germanium is a semiconductor that has been used for

years for many applications including microelectronics,

optoelectronics, and photovoltaics. There has been a regain

of interest in germanium patterning recently, especially for

photonic integrated circuits. In addition, germanium is the

common substrate to III–V materials’ growth, thanks to its

lattice match with GaAs enabling epitaxy of III–V materials

on germanium for photonic and photovoltaic applications.

The high aspect ratio germanium patterns have been formed

using growth,1 electrochemical etching,2 and plasma etch-

ing,3 the latter one being the most appropriate technique for

local and defined patterns’ formation.

Plasma etching of germanium has been investigated by

many papers that reported the capability of germanium etch-

ing in chlorine- and fluorine-based plasma processes.4–12

Using chlorine-based plasmas, the etch rate is generally

below 1 lm/min (except for one report at 4 lm/min by Choe

et al.9) with isotropic etching unless passivating species such

as GeN (Ref. 8) are formed during the process. A cyclic pro-

cess with oxidation by air exposure was also reported as a

solution for anisotropic etching in chlorine-based plasma.3 A

much faster etch rate is reported in fluorine plasma with iso-

tropic behavior.4–6,10–12 The etch mechanisms were reported

to be quite similar to the ones of silicon, except for the

inability for GeOxFy to inhibit the etching at room tempera-

ture (compared to SiOxFy that quenches the etching)5,6 and

the different sulfides stoichiometry (GeS2 compared to SiS)

and volatility (GeS2 is less volatile than SiS).4,13 In general,

germanium etching is faster than silicon etching in fluorine-

based plasmas.4 Some anisotropic etching of germanium in

fluorine based plasma has been reported for SF6/O2 plasma

with a large concentration of oxygen12 and in a CF4-based

plasma in a silicon rich environment.11

Deep silicon etching is generally performed using time

multiplexed plasma etching, also-called the Bosch process.14

It consists in the switching between fast and isotropic etch-

ing and passivation deposition steps.15 Such processes pro-

vide high selectivity to resist or silicon oxide mask, fast etch

rate (>1 lm/min), and anisotropic profiles at the expense of

a sidewall roughness coming from the alternating behavior

of the process. This roughness has a scallop shape, each scal-

lop being formed by an individual etch step, and is com-

monly referred to as scalloping.

Despite similarities between the silicon and germanium

etching in fluorine-based plasmas, there is no report in the

literature of patterns formation using deep germanium etch-

ing with a Bosch process. Williams et al. reported the capa-

bility of germanium etching using a Bosch process,16 and

Schicho et al. reported the formation of black germanium

using a Bosch process.17 However, none of those papers dis-

cuss the pattern formation with such a process.

In this letter, we report deep germanium etching using a

Bosch process developed for silicon etching. We discuss the

evolution of the etched depth and profile along the process and

precise the mechanisms of the passivation and the etching steps.

II. EXPERIMENT

The experiments are performed using �170 lm-thick ger-

manium wafers (100) with 6� miscut crystalline orientation

from (100) as typically dedicated to III–V growth. The

wafers are coated with 1.5 lm of plasma enhanced chemical

vapor deposition SiO2 acting as a hard mask. The hard mask

is patterned with holes and trenches of diameter/width com-

prised between 5 and 50 lm defined by photolithography

and plasma etching (CF4/C4F8 etch process). The photoresist

is removed before germanium etching.

Germanium etching is performed in a SPTS advanced sili-

con etch featuring inductively coupled plasma. The chamber

operates in a time multiplexed mode (Bosch process). Thea)Electronic mail: maxime.darnon@usherbrooke.ca
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inductive source power operates at 13.56 MHz. An additional

power supply at 13.56 MHz is used to bias the sample holder.

The wafers are clamped with electrostatic clamping on the

cathode that is thermally regulated at 20 �C. Helium flux

ensures thermal conduction between the cathode and the wa-

fer. The details on the plasma chamber can be found in the lit-

erature.18 Pieces of the germanium wafer are patched on a

4 in. quartz wafer with crystal boundTM to maintain the sam-

ple and ensure thermalization between the germanium and the

quartz wafer. The process used consists in 7 s of passivation

(C4F8 plasma without bias power) and 13 s of etching (SF6/O2

with 9% O2 plasma with 18 W of bias power). This process

was optimized for silicon etching. Before each process, the

chamber was cleaned with a long O2 plasma and seasoned by

processing a bare quartz wafer for more than 5 min.

The pattern profiles are observed using a Supra 55 VP

scanning electron microscope (SEM) from Zeiss.

III. RESULTS

A. Observation of germanium etching using the Bosch
process

We first analyzed the evolution of the etch profile when the

number of cycle increases (each cycle being composed of a

7 s-long passivation and a 13 s-long etch step). As reported in

Fig. 1(a), germanium is isotropically etched during the first

etch step, leading to a round profile. During the second and

subsequent cycles, the passivation efficiently protects the

upper part of the profile, and the etched depth increases with

the formation of scalloped sidewalls, as commonly observed

during Si etching with time multiplexed etching. After few

cycles (4–5 cycles in Fig. 1), the scallops from the subsequent

cycles become hardly visible, and the sidewall becomes

almost straight. Interestingly, the number of scallops visible

on the top of the trench depends on the width/diameter of the

pattern. For larger patterns, more scallops are observed. To

put this in evidence, we plotted in Fig. 2 the limit pattern

depth (including the mask) for which the scallops extends to

�300 nm, measured on patterns etched with 90 cycles. We

also plot on this graph the limit aspect ratio corresponding to

this limit pattern depth. It is clear that scallops are limited to

the part of the patterns that has an aspect ratio below �0.8.

This phenomenon can be explained by a reduction in the scal-

lop extent when the aspect ratio increases. Indeed, the etch

rate decreases when the aspect ratio increases, which reduces

the lateral and vertical etching per cycle. The 0.8 critical as-

pect ratio reported here corresponds to scalloping below

300 nm. However, scalloping can still be observed for larger

aspect ratio, but the extent is below 300 nm.

These observations indicate that germanium can actually

be etched using a time multiplexed plasma etch process devel-

oped for silicon and fast etching of deep patterns with a high

aspect ratio (e.g., 3.7 lm/min average etch rate for trenches

with a final aspect ratio of 11 in Fig. 1) can be obtained. In

addition, the scallops are located in the upper part of the pat-

tern corresponding to an aspect ratio of approximately 0.8.

B. Aspect ratio dependent etching

One common limitation of plasma etching for deep etch-

ing of high aspect ratio holes or trenches is the reduction in

the etch rate when the aspect ratio increases. Such a phenom-

enon is also observed during germanium etching, as reported

in Fig. 3. Indeed, we can see that the etched depth does not

FIG. 1. Cross section images of 5 lm-wide trenches etched in germanium

with from left to right (a) 0, 1, 2, 3, 4, (b) 4, 15, 30, 60 and 90 cycles.

FIG. 2. (Color online) Limit etched depth and aspect ratio for which scallop-

ing extends to �300 nm. The measurements were taken on patterns etched

with 90 cycles.
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linearly increase with the number of cycles or process time,

and that the effect is more pronounced for smaller features,

and for holes than for trenches. To evidence the aspect ratio

dependence of the etch rate, we calculated the average in-

stantaneous etch rate (ER) as a function of the average in-

stantaneous aspect ratio (AR) using

ER ARið Þ ¼ di � di�1

ti � ti�1

; (1)

ARi ¼
di þ tHMi þ di�1 þ tHMi�1

2CD
; (2)

where di and ti are the etched depth and time for the ith experi-

ment and tHMi is the remaining hard mask thickness for the ith

experiment (each experiment corresponding to a given number

of cycles). CD is the critical dimension corresponding to the

trench width or the hole diameter. As shown in Fig. 4, the aver-

age instantaneous etch rate only depends on the average instan-

taneous aspect ratio for a given pattern (trench or hole) and

strongly decreases when the aspect ratio increases. This phe-

nomenon is more important for holes than trenches. Based on

Figs. 3 and 4, we can say that the dramatic decrease of the etch

rate when the aspect ratio increases will make the etching of

circular holes difficult with an aspect ratio larger than 10 in our

process. However, no etch stop phenomenon has been reached

yet since the instantaneous etch rate remains significant

(�900 nm/min). For trench patterns, we can see that the etch

rate remains larger than 2 lm/min even with an aspect ratio of

17, which will enable the etching of larger aspect ratio patterns.

We can also notice that the aspect ratio of 0.8 corresponding to

the limit to scalloping for trench and holes corresponds to a re-

gime where the instantaneous etch rate has decreased by

approximately 25% compared to the limit etching with an AR

of 0. This means that the instantaneous etch rate is approxi-

mately 25 nm/s for an aspect ratio of 0.8 and therefore that the

etched depth during 1 cycle (13 s) is around 325 nm, consistent

with the detection limit (300 nm) for the scallop.

To clarify the origin of these phenomena, we will analyze

the specific effects of the passivation and the etch steps in

the following.

C. Mechanism of passivation step

To determine the mechanism of the passivation step, we

performed a 140 s-long deposition step on a previously pat-

terned sample. The previously patterned sample is a germa-

nium sample etched with 15 or 45 cycles that has been

cleaned using an O2 plasma process followed by a H2O2 wet

etch at room temperature. Such a sequence is believed to

remove any fluorocarbon polymer and germanium oxide

from the sample. As shown in Fig. 5, the long deposition

step actually deposits a film inside the patterns. However,

this film is observable only on surfaces in line of sight with

the mask opening. In other words, no film is observable on

any surface that cannot be reached by a plasma species with

a straight and linear direction. In addition, the thickness of

the deposit at the bottom of the patterns depends on the

FIG. 3. (Color online) Etched depth as a function of the process time for patterns with CD of 5–50 lm: (a) trench patterns and (b) circular hole patterns.

FIG. 4. (Color online) Average instantaneous etch rate as a function of the average instantaneous aspect ratio for patterns with CD of 5–50 lm: (a) trench pat-

terns and (b) circular hole pattern. The various symbols correspond to measurements for various numbers of cycles.
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pattern CD. We plotted in Fig. 6 the deposit thickness at the

center of the bottom of the pattern as a function of the aspect

ratio measured on SEM images. It is clear in Fig. 6 that the

deposit thickness depends on the aspect ratio and decreases

when the aspect ratio increases. Such a phenomenon is more

pronounced for holes than for trenches.

The precursors for fluorocarbon species’ deposition in a

plasma are typically unsaturated fluorocarbon mole-

cules.19,20 They can reach the surface either as neutral spe-

cies or as ionized species.21,22 In addition, ion bombardment

can favor the deposition of the fluorocarbon film by creating

adsorption sites at the surface. Both the ion and neutral

fluxes at the bottom of trenches and holes decrease when the

aspect ratio increases—this effect being more pronounced

for holes than for trenches.23 The reduction in the species

flux at the bottom of the high aspect ratio trenches/holes can

have several origins. (1) The shading effect consists of the

reduction in the flux of species at the bottom of a feature

because of the feature’s wall that blocks the species. For iso-

tropic species, the shading effect can be expressed by the

reduction in the solid angle of collection because of the pres-

ence of the wall. For anisotropic species, the angular distri-

bution function must also be taken into account. (2) For

neutral species with a low sticking coefficient, the diffusion

in holes and trenches can be assimilated to Knudsen diffu-

sion since the mean free path is larger than the hole/trench

CD. In this case, species travel from wall to wall without

collisions and are assumed to be reemitted from the walls

with a cosine law. This results in a reduction in the flux

when the aspect ratio increases.24 (3) For charged species,

the flux is reduced by the buildup of differential charges at

the pattern sidewalls. Indeed, different angular distribution

functions between negative (electrons) and positive (ions)

species results in differential charges inside the pattern. The

entrance potential depends then on the aspect ratio and

reduces the ion flux and energy at the bottom of the pat-

terns.25 In our case, the anisotropic behavior of the deposit

thickness, and more particularly the nonobservable deposi-

tion on surfaces that are not in line of sight with the plasma,

indicates that the deposit is either due to neutral species with

a sticking coefficient close to 1 or to ion species. Indeed,

neutral species with a sticking coefficient significantly below

1 would bounce around before sticking onto the sidewalls

and would therefore lead to a significant deposit on surfaces

that are not in line of sight with the plasma. Therefore, we

can rule out Knudsen diffusion as a dominant mechanism for

passivation precursors’ transport in the holes.

Assuming the deposition by ions, we can estimate the de-

posited thickness at the center of the pattern using

d /
ð2p

u¼0

ða

#¼0

IADFð#Þ sinð#Þd#du; (3)

where # and u are the latitude and azimuth angle in polar

coordinate, taking a central point at the bottom of the hole/

trench as the origin, respectively, and IADFð#Þ is the ion

angular distribution function. Assuming a Maxwellian veloc-

ity distribution for the transversal energy ET and a given lon-

gitudinal energy EL, the ion angular distribution function

(IADF) can be expressed by (see Appendix)

IADF #ð Þ / e
�EL tan2#

ET

� �

cos2#
: (4)

The angle a is the critical angle above which a straight

line starting from the origin would strike a wall of the pat-

tern. This angle is defined by a ¼ arctanð1=2ARÞ for a circu-

lar hole and a ¼ arctanð1=2ARsinuÞ for an infinite trench,

where AR is the aspect ratio.

For a transverse ion energy of 15 eV and a longitudinal

(thermal) energy of 1 eV, we plotted in Fig. 6 the ion depos-

ited thickness at the center of holes and trenches, normalized

to obtain a deposited thickness of 290 nm for an aspect ratio

of 0, measured by exposing a blank germanium sample to

the 140 s-long passivation step. In this case, it is clear that

the evolution of the actual deposited thickness follows a

FIG. 6. (Color online) Thickness of the fluorocarbon-based passivation layer

deposited at the center of the bottom of the patterns, and evolution of the

modeled deposited thickness for neutral-based deposition with a sticking

coefficient of 1 and for ion-based deposition for ions transversal and longitu-

dinal energies of 1 and 15 eV, respectively. Thickness is measured on SEM

pictures.

FIG. 5. SEM observation of fluorocarbon-based passivation layer deposited

in previously patterned samples. Images are for a 100 lm-wide trench (left)

and a 5 lm-wide trench (right).
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different evolution to the one of the ion flux as a function of

the AR. The former steeply decreases for small aspect ratio

while the latter having a plateau for aspect ratios below 2

and decreasing afterward. Note that the shape would be simi-

lar assuming different ion longitudinal and transversal tem-

peratures, except for different limit aspect ratios before the

drop of the deposition rate. In addition, the deposited thick-

ness assuming deposition by ions only is overestimated for

all aspect ratios. Finally, by looking closely at Fig. 5, we can

see significant deposition under the mask that would require

a significant flux of ions entering the pattern with an angle of

50� with respect to the normal, which is not realistic with

our plasma conditions. Therefore, we can conclude that ion-

induced deposition is not the dominant phenomenon for the

passivation layer deposition.

On the other hand, assuming the deposition by neutral

species with a sticking coefficient of 1, the deposit thickness

would be proportional to the solid angle of collection X. The

proportionality constant can be determined using the depos-

ited thickness on the blank germanium (290 nm). We plotted

in Fig. 6 the calculated deposited thickness at the bottom of

the patterns. It is clear that the actual deposited thickness at

the bottom of the holes and trenches presents a similar evolu-

tion but exceeds the calculated value. This indicates that

deposition in line of sight by neutrals with a sticking coeffi-

cient of 1 is not the solely responsible for passivation layer

deposition. The underestimation of the deposition could be

explained by a sticking coefficient slightly below 1 that

would help driving the neutral species toward the bottom of

the patterns and by the contribution of ionic species.

However, the similar evolution indicates that neutrals are the

dominant species for passivation layers’ deposition. There

are several contradictory reports on the deposition mecha-

nism for fluorocarbon films by fluorocarbon plasmas in the

literature. For example, Saraf et al.22 conclude that fluoro-

carbons are deposited by ions, while Takahashi et al.26 con-

clude that CF radicals are responsible for polymer

deposition. Oehrlein et al. proposed a deposition by neutrals

enhanced by the ion bombardment.27 Booth mentioned that

neutral and charged heavy CxFy species are responsible for

the deposition.28 Most probably, ions and neutrals participate

in species deposition, one or the other being dominant

depending on the plasma conditions. In our plasma condi-

tions, neutrals’ deposition seems to dominate.

Therefore, we can attribute the deposition of the passiva-

tion layer mostly to neutral species that have a large sticking

coefficient. During the actual process, the sputtering of the

passivation layer at the bottom of the patterns at the beginning

of the etch step can also participate in depositing fluorocarbon

species along the height of the patterns, but this effect cannot

be captured with the experiments presented in this part.29,30

D. Mechanism of etching step

To determine the mechanisms of the germanium etching

during the etching step, we used a similar methodology to the

one used for the passivation investigation. Previously pat-

terned germanium samples have been exposed to a 52 s-long

etch process (corresponding to four times the usual step time).

The samples were then observed by SEM, as illustrated in

Fig. 7. We can see that after the etching process, the upper

part of the pattern is blown out while the bottom part is hardly

changed. In order to precise the evolution of the profile, we

extracted lateral etched thickness by comparing the CD along

the pattern height with a step size of 5 lm for the pattern with

and without the extended etch step. To compensate for SEM

errors due to misalignment and nonperfect process reproduci-

bility, the data were shifted so that the asymptotic value at

large AR equals 0. The plotted values in Fig. 8 correspond to

two times the lateral etching during the 52 s-long etch step. It

is clear that the increase in pattern dimension is only localized

in the upper part of the trench that corresponds to an aspect ra-

tio below �2. This signature is representative of chemical

etching from neutral species with reaction probability close to

1. Indeed, the solid angle of collection at the edge of a trench

having an aspect ratio of 2 is reduced by more than 85% com-

pared to a flat surface. Reactive fluorine radicals originating

from the plasma stick on the sidewalls and react with germa-

nium to form volatile etch by products. Therefore, the flux of

free fluorine at depth corresponding to an aspect ratio larger

than 2 is reduced by a factor of 85% for trenches. This is a

similar phenomenon to the passivation with species having a

sticking coefficient of 1. We can also see in Fig. 8 that the

etched depth hardly increases during the extended etch step.

However, the difference in etched depth is too small to be pre-

cisely quantified and is within the incertitude of the SEM

measurements and process reproducibility. Therefore, we can-

not conclude on the impact of the etch step on the etched

depth, but the low etch rate at the bottom tends to indicate

that the etching is mostly due to radicals and that ions play a

minor role in the etching of germanium in SF6/O2 plasma.

In these conditions, one would expect no significant etch-

ing for aspect ratio larger than �6 and �1.5 for trench and

hole patterns, respectively. These aspect ratios correspond to

95% of reduction in the solid angle of collection. Even if a

strong aspect ratio dependent etching was observed in part

B, we could observe significant etching even for holes with

an aspect ratio larger than 6. To explain this discrepancy, we

performed an additional experiment by exposing a previ-

ously patterned sample to an extended etch step. However,

the previously patterned sample was not cleaned using the

O2 plasma and the H2O2 wet etch, meaning that passivation

layers remained at the patterns’ sidewalls before the

extended etch step. As shown in Figs. 7(c) and 7(f), the evo-

lution of the profile is drastically different when the passiva-

tion layers were present at the pattern sidewalls. In this case,

the blowout is only localized at the bottom of the pattern,

and a significant increase in etched depth is observed. This

shows that fluorocarbon species present at the sidewalls of

the patterns efficiently passivate the sidewalls and prevent

the lateral etching. More importantly, it reduces the sticking

coefficient and reaction probability of fluorine on the side-

walls, which enables the Knudsen-like diffusion of fluorine

radicals down to the bottom of the patterns. The reaction of

the radicals with germanium at the bottom of the trench is

possible, thanks to the sputtering of the passivation layer by
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ion bombardment. Note that the sidewall passivation is also

partially etched during the etch step, as indicated by “mouse

bite” tiny holes along the height of the patterns, especially

visible in Fig. 7(f). Therefore, there is a competition between

sidewall passivation etching and Knudsen diffusion of fluo-

rine down to the bottom of the patterns.

IV. DISCUSSION AND CONCLUSION

We have demonstrated that germanium can be etched

using a time multiplexed process comparable to the process

developed for silicon deep etching. As silicon etching, ger-

manium etching presents a strong aspect ratio dependent

etching, and the pattern sidewalls present scalloping. The

scalloping is located at the upperpart of the trench and is

more significant within the part with a depth to CD ratio

below 0.8. We have shown that the passivation is mostly

attributed to neutrals with a sticking coefficient close to 1.

Therefore, most of the deposition occurs on the top part of

the sidewalls, and the passivation layer thickness at the bot-

tom of the pattern decreases when the aspect ratio increases.

During the etching step, fluorine radicals can react with ger-

manium with a reaction probability close to 1, leading to lat-

eral etching on the upper part of the trench when the

sidewalls are not passivated. When passivation remains on

the sidewalls, the fluorine sticking coefficient is reduced,

leading to Knudsen-like diffusion of fluorine down to the

bottom and germanium etching at the bottom. The passiva-

tion layer is also partially etched by fluorine. The ions do not

directly participate in the etching, except by clearing the pas-

sivation layer from the etch front.

The difference between the passivation (neutrals diffusion

with a sticking coefficient close to 1) and the etching

(Knudsen-like diffusion when the sidewalls are passivated)

mechanisms should lead to a deficit of passivation layers for

aspect ratios larger than �6 and 1.5 for trenches and holes,

respectively, compared to the flux of fluorine, and therefore

to an enlargement of the pattern when the process proceeds.

This phenomenon is not observed here, which indicates that

passivation layers are present along all the depth of the pat-

tern. Such passivation layers were not observed in the

experiments of part C, but can be attributed to the sputtering

of the fluorocarbon species from the etch front during the

etch step that leads to passivation layer deposition on the

sidewalls close to the etch front.29,30

Therefore, we can say that complex passivation and etch

mechanisms are involved in the etching of high aspect ratio

patterns in germanium using a time multiplexed plasma etch-

ing process. Such processes are suitable to deep etch germa-

nium with a large etch rate. Etching circular hole patterns

with an aspect ratio larger than 10 will be difficult because

of the reduced flux of fluorine at the bottom of the patterns

in Knudsen-like diffusion regime. For trench patterns, the as-

pect ratio larger than 15 can be obtained with a process

developed for silicon deep etching.

FIG. 7. Germanium patterns etched using time multiplexed plasma: (a) 5 lm-wide trench etched with 45 cycles; (b) 5 lm-wide trench etched with 45 cycles

followed by O2 plasma and H2O2 cleaning and an extended (52 s) etch step; (c) 5 lm-wide trench etched with 45 cycles followed by an extended (52 s) etch

step; (d) 10 lm-diameter circular hole etched with 45 cycles; (e) 10 lm-diameter circular hole etched with 45 cycles followed by O2 plasma and H2O2 clean-

ing and an extended (52 s) etch step; and (f) 10 lm-diameter circular hole etched with 45 cycles followed by an extended (52 s) etch step.

FIG. 8. (Color online) Lateral increase of trench patterns width after an extended

(52 s) etch step. The lateral increase is measured along the height of trenches

and plotted as a function of the aspect ratio at the measurement location.
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APPENDIX: CALCULATION OF THE ION ANGULAR
DISTRIBUTION FUNCTION

The relationship between the ion angle # with respect to

the surface normal and the transversal (vT) and longitudinal

(vL) ion energy is

# ¼ Arctan
vT

vL
:

Therefore

dvT ¼
vL

cos2#
d#:

Assuming a Maxwell–Boltzmann distribution function

for the ions in the plasma, the ion velocity distribution func-

tion (IVDF) is expressed by

IVDF vTð Þ ¼
m

2pkTT

� �1
2

e
�mvT

2

2kTT

� �
:

With TT the ion temperature in the plasma, m the ion mass

and n the plasma density.

The ion flux can be calculated by integrating the IVDF or

the IADF

ð1
0

IVDF vð Þdv ¼
ðp

2

#¼0

IADF #ð Þd#:

By changing the variable in the IVDF integration, we can

express

ð1
0

IVDF vð Þdv ¼
ð1

vT¼0

nx
m

2pkTT

� �1
2

e
�mvT

2

2kTT

� �
dvT

¼
ðp

2

h¼0

nx
m

2pkTT

� �1
2

e
�mvL

2 tan2h
2kTT

� �
vL

cos2h
dh:

Therefore, the IADF can be expressed by

IADF #ð Þ ¼ n
m

2pkTT

� �1
2

e
�mvL

2 tan2h
2kTT

� �
vL

cos2h
:

The ion velocity can be replaced by the temperature

using: kTi ¼ 1=2ðmv2
i Þ:

Therefore

IADF #ð Þ ¼ n

ffiffiffiffiffiffiffiffi
TL

pTT

r
e
�EL tan2#

ET

� �

cos2#
/ e

�EL tan2#

ET

� �

cos2#
:
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